
Notes for Lecture 38 Wed, 4/29/2026

Review. matrix approximation and compression

Fourier series

A Fourier series for a function f(x) is a series of the form

f(x)= a0+ a1cos(x)+ b1sin(x)+ a2cos(2x)+ b2sin(2x)+ ���

You may have seen Fourier series in other classes before. Our goal here is to tie them in with what
we have learned about orthogonality.
In these other classes, you would have seen formulas for the coefficients ak and bk. We will see where those
come from.
Observe that the right-hand side combination of cosines and sines is 2�-periodic.

Let us consider (nice) functions on [0; 2�].
Or, equivalently, functions that are 2�-periodic.

We know that a natural inner product for that space of functions is

hf ; gi=
Z
0

2�

f(t)g(t)dt:

Example 188. Show that cos(x) and sin(x) are orthogonal (in that sense).

Solution. hcos(x); sin(x)i=
Z
0

2�

cos(t)sin(t)dt=
�
1
2
(sin(t))2

�
0

2�

=0

In fact:

All the functions 1; cos(x); sin(x); cos(2x); sin(2x); ::: are orthogonal to each other!

Moreover, they form a basis in the sense that every other (nice) function can be written as a (infinite) linear
combination of these basis functions.

Example 189. What is the norm of cos(x)?

Solution. hcos(x); cos(x)i=
Z
0

2�

cos(t)cos(t)dt=�

Why? There's many ways to evaluate this integral. For instance:

� integration by parts

� using a trig identity

� here's a simple way:

�
R
0
2�cos2(t)dt=

R
0
2�sin2(t)dt (cos and sin are just a shift apart)

� cos2(t)+ sin2(t)= 1

� So:
R
0
2�cos2(t)dt= 1

2

R
0
2�
1dx=�

Hence, cos(x) is not normalized. It has norm kcos(x)k= �
p

.

Similarly. The same calculation shows that cos(kx) and sin(kx) have norm �
p

as well.
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Example 190. How do we find, say, b2?
Solution. Since the functions 1; cos(x); sin(x); cos(2x); sin(2x); :::, the term b2sin(2x) is the orthogonal
projection of f(x) onto sin(2x).

In particular, b2=
hf(x); sin(2x)i
hsin(2x); sin(2x)i =

1
�

Z
0

2�

f(t)sin(2t)dx.

In conclusion:
A (nice) f(x) on [0; 2�] has the Fourier series

f(x)= a0+ a1cos(x)+ b1sin(x)+ a2cos(2x)+ b2sin(2x)+ ���

where

ak=
hf(x); cos(kx)i
hcos(kx); cos(kx)i =

1
�

Z
0

2�

f(t)cos(kt)dt;

bk=
hf(x); sin(kx)i
hsin(kx); sin(kx)i =

1
�

Z
0

2�

f(t)sin(kt)dt;

a0=
hf(x); 1i
h1; 1i =

1
2�

Z
0

2�

f(t)dt:

The next example illustrates that we can likewise deal with intervals other than [0; 2�] (or,
equivalently, 2�-periodic functions).

The main observation is that, since cos(x) has period 2�, the scaled function cos
�
2�

L
x
�
has period L.

As we are just scaling, it is not hard to see that the functions

1; cos
�
2�
L
x

�
; sin
�
2�
L
x

�
; cos

�
2 � 2�

L
x

�
; sin
�
2 � 2�

L
x

�
; cos

�
3 � 2�

L
x

�
; :::

are still orthogonal to each other�now, adjusted for period L, with respect to the inner product

hf ; gi=
Z
0

L

f(t)g(t)dt:

Example 191. Suppose that f(x) is 5-periodic. Write down the first few terms of the Fourier
series for f(x) with undetermined coefficients. Spell out how to compute the coefficients of the
sine functions.
Solution. The Fourier series for f(x) is

f(x)= a0+ a1cos
�
2�
5
x

�
+ b1sin

�
2�
5
x

�
+ a2cos

�
4�
5
x

�
+ b2sin

�
4�
5
x

�
+ a3cos

�
6�
5
x

�
+ :::

The coefficients bn can be computed as

bn=

D
f(x); sin

�
2�

5
nx
�E

D
sin
�
2�

5
nx
�
; sin

�
2�

5
nx
�E = R05f(t)sin

�
2�

5
nt
�
dtR

0
5sin2

�
2�

5
nt
�
dt

=
2
5

Z
0

5

f(t)sin
�
2�
5
nt

�
dt:

For the final (optional) equality, we used that
R
0
5sin2

�
2�

5
nt
�
dt=

R
0
5cos2

�
2�

5
nt
�
dt combined with cos2+sin2=

1 to conclude that the integral in the denominator must be 5

2
.
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Example 192. Find the Fourier series of the 2�-periodic function f(t) defined by

f(t)=

8>><>>:
¡1; for t2 (¡�; 0),
+1; for t2 (0; �);
0; for t=¡�; 0; �:

−π π 2π 3π 4π

Solution. We compute a0=
1
�

Z
¡�

�

f(t)dt=0, as well as

an =
1
�

Z
¡�

�

f(t)cos(nt)dt= 1
�

�
¡
Z
¡�

0

cos(nt)dt+
Z
0

�

cos(nt)dt
�
=0

bn =
1

�

Z
¡�

�

f(t)sin(nt)dt= 1

�

�
¡
Z
¡�

0

sin(nt)dt+
Z
0

�

sin(nt)dt
�
=

2

�n
[1¡ cos(n�)]

=
2
�n

[1¡ (¡1)n] =
(

4

�n
if n is odd

0 if n is even
:

In conclusion, f(t)=
X
n=1
n odd

1
4
�n

sin(nt)= 4
�

�
sin(t)+ 1

3
sin(3t)+ 1

5
sin(5t)+ :::

�
.

−π π 2π 3π 4π

Observation. The coefficients an are zero for all n if and only if f(t) is odd.
Comment. The value of f(t) for t=¡�; 0; � is irrelevant to the computation of the Fourier series. They are
chosen so that f(t) is equal to the Fourier series for all t (recall that, at a jump discontinuity t, the Fourier series

converges to the average f(t¡)+ f(t+)

2
).

Comment. Plot the (sum of the) first few terms of the Fourier series. What do you observe? The �overshooting�
is known as the Gibbs phenomenon: https://en.wikipedia.org/wiki/Gibbs_phenomenon

Comment. Set t= �

2
in the Fourier series we just computed, to get Leibniz' series �=4[1¡ 1

3
+
1

5
¡ 1

7
+ :::].

For such an alternating series, the error made by stopping at the term 1/n is on the order of 1/n. To compute
the 768 digits of � to get to the Feynman point (3.14159265:::721134999999:::), we would (roughly) need
1/n<10¡768, or n>10768. That's a lot of terms! (Roger Penrose, for instance, estimates that there are about
1080 atoms in the observable universe.)
Remark. Convergence of such series is not completely obvious! Recall, for instance, that the (odd part of) the
harmonic series 1 + 1

3
+

1

5
+

1

7
+ ��� diverges. (On the other hand, do you remember the alternating sign test

from Calculus II?)
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