Notes for Lecture 8 Fri, 1/30/2026

\ Consistency of a system of equations

1 2 1 2
Example 40. (warmup) | 3 1 -{“ }:xl 3 |+ 1
05 2 0 5
. 1 + 220 =1 1 2 1
Nfote th:t this means that the system 321 + a5 — 1 can also be writtenas | 3 1 |- [ z1 } -
of equations Sy = 1 05 2 1
[This was the motivation for introducing matrix-vector multiplication.]
In the same way, any system can be written as Aax = b, where A is a matrix and b a vector.
In particular, this makes it obvious that:
Ax=0b is consistent <= b isin col(A)
Recall that, by the FTLA, col(A) and null(AT) are orthogonal complements.
Theorem 41. Az =b is consistent <= b is orthogonal to null( A7)
. . . FTLA . .
Proof. Az =0bis consistent <= bisin col(A) <= b is orthogonal to null(A*)
Note. b is orthogonal to null(A”) means that y”b =0 whenever y7A =0. Why?!
1 2 . .
Example 42. Let A=| 3 1 |. For which b does Ax = b have a solution?
0 5
Solution. (old)
r2)b ] 12 b, s ] 12 by
3 1|by |TTRET 0 -5 —8by by | TTET 0 —5|  —3by +bo
0 5]|bs 0 5 bs 0 0 | —3b;+by+bs
So, Ax = b is consistent if and only if —3b1 + bs + b3 =0.
Solution. (new) We determine a basis for null(AT):
1 30 |R:—2Ri=R|1 3 O —%Rj\)iRz 13 0 R1—3§3:>R1 10 3
215 0 55 01 -1 01 —1
-3
We read off from the RREF that null(A”) has basis | 1 |.
1
b has to be orthogonal to null(A”). That is, b[ q }:0. As abovel!
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Comment. Below is how we can use Sage to (try and) solve Ax=0b for b—{

>>> A = matrix([[1,2],[3,1],[0,51]1)

>>> A.solve_right(vector([1,1,2]))

1 2
55
>>> A.solve_right(vector([1,1,1]))
ValueError: matrix equation has no solutions

During handling of the above exception, another exception occurred:

ValueError: matrix equation has no solutions
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