: : MATH 332 — Differential Equations II
Mldterm #2 Pra’Ctlce Midterm: Monday, April 13, 2026

Please print your name:

Bonus challenge. Let me know about any typos you spot in the posted solutions (or lecture sketches). Any typo,
that is not yet fixed by the time you send it to me, is worth a bonus point.

Problem 1.

(a) Find all eigenfunctions and eigenvalues of
y"+Ay=0, y'(0)=0, ¥'(3)=0.
(b) Find all eigenfunctions and eigenvalues of

y"+Ay=0, ¢’(0)=0, y(3)=0.

Solution.
(a) To solve this eigenvalue problem, we distinguish three cases:

A < 0. Then, the roots are the real numbers +7=++/—\ and the general solution to the DE is y(z) = Ae™ +
Be~"®. Then y'(0) = Ar — Br=0 implies B = A, so that y’(3) = A(3e3" —3e 7). Since 3e3" —3e3" =0
only if »=0, we see that y’(3)=0 only if A=0. So there is no solution for A <0.

A =0. Now, the general solution to the DE is y(z) = A+ Bz. Then y'(z) = B and we see that y’'(0) =0
and y'(3) =0 if and only if B=0. It follows that A=0 is an eigenvalue with corresponding eigenfunction
y(z) =1 (or any other constant multiple).

A > 0. Now, the roots are iy/A and y(x) = Acos(v/ X z) + Bsin(v/X z). Hence, y'(z) = —AvVAsin(v/Az) +
By cos(vA x). y'(0) =B +vA=0 implies B =0. Then, y'(3) = —Av/Asin(3v/A) =0 if and only if

sin(3v/A) = 0. The latter is true if and only if 3y/A\ =n7 for some integer n. In that case, A = (%)2
and y(z) :cos(n—37T ).

In summary, this means that the eigenvalues are A = (%)2, with n=0,1,2,... (why did we include n=0 but
excluded n=—1,—-2,...7!) with corresponding eigenfunctions y(z) :cos(% )-

Note. Note that the case n =0 corresponds to the eigenvalue A =0 (with eigenfunction y(z)=1).
Comment. There was nothing special about 3. Likewise, we find that
y'+ Ay =0, y'(0)=0, y'(L)=0
has eigenvalues eigenvalues are A = (%)2, with n=0,1,2,... with corresponding eigenfunctions y(x) = cos(%ac).
(b) We distinguish three cases:
A < 0. The characteristic roots are +r =++/—\ and the general solution to the DE is y(x) = Ae"™ 4+ Be ™.
Then y'(0) = Ar — Br =0 implies B= A, so that y(3) = A(e3" +e73"). Since €3" +e73" >0, we see that
y(3) =0 only if A=0. So there is no solution for A <0.

A =0. The general solution to the DE is y(x) = A+ Bz. Then y’(0) =0 implies B =0, and it follows from
y(3) = A =0 that A\=0 is not an eigenvalue.
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A > 0. The characteristic roots are +iv/X. So, with r =+/X, the general solution is y(z)=

Bsin(rx). y’(0)=Br =0 implies B=0. Then y(3) = A cos(3r) =0. Note that cos(3r) =

and only if 3r:—+n (277,;1

A=r2= (—(zng UW) and y(z) = cos(—@n;r DL x)

Acos(rz) +
0 is true if

for some integer n. Since r >0, we have n > 0. Correspondingly,

2
In summary, we have that the eigenvalues are A = (M> , with n=0,1,2,... with corresponding eigen-

6

functions y(z) = Cos( (2n—é— L3 x)

Problem 2. Let y(z) be the unique solution to the IVP 3" =z + 243, y(0) =1, y’(0) =2.

Determine the first several terms (up to x%) in the power series of y(z).

Solution. (successive differentiation) From the DE, y”(0) =0+ 2y(0)>=2.
Differentiating both sides of the DE, we obtain 3"’ =1+ 6y2y’. In particular, y"’(0) = 13.
Continuing, y* =12y(y 2 +6y2y” so that y(4)(0) =12-1-2246-12-2=60.

Hence, y(z)=y(0)+y'(0)z + Ey”(O)x + y’”(O) + 2—14y(4)(0)x4 +oo=l4 22 D34 5x4 +.

