Notes for Lecture 13

Tue, 10/4/2022

How computers represent functions
From classes like calculus, we are probably used to representing functions symbolically, such as:

f (x) =

x sin(3x ¡ 1)
x2 + 1

Advantage. Because this is an exact expression, there is no loss of precision. Moreover, our calculus skills allow
us to compute things like derivatives exactly.
Disadvantage. Computing with such formulas quickly results in very complicated expressions. Generally, things
can get very slow very quickly. (Keep in mind the explosion in size of the rational numbers when we ran, for
instance, Newton's method using exact numbers rather than ﬂoats.)

Moreover, in practice, a function of interest often simply doesn't have a symbolic expression. In
such cases, we have to work with an approximation. There are many diﬀerent ways to numerically
represent and approximate a function.
For instance, we have already approximated functions using Taylor polynomials (these are particularly good at representing a function near a single point), which are truncations of the function's
Taylor series. Another representation you have likely seen in other classes are Fourier series (combinations of sine and cosine functions) and their truncations.
A very basic numerical way to describe a function numerically is via a table of function values.
In that case, how should be compute the function at an intermediate value not included in the
table? This leads us to polynomial interpolation as well as to splines.

Interpolation
Suppose we have d + 1 points (x0; y0); (x2; y2); :::; (xd; yd). A function f (x) is said to interpolate
these points if f (xi) = yi for all i 2 f0; 1; :::; dg.
An important case is to interpolate given points using a polynomial.
Why polynomials? Recall that any polynomial in x of degree n can be written as

anxn + an¡1xn¡1 +  + a1x + a0
with some coeﬃcients aj . The reason that these are so ubiquitous is that polynomials are precisely what can be
constructed via addition and multiplication starting with numbers and a variable x.

Example 67. (warmup) Suppose we wish to interpolate the points (0; 1); (1; 2); (2; 5) using a
polynomial.
Just as two points determine a line, these three points should determine a parabola a0 + a1x + a2x2.
Indeed, note that there are three degrees of freedom (namely, a0; a1; a2) and that each point gives rise to an
equation. Three equations should determine the values of the three unknowns uniquely.
Let us spell out the three equations:
(0; 1): a0 = 1
(1; 2): a0 + a1 + a2 = 2
(2; 5): a0 + 2a1 + 4a2 = 5
We can solve these to ﬁnd a0 = 1, a1 = 0, a2 = 1 so that the corresponding interpolating polynomial is x2 + 1.
However, in general solving a system of equations is a lot of work! In the next sections, we will see that there
are better and more eﬃcient ways that avoid a lot of this work.
Also note that, from this point of view, it is not completely clear that the system of equations is always solvable.
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Polynomial interpolation: the Lagrange form
Example 68. Interpolate the points (0; 1); (1; 2); (2; 5) using a polynomial.
Solution. Without any computations, we can actually immediately write down such a polynomial:

p(x) = 1

(x ¡ 1)(x ¡ 2)
(x ¡ 0)(x ¡ 2)
(x ¡ 0)(x ¡ 1)
+2
+5
(0 ¡ 1)(0 ¡ 2)
(1 ¡ 0)(1 ¡ 2)
(2 ¡ 0)(2 ¡ 1)

This is the Lagrange form of the interpolating polynomial. Carefully look at this expression to see why it
interpolates the three points! For instance, why is p(1) = 2? Note that only the middle term contributes to p(1)
because the other two terms have a factor of x ¡ 1.
1

5

We can then simplify the above p(x) to get p(x) = 2 (x ¡ 1)(x ¡ 2) ¡ 2x(x ¡ 2) + 2 x(x ¡ 1) = x2 + 1.

As in the previous example, we can always write down an interpolating polynomial. In particular,
this allows us to conclude the following.
Comment. Note that this is not surprising. It is a generalization of the well-known fact that two points determine
a unique interpolating line.

Theorem 69. Given d + 1 points (x0; y0); (x2; y2); :::; (xd; yd) with distinct xi, there exists a
unique interpolating polynomial of degree at most d.
Proof. Existence follows because, as in the previous example, we can explicitly write down such an interpolating
polynomial p(x) as
Q
d
(x ¡ xi)
X
i=
/j
p(x) =
yj Q
:
(xj ¡ xi)
i=
/j
j =1

For uniqueness, suppose there are two interpolating polynomials p(x) and q(x) of degree at most d. The
diﬀerence p(x) ¡ q(x) has degree at most d. On the other hand, p(x) ¡ q(x) has d + 1 roots because it vanishes
for x = x0; x1; :::; xd. Since a nonzero polynomial of degree at most d cannot have more than d roots, we conclude
that p(x) ¡ q(x) = 0.


Example 70. Interpolate the points (0; 1); (1; 3); (2; 5) using a polynomial of least degree.
Solution. The interpolating polynomial in Lagrange form is:

(x ¡ 1)(x ¡ 2)
(x ¡ 0)(x ¡ 2)
(x ¡ 0)(x ¡ 1)
+3
+5
(0 ¡ 1)(0 ¡ 2)
(1 ¡ 0)(1 ¡ 2)
(2 ¡ 0)(2 ¡ 1)
1
5
= (x ¡ 1)(x ¡ 2) ¡ 3x(x ¡ 2) + x(x ¡ 1)
2
2
= 2x + 1

p(x) = 1

Comment. Note that this is the special case where three points end up being on a single line. However, note
that this wasn't obvious from the Lagrange form until we expanded it out to 2x + 1.
We will next see an alternative approach (Newton's divided diﬀerences) to obtaining the interpolating polynomial
which, as one beneﬁt (among others) would make it apparent that the resulting polynomial is of lower than
expected degree.
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