Notes for Lecture 1 Wed, 8/19/2026

Review: Qur zoo of functions

e polynomials
22 23 Tt —x+2, ...
e rational functions
1 z2 —2x — 3
z+1' z34+7 T
e power functions

2, x1/2:\/5’ x—1/2:%'

e exponentials

x x
2%, e”*, ..

e logarithms
In(z) =loge(z), loga(x), ...

e trigonometric functions

sin(z), cos(a), tan(z) = 22k, .

e inverse trig functions

arcsin(z), arccos(x), arctan(z), ...

Review: Computing derivatives

Given a function y(z), we learned in Calculus | that its derivative

dy . Ay
/ _ 4y =29
y'(w) = dx Alalzrgo Az

(where Ay =y(x+ Ax) — y(z)) has the following two important characterizations:
e y'(x) is the slope of the tangent line of the graph of y(z) at z, and
e y'(z) is the rate of change of y(z) at x.

Comment. Derivatives were introduced in the late 1600s by Newton and Leibniz who later each claimed priority
in laying the foundations for calculus. Certainly both of them contributed mightily to those foundations.

Moreover, we learned simple rules to compute the derivative of functions:
e (sum rule) %[f(x) +g(x)] = f'(x)+ ¢’ ()
e (product rule) %[f(x)g(w)] = f(x)g(z) + f(x)g'(x)

e (chain rule) %[f(g(az))] = f'(g(z))g'(v)
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Comment. If we write t = g(x) and y = f(t), then the chain rule takes the form jz ii’ ~§—i
In other words, the chain rule expresses the fact that we can treat — (whlch initially is just a notation

for y’(x)) as an honest fraction.

. . d _
e (basic functions) —z"=rx" !
dx

d d 1
we=e Fhl)=4

d . d :
—sin(x) =cos(x), ——cos(x)=—sin(x)

These rules are enough to compute the derivative of any function that we can build from the basic
functions using algebraic operations and composition. On the other hand, reversing the operation
of differentiation (i.e. computing antiderivatives) is much more difficult.

In particular, there exist simple functions (such as 612) whose antiderivative cannot be expressed in terms of the
basic functions above.

Example 1. Derive the quotient rule from the rules above.

Solution. We write fEﬂc; flx)-

1
9@ and apply the product rule to get

d

d 1
— + f(z) — ——.
15 @) = P @)t ) s
. . bpod 1 1 d 1 1 . . .
By the chain rule combined with Tz o We have — Iz 9 — Wg (z). Using this in the previous formula,

L P@) @) @)
e A e

f(x)

d = x

Putting the final two fractions on a common denominator, we obtain the familiar quotient rule

d f(@) _ fl@)g(z) - f(x)g'(x)
dz g(z) g(x)? '
Example 2. Compute the following derivatives:
(a) % (523 + 722 4 2)
(b) d— in(bx3 + 722+ 2)
(c) di (23 + 2x)sin(bx3 + To? + 2)

Solution.
(a) di; (523 + Tx? + 2) = 1522 + 14z
(b) % sin(523 4 722 + 2) = (1522 + 14x) cos(5z3 + 722 + 2)

(c) % (23 + 2z) sin(5x3 + 722 + 2)
= (322 +2) sin(523 4 722 + 2) + (23 + 22) (1522 + 14x) cos(5x3 + 722 + 2)

Example 3. Find %tan(az) using tan(z) = ::;((w)) and the quotient rule.

Example 4. What is %ln(az)?

Why? Can you explain why this is the case?

(One way to see this is to recall that €"*(*) = 2 and to differentiate both sides. What do you conclude?)
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Review: Integration and areas

If f(x)>=0 for z €[a,b], then

/a F@)de

is defined as the area enclosed by the graph of f(z) and the x-axis between z =a and x =b.

Can you explain how the integral f{ff(:c) dx is constructed from sums > f(z)Az?

(Here, we are summing over rectangles of width Az between a and b; at position x their height is roughly f(z).)

Comment. ¥ is a capital sigma, and just means “sum”. Don't worry about it for now. We will see it again later.

Review: Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus connects the two operations
(a) differentiation and
(b) integration,

which, at first glance, look like they might be of a rather different nature. Roughly, it shows that
these two operations are inverses of each other.

Theorem 5. (Fundamental Theorem of Calculus, part 2)

/ f(z) dz=F(b) — F(a),

if F'(x) is an antiderivative of f(x).

The “first part” of the Fundamental Theorem of Calculus is the statement that
d [*
—_— t)dt = .

Modulo details (such as whether f(z) is continuous or differentiable), can you conclude this “first part” from the
“second part” above?

(Hint: in the “second part”, replace b by « and differentiate both sides with respect to z.)

2
Example 6. Compute xdx in two ways: first, making a sketch and using the definition as an

1
area; then, using the Fundamental Theorem of Calculus.

Solution.

(2) Make a sketch! The area in question consists of a 1 X 1 square (area 1) with exactly half a 1 x 1 square
(area 1/2) on top. Hence, the total area is 1 —O—é:f.