Solution. (plug in power series) Taking into account the initial conditions, y =1+ 2z + ag2? + azz® + asx* + . . ..

Therefore, y"” = 2as + 6asz + 12a42% + . ..
On the other hand, y®=1+ 6z + (3az+ 12)2? + ...
Equating coefficients of y” and z + 232, we find 2a, =2, 6az=1+2-6 =13, 12a4 =2(3az + 12).

13
Soax=1, ag3==

o a4:%a2+2:% and, hence, y(x):1+2x+x2+%x3+%x4+...

Problem 3. Consider the DE y” =z (22 +7) y'+ (2% + 3)y.

Derive a recursive description of a power series solution y(x) (around x =0).

Solution. Let us spell out the power series for y, z%y, zy’, %/, y":

oo
y(x) = Z anz"
n=0
(o) o0
2?y(z) = Z anz"t?= Z Ap—ox™
n=0 n=2
o0
y'(x)= napx™ 1
n=1
oo
zy'(x)= Z na,z"
n=1
o0 oo
3y’ (x) = Z na,z"t?= Z (n—2)an_22™
n=1 n=3
o0 o0
y'(x) = Z n(n—1)a,z" 2= Z (n+2)(n+1)apy22"
n=2 n=0

Hence, the DE becomes:

Z (n+2)(n+1)ap 22" i (n—2)a,— 2:5”—&-72 nanx —|—Z Ay — 02X —|—3Z anx”.

n=0
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We compare coefficients of z™:
3
e n=0: 2ay=3ag, so that as= 500

e n=1: 6agz="Tay+ 3a, so that agzgal.

1 17 1 17 3 53
e n=2: 12a4=14as+ ag+ 3as, so that as= 1300 T 15302 = 7300 + T3 500 = 5700

e n>3 (n+2)(n+1apre=n—2)an—2+man+ an—2+ 3a,

_ ™+ 3 + n—1
Int2= o pvmr T mr)nrnin—2

T —11 n—3

Equivalently, for n>5, a,, = w12 + T4

oo
In conclusion, the power series y(z) = Z anx™ is recursively determined by
n=0
3 5 53 m—11 n—3

2, —_—— == n= . R ( > 5.
2a0, as 3a1, Qa4 24060, a n(n—l)a 2+n(n—1)a 4 lormn

a9 =

(The values ag and a; are the initial conditions.)

Comment. The formula for a,, also holds for n=4. Can you see why?

Problem 4. Find a minimum value for the radius of convergence of a power series solution to (4z2+1)y" = ?’ZLJ:IZ’
at z=3.
Solution. Note that this is a linear DE! (Otherwise, we could not proceed.) Rewriting the DE as y”’ — my’ +

my =0, we see that the singular points are x =41 /2, —1.

Note that =3 is an ordinary point of the DE and that the distance to the nearest singular point is |3 — (+i/2)| =
2 2 _ 1 ~ . . _

V3% +(1/2)* =5/37~3.04 (the distance to —1is [3—(—1)[=4).

Hence, the DE has power series solutions about x =3 with radius of convergence at least %\/37.

Problem 5. Consider the function f(t)=2(1—1t), defined for ¢t €0, 1].
(a) Sketch the Fourier series of f(t) for t € [—4,4].
(b) Sketch the Fourier cosine series of f(t) for ¢ € [—4,4].

(c) Sketch the Fourier sine series of f(t) for ¢t € [—4,4].

In each sketch, carefully mark the values of the Fourier series at discontinuities.

Solution. The Fourier series (i.e. the 1-periodic extension) as well as the Fourier cosine series (i.e. the 2-periodic even
extension):

T

e 4 3 -2 -1 0 1 2 3 4

—_

The Fourier sine series (i.e. the 2-periodic odd extension):
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S\ \2 A\4
—1
oL

In each sketch, the function values at discontinuities are marked in red.

Problem 6. A mass-spring system is described by the DE my” 4+ 7y = F'(t) where F(t) is an external force with
period 3. For which values of m can resonance occur?

