Midterm #2 — Practice e Tharsday, et 22,226

Midterm: Thursday, Oct 22, 2026

Please print your name:

Bonus challenge. Let me know about any typos you spot in the posted solutions (or lecture sketches). Any math-
ematical typo, that is not yet fixed by the time you send it to me, is worth a bonus point.

Reminder. A nongraphing calculator (equivalent to the TI-30XIIS) is allowed on the exam (but not needed). No
notes or further tools of any kind will be permitted on the midterm exam.

Problem 1. Go over all the quizzes since the first midterm exam!

To help you with that, there is a version of each quiz posted on our course website without solutions (of course, there are solutions, too).

2
Problem 2. Evaluate the integral/ 23In(z) da.
1

Solution. We apply integration by parts, and use /f(:r)g/(ac)dx = f(z)g(z) — /f’(x)g(w)dx with f(z)=In(z) and
g'(z) =23 With g(x) :%x‘l, we then get

2 1, 2 211, 12,
Ax In(z)dx = {Zx ln(a&)} —/1 PR d$:4ln(2)_ZA x®dx

Problem 3. Determine the shape (but not the exact numbers involved) of the partial fraction decompositions of:
322 -2
@) ———yzra
2?(x—1)(z+2)

229 +1
r+2)(x2+1)2

OF

Solution.

(a) 322 -2 _A B C D
2@—-1)(x+2) = 22 -1 x+2

(b) Since the numerator degree is 9 but the denominator degree is 6, we have to do long division first. This will
result in Ax®+4 Bx?+ Cx + D plus a remainder. Overall:

22°+1 a3 9 E F Ge+H Ix+J
x(x+2)(x2+1)2_Az +Be +CI+D+;+x+2+ 2+1 (224 1)2
4,3 _ 9.2
Problem 4. Evaluate wdx.
3 3 —2x?

Solution. First, we do long division to obtain

x3—222—4 4

3 —222 3 — 222"
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Next, we factor the denominator:
3 — 202 =22(x — 2).
We know that we can find numbers A, B, C such that

4 4 A4 B C
—21‘2_1“2(33—2)_35 x? x—=2

Clearing denominators, we get
4=x(x—2)A+ (z—-2)B+2%C.

Setting =2, we find 4=4C, so C'=1. Setting x =0, we find 4 =—2B, so B=—2. There’s no great third choice for
x, so we plug in any value, say, t=1to find4=—A—-B+C=—A+2+1. Hence, A=—1.

Therefore,

4.3 2 4
x°—2x°—4 1 2 1
_— f 1 —_ _—

/3 oy dz /3 +x+x2 x—de

2 : 1 2
[m—l—ln|x|—;—ln|x—2|} :<4—|—ln4—§—ln2>—(3+ln3—§—1n1>
3

7 2

(In the final simplification, we used that In4 =1n(2%) =21In2 as well as In2 —In3 = ln;)

Problem 5. Evaluate the following indefinite integrals:

(a) /cos4(5x)sin3(5z) dz

(b) /cos5(3m)sin2(3x) dz

Solution.
(a) We substitute u=cos(5x) since the corresponding sine term occurs with an odd exponent. Then d—: —5sin(5z)
or, equivalently, sin(5z)dz = ——du so that we get

/ cos? (sa)sin’(57) dr = — / wisin?(5r) du =~ / w1~ cos2(52)) du=— / w1 — u2)du

5 7 7 5
l(u u ) o8 (5z)  cos®(bx) LC.

35 25

5\5 7

(b) We substitute u=sin(3x) smce the corresponding cosine term occurs with an odd exponent. Then j—u— 3cos(3x)
or, equivalently, cos(3z)dz ——du so that we get

/cos5(3x)sin2(3x) dr = %/COS4(3£L’)U,2 du:é/(l —sin?(3x))%u? du:%/(l —u?)?u?du
= é/(l2u2+u4)u2du—%<%32?us+u77>+0
_ %( sinS?E?)x) B 2sin‘;(3x) n sin77(3ac) > L
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Problem 6. Evaluate the following indefinite integrals:

(a)

(b)

1
—dx
/\/491:2

1
————dz
/xQ\/ 922 —4

Solution.

(a)

This integral features a term of the form /4 — 922 =3, / (%)2 — 22 which suggests the trigonometric substitution

x= %sin@. Then 4 — 922 = 4(1 — sin?f) = 4cos?f. Since % = %cos@, we get

1 1 2 1 0 1 3x
———dx= | ——==cosf#df = | =df ==+ C ==arcsin| — |+ C.
/\/49372 /\/4co529 3 /3 3 3 < 2 )

This integral features a term of the form /922 —4=3, /2% — (%)2 which suggests the trigonometric substitution

x= %sec@. Then 922 — 4 = 4(sec?) — 1) = 4tan?@. Since dr_d2

10 = ag 35€cl = %sec@ tand (you can work this out from

1
sectl = —), we get

1 1 2 3 1 3 3
————dz= | ——————=secttanfdfd == | —dO@ == [ cosf#df = =sind + C.
/xQ\/ 92 — 4 /%sec%)\/ 4tan26 3 4/ sect) 4/ 4

Our final step consists in simplifying sinf given that x zgsec&

For this, draw a right-angled triangle with angle . To encode the relationship
hyp _ 3z
adj 2
2 as in the diagram to the right. 3z

sec = we assign the hypothenuse length 3x and the adjacent side length

By Pythagoras, the opposite side then has length /922 — 4. It follows that 0 []

. opp V9r?—4
sinf=——=—~+———.
hyp 3z

Overall, we have therefore found that

2 _ 2 _
/ 1 dt:3\/9$ 4+C:\/9x 4_"_0'
xQ\/9x2_4 4 3z 4z

Problem 7. Evaluate the following integrals or show that they diverge.

(a)

2 31
d b [ —L 4
/,22m+1 v (b) /2 N

Solution.

(a)

Note that the integrand has a singularity at = = —%. The antiderivative is

1 1
=—In|2 1
/2x+1dx 2n| x+1]4+C,
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and we can already see that we will not get a finite contribution for z = f% since lim/ In|2z + 1| = —oco. This
r——1/2
means that our integral diverges.

If we want to be more precise, we split the original integral into

2 —1/2 4 2 1
/,22x+1d:”_/,2 2x+1dx+/1/22x+ldx

so that neither integral has a singularity between its limits. Then, for instance, the first of these integrals is

b

/1/2 L _de= lim /b I _dz= lim l111\2:c+ll = lim lh1|2b+1|*lln(3)7*Oo
B sy e A P B Sy ) o bom1/272 2 -

2

and thus diverges. This means that the original integral / dx diverges as well.

92x+1

(b) Note that the integrand has a singularity at z =2. The antiderivative is

1 2
———dr==v32—-6+C,
/ \/3x —6 3
and we can already see that we get a finite contribution for x =2. This means that our integral converges and

we find that its value is

[ fpe] -4

Problem 8. Evaluate /x?’ cos(z?+1)dx.
Solution. First, we substitute t =22+ 1 (so that dt =2xdz) to get
3 2 L[ 2 1
xscos(z®+ 1)da = 5/ cos(t)dt = 3 (t — 1)cos(t)dt.
Next, we integrate by parts with f(¢t)=t—1 and ¢'(¢t) =cos(t). With g(¢) =sin(t), we find
/(t —1)cos(t)dt = (t — 1)sin(t) — /sin(t)dt = (t — 1)sin(t) 4 cos(t) + C.
Substituting back t =224 1, we finally obtain

/x3 cos(z?+1)dx :%( Zsin(z2+1) +cos(z?+ 1))+ C.
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