
Notes for Lecture 18 Mon, 10/7/2024

Example 92. Consider again the system d

dt
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2y¡x2
(x¡ 3)(x¡ y)

#
. Without consulting a plot,

determine the equilibrium points and classify their stability.
Solution. To find the equilibrium points, we solve 2y¡x2=0 and (x¡ 3)(x¡ y).
It follows from the second equation that x=3 or x= y:

� If x=3, then the first equation implies y= 9

2
.

� If x= y, then the first equation becomes 2y¡ y2=0, which has solutions y=0 and y=2.

Hence, the equilibrium points are (0; 0), (2; 2) and
�
3;
9

2

�
.

The Jacobian matrix of
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g

�
=
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2y¡ x2

(x¡ 3)(x¡ y)

�
is J =
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fx fy
gx gy
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�
.

� At (0; 0), the Jacobian matrix is J =
�

0 2
¡3 3

�
. The eigenvalues are 1

2
(3� i 15

p
).

Since these are complex with positive real part, (0; 0) is a spiral source and, in particular, unstable.

� At (2; 2), the Jacobian matrix is J =
�
¡4 2
¡1 1

�
. The eigenvalues are 1

2
(¡3� 17

p
)�¡3.562; 0.562.

Since these are real with opposite signs, (2; 2) is a saddle and, in particular, unstable.

� At
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3;
9
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�
, the Jacobian matrix is J =

"
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2
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#
. The eigenvalues are ¡3� 6

p
�¡5.449;¡0.551.

Since these are real and both negative,
�
3;
9

2

�
is a nodal sink and, in particular, asymptotically stable.
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Comment. Can you confirm our analysis in the above plot? Note that it is becoming hard to see the details.
One solution would be to make separate phase portraits focusing on the vicinity of each equilibrium plot. Do it!

Armin Straub
straub@southalabama.edu

44