Solution. F(t) has a Fourier series of the form F(t) = % + Z (ancos< 27;7”) + bnsin< 27;:”)).
n=1

The roots of p(D)=mD?+ 7 are =i, /%, so that the natural frequency is ,/%. Resonance therefore can occur if

72 . .
— =" for some n € {1,2,3,...}. Equivalently, resonance can occur if m =
m 3

63
4m2n?2

for some n€{1,2,3,...}.

Problem 7.
(a) Write down a homogeneous linear differential equation satisfied by y(z) =2e® — Tz e?*®cosh(5z).

(b) Consider a homogeneous linear differential equation which has order 6. Suppose y(x) =3z + 5z sinh(2z) is a
solution. Write down the general solution.

(c) Let y, be any solution to the inhomogeneous linear differential equation y” + 7y’ 4+ 4y =3 4 x cosh(2z). Find a
homogeneous linear differential equation which ¥, solves.

Solution.

(a) Inorder for y(x) to be a solution of p(D)y=0, the characteristic roots must include 1,2+5,2+5=1,—-3,—-3,7,7.
Hence, the simplest differential equation is D(D + 3)%(D — 7)%y =0.

(b) The characteristic roots of the DE must include 0,0,+2, +2. Since the order of the DE is 6, that list is complete.
Therefore, the general solution is A+ Bz + (C + Dz)e™ %% + (E + Fx)e?®.
Alternatively, the general solution can be expressed as A+ Bx + (C' 4+ Dx)cosh(2x) + (E + Fx)sinh(2z).

(c) Since y, solves the inhomogeneous DE, we have (D?+ 7D +4)y, = 3 + z cosh(2z). The right-hand side is a
solution of p(D)y =0 if and only if 0, £2, +2 are roots of the characteristic polynomial p(D). In particular,
D(D +2)*(D —2)*(3+ z cosh(2z)) = 0. Combined, we find that D(D + 2)?(D —2)?(D?*+ 7D +4)y,=0.

Problem 8. Spell out the power series (around z =0) of the following functions.

(a) e3® (b) 5cosh(4x) (c) sin(32?) (d) S
1+ 722
Solution.
. . > " 30 > (—3.’17)”_ > (_3)n n
(a) Since e*= Z e have e™°7 = Z = Z o
n=0 n=0 n=0
Armin Straub !
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o0 2n oo

(b) Since cosh(z Z call (even part of e®), we have 5cosh(4x) = 52 (4z

n=0 n=0 ’ n=0
> p2nt1 e 2n+1 0 n32n+1
pAn+2
(c) Since sin(x HZ:O 2n—|—1 , we have sin( 3:v T;) 2n—|— 1 nZ:O @nt 1) nre,
(d) Since Z , we have :52 (—7952)":52 (
n=0 n=0 n=0
Problem 9.

an(x — xp)". How can we compute the a,, from y(x)?

NE

(a) Suppose y(z) has the power series y(z) =

n=0

_ _0 - mrt))
(b) Suppose f(t) has the Fourier series f(t) = 5 Z:: (ancos< )ern sin ( 7))
How can we compute the a,, and b, from f(¢)?

Solution.

y'"™ (20)

(a) ap = n|

(b) The Fourier coefficients ay,, b, can be computed as

:_/ £(1) nﬂt) . :_/ (1) nmﬁ) ‘
1

Problem 10. Derive a recursive description of the power series (around z =0) for y(z) =19 52

Solution. Write y(x Z anz™. Then

o o0 oo oo
1= 1—2x75x Z = Z anz"fZZ anx"+1f5z apz" T2
n=0 n=0 n=0 n=0
oo oo o0
Z anpe™ — 22 Ap_1x"™" — 52 Ay 2T
n=0 n=1 n=2

We compare coefficients of z™:
e n=0: 1=ay.
e n=1. 0=a;— 2ag, so that a1 =2a¢9=2.

e n>2 0=a,—2an,—1—ba,—_2 or, equivalently, a, =2a,_1+ 5a,—o.

In conclusion, the power series

1 - . ‘
—F3= E anx™ is recursively determined by
1-2z -5z =

ap=1, a1=2, ap,=2a,_1+5a,_o forn=>2.

Problem 11. A mass-spring system is described by the equation

my" +y=F(t),
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where the external force has the Fourier series F'(t) = Z iz in<?).

n=1
n odd

(a) For which m does resonance occur?

