Notes for Lecture 8 Wed, 2/5/2025

d
Example 40. Solve (z — y)d—z =xr+vy.
. . y\dy y . o y
Solution. Divide the DE by z to get (1 — Z)E_ 1 +- This is a DE of the form y’—F(;).
We therefore substitute u:g. Then y=ux and %:azd—u—l—u.

The resulting DE is (z — ux)(ac— + u) = 4 uz, which simplifies to z(1 — u) =1+4u?

dx
This DE is separable: m du=— Lz
Integrating both sides, we find arctan(u) — %ln(l +u?)=1In|z| +C.

Setting u =y /x, we get the (general) implicit solution arctan(y/x) — %ln(l +(y/z)?)=In|z|+C.
Comment. We used /ﬁdu = arctan(u) + C and /#dx = %ln(l +2) + C when integrating.

See Example 36 where we reviewed these integrals.

Example 41. Solve the IVP % =2y —3xy°, y(0)=1.

Solution. This is an example of a Bernoulli equation (with 7 =5). We therefore substitute u =y ~" =y~

Accordingly, y=u uw~1/* and, thus, %:—% *5/43—2.
The new DE is — 4 u—5/4 g% du —oy /4 qu_5/4, which simplifies to j—Z: —8u + 12x.

This is a linear first-order DE, which we solve according to our recipe:

. du .
(2) Rewrite the DE as -+ P(z)u = Q(z) with P(z) =8 and Q(z) =12z.
(b) The integrating factor is f(x) :exp(/P(az)dx) =8,

c) Multiply the (rewritten) DE by f(x)= €5 to get
(c)

Sl’du —|— 8e8% ¢y = 12287

_ d 8x
75[6 u]

(d) Integrate both sides to get:

8%y = 12/:568xd:c = 12(%1368:6 — =

8268$>+C:%x68$ 13 8m+C

1 1 .
Here we used that /xe‘wdx =—ze’? — —e". (Integration by parts!)
a a

The general solution of the DE for u therefore is u = %m — % +Ce~ 8%,

Correspondingly, the general solution of the initial DE is y = w4 = 1/4\/%:5 — % + Ce 87,

Using y(0) =1, we find 1=1/%/C — i from which we obtain C' =1+ i = %
The unique solution to the IVP therefore is y = 1/\/— — ﬁ %6_896
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 Solving simple 2nd order DEs

We have the following two useful substitutions for certain simple DEs of order 2:

e F(y",y',x)=0 (2nd order with "y missing”)

. dy n_ du . du o
Setu=y =4 Then y"' = P We get the first-order DE F(H’ u,x) =0.

e F(y",y',y)=0 (2nd order with “z missing”)

du_du.dy du

dr—dy de —ay W We get the first-order DE F( , U, y) =0.

_ ., _ dy "_
Setu=y =4 Then y"' =

Example 42. Solve y" =z —y'.

Solution. We substitute u = y’, which results in the first-order DE v’ =z — u.

This DE is linear and, using our recipe (see below for the details), we can solve it to find u=2 —1+Ce™*
Since y’ =u, we conclude that the general solution is y = /(:c —1+Ce H)dzx= %12 —xz—Ce "+ D.

Important comment. This is a DE of order 2. Hence, as expected, the general solution has two free parameter.
Solving the linear DE. To solve u’ =x — u (also see Example 32, where we had solved this DE before), we

(a) rewrite the DE as §—Z+ P(z)u=Q(x) with P(x) =1 and Q(x) ==.

(b) The integrating factor is f(x) :exp(/P(ac)dac) =e”.

(c) Multiply the (rewritten) DE by f(x) =e” to get ezg—u +etu=zxe”.
x

=4 —[e®u]

(d) Integrate both sides to get (using integration by parts): e u = /xexdm =ze—e"4+C

Hence, the general solution of the DE for u is u=x — 1 4+ Ce ™%, which is what we used above.

Example 43. (homework) Solve the IVP y" =z —3’, y(0) =1, 3'(0) =2.
Solution. As in the previous example, we find that the general solution to the DE is y(z) = %azQ —xz—Ce "+ D.
Using y/'(z) =z — 1 + Ce™% and y’(0) =2, we find that 2= —1+ C. Hence, C' =3.
Then, using y(z) = —x —x—3e"%+ D and y(0) =1, we find 1 =—3+ D. Hence, D =4.

. . 1
In conclusion, the unique solution to the IVP is y(x) :5552 —xz—3e T+44.

Example 44. (extra) Find the general solution to y” =2yy’.

p_ du _ du . dy du .
T dz dy dz dy

Solution. We substitute u=y’ = d—y Then y

Therefore, our DE turns into uj—y =2yu.

Dividing by u, we get j—:: 2y. [Note that we lose the solution u =0, which gives the singular solution y=C']
Hence u=y2+ C. It remains to solve y’ = y2 + C. This is a separable DE.

C+ ———dy=dx. Let us restrict to C'= D? >0 here. (This means we will only find “half’ of the solutions.)
1
szerzdy_ szmdy -

Solving for y, we find y =D tan(Dz + AD) = D tan(Dz + B). [B=AD]

arctan(y/D) =x+ A.
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