(b) Find the general solution when m=1/9.

Solution.

(a) The roots of p(D)=mD?+1 are +i/\/m, so that the natural frequency is 1//m. Resonance therefore occurs
if 1/\/m=mn/3 for some n e {1,3,5,...}. Equivalently, resonance occurs if m=9/n? for an odd integer n > 1
(that is, m=9,1,9/25,9/49,...).

(b) In this case, the natural frequency is 3 and we have resonance because 3=n/3 for n=9. For n#9 we solve
1 1 . /nt
gV +y=rzein( )

This has a solution of the form y,= Acos( ) +B sm( ) where A, B are undetermined. Plugging into the DE:
1 1n 1 n? . /nt\! 1 . /nt
¥ WA(@?* 1)005( 3 >+B<§?+ 1)“(?) =iy

It follows that A=0 (we could have seen that coming...) and

3

1 81 81 . (nt)

b= n2(_l"_2_|_ 1) TReEion?) T RRI— a2
979

The case n=9 has to be done separately: because of resonance there now exists a solution of the form
yp=At cos(3t) + Btsin(3t).
Plugging into the DE:

!
%y{; +yp= B cos(3t) — —A sin(3t) = 8_11 sin(3t)

It follows that B=0 and A=—=. So y,= —5i4t cos(3t). By superposition it follows that

1,  ~= 1 _(nt . 1 81 . (nt
Y +y= Z m&n(?) has solution yp——5—4tcos(3t)+ Z msm(?).

n=1 n=1
n odd n odd, n#9

The general solution is y(t) = y,(t) + A cos(3t) + Bsin(3t).

Problem 12. Compute the Fourier sine series of the function f(t), defined for ¢ € (0, L), with f(t)=

Solution. The odd 2L-periodic extension of f(t) takes the values f(¢) :{ ;g iz; i g EJZL’)O)‘

2 (L snmt 6 L nat\ ]* 6
b, = —/ f@) sm ) L/o 3s1n< T )dt_L[%COS<T)]O—ﬁ[1COS(T”T)}

{%, if n is odd,

0, if nis even.

= - (-=
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Thus the Fourier sine series is:

Problem 13. Suppose that the matrix A satisfies e* :l{

879""‘4*66721: 72879m+28721‘

7| —3¢=9% 4 3¢—22 g9 | o—2u

(a) Solve y’'= Ay, y(0) :[ f ]
(b) Solve y’:Ay—l—[ 321 ], y(O):[ ? ]

(¢) Determine A™.

Solution.

—~
o
~—
<
—~
8
~
Il
o
hS
—
=N
[E—
Il

l{ 14e—22 }:{ 2e—22 }
7| 7e—2e 2w
(b) y(z)= eAI[ 2 } + et [Fem A f(t)dt. We compute:

erfAtf(t)dt— wl €9t 4 6e2t  —2e9t 4 22t 0 dt—ifx 210t | 93t dt—i _éeloz_,’_%e&c _%
0 —Jo7 —3e9t 4 32t 6e9t 1+ e2t 3et —7Jo 6el0t | g3t -7 ielom+183m _ 14
5 3 15

_ 1| —3e07 4 10e37 — 7
35

9e!0% + 5e3¢ — 14
Az [T —At _ 1] e 9T 46e 2 —2e79742e72 | 1| —3el0T 4 10e3° -7 1_ 1| 3e 9% —10e72% 4 7e®
Hence, ¢ fo € F(t)dt= 7{ 3e-9% 1 3627  Ge=9% 4 ¢=2¢ 35| 0el0% {5¢3% —14 | 35| —9e—9% — 5e—2¢ 4 14e% |’
; —2w 1| 3e797—10e™ 2" 4 7e” 1| 3e79%460e 2"+ 7e”
Finall x)=| 2% — = .
Vs y( ) e 2T + 35 —9e 9T — 5e 2% 4 14e” 35| —9e9% 4 30e 2% 4 14e”
. _ . _ . 1 _ (=) 2 (—9)P 42 (—
(c) Replacing e 9% with (—9)" as well as e ~2* with (—2)", we conclude A":7{ 735. (({);)ti?f- (222)n 26_((7%)),&12(7(2)3)" }
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