2
-2 2
|l 2t 2 1 2 4 1 3
(b) /1 xdx—{zx L—Q 2 5 1 =5-33

us

Example 7. / sin(x) dz =
0

2m
Why is / sin(z) dx =07 Explain geometrically in terms of areas.
0
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Review: Antiderivatives (or indefinite integrals)

Definition 8. If f(z)= F’(z) then we say that F'(x) is an antiderivative of f(x).
We write: /f(:z:)dx =F(x)+C

This is also called the indefinite integral of f(x).
Comment. The notation using the integral sign makes sense because of the Fundamental Theorem of Calculus.

Example 9. /:I:d:c:%:CQ—i—C

Example 10. /:z:a dx:;w‘”l%—C
a+1

Comment. Note that the case a = —1 is special. What happens in that case?

Example 11. /1$3x dx:/(m_S—aj_Q)d:c:—%x_z—i-:lz_l—i—(?

Example 12. /x\/fdx:/x3/2dx:§x5/2+0

Substitution

The following is a first example for which the antiderivative is not so readily obtained by reversing
basic rules of differentiation.

Example 13. Determine /m\/azQ + 1dz by substituting u =22+ 1.

Solution. We need to substitute all occurences of z in the integral, including the dx.

To substitute the latter, note that if w =22+ 1 then the derivative with respect to x is

du

Solving for dx, we find dz = %du.

Substituting in the integral, we therefore find
/x\/x2+ldx = /x\/ﬂ%du:%/\/ﬂdu:%-§u3/2+02%(x2+1)3/2+0.
Note how in the final step, we substituted back u = x2 + 1 to get the desired antiderivative in terms of z.

Comment. We could have been slightly more efficient by directly substituting zdx = %du.
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Notes for Lecture 2 Fri, 8/21/2026

Review 14. /%dlen].’v\ +C

In(z), if x>0,

To verify, use In|z| :{ In(—2), if 2 <0

to differentiate the right-hand side.

Substitution, cont’d

In general, finding the right substitution can be tricky and there are no straightforward rules that
work for every integral. However, for our integrals there is usually a natural choice.

On the other hand, there is often more than one way to substitute successfully (see next example).

Example 15. (cont’d) Determine /x\/T—i—ldx
(a) by substituting u =22+ 1, and
(b) by substituting u= /2% + 1.
(c) Explain why the substitution u = z%+ 1 is particularly natural.
Solution.
du _

dx
The integral therefore becomes

/Imdw = /%\/ﬂdu:%'gus/2+czé($2+1)3/2+C.

(a) Since u=21z2+1, we have 2z so that xdx:%du.

(b) Since u=+/x%+ 1, we have %:ﬁ%x:% so that zdz = udu.

The integral therefore becomes
/mx/x2+1dx = /u'udu:/quu:%u?’JrC:%(xQJr1)3/2+C.

(c) The /22 + 1 in the integrand will become \/u (of course) while the remaining z in the integrand is (up
to a factor of 2) exactly the derivative of 22 + 1 (and so will disappear when we bring in du to replace
dx). With a bit of practice, this allows us to immediately see that our substitution will be a success.
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| Substitution in definite integrals

b
If we want to apply substitution in a definite integral like / f(x)dz, we have two options:

a

(a) We can first compute the indefinite integral /f x)dx using substitution.

If the result is F'(z) 4 C', then / f(x)dz=F(b) — F(a).
d
(b) Or, we can substitute the limits @ and b as well to get a new definite integral / g(u)du.

Often you can choose either approach. But for certain problems it might not be possible to compute the indefinite
integral explicitly (so the first approach won't work), yet it can be useful to obtain a substituted new integral
using the second approach.

1
Example 16. Determine/ xy/ 2%+ 1da.
0

Solution. Let us illustrate both of the two approaches just mentioned:

a) In the previous example, we already worked out that [ z+v/ 22+ 1dx =12 +1 3/2 + C. It follows that
p p y 3
! 1 1 1
[ Ve = {3<m2+ 1)3/2} Loy L
Jo 0

(b) As in the previous example, we will substitute u =22+ 1. Since j—z =2z, we get xdx = %du.

Moreover, if = = 0 (lower limit) then v = 22 + 1 = 02 + 1 = 1. And if = = 1 (upper limit) then
u=a2+1=12+1=2. The definite integral therefore becomes

1 27 1 2 1 1
/ v/ 22+ 1de = / —y/udu= —ud/2| =z293/2 _
0 12 3 ;1 3 3

Comment. While it looks like the first approach was much quicker, that's only because we had already computed
the indefinite integral in the previous example. In general, if we haven't already done so, the second approach is
a bit more direct (but requires us to pay attention to the limits of the integral).
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Notes for Lecture 3 Mon, 8/24/2026

Quiz. There will be a first quiz in lab on Thursday. One of the two problems will be to compute
an integral like the following by substitution:

/cosS(St)sin(?)t)dt

Homework. Compute this indefinite integral by substituting u = cos(3t).

Example 17. Determine /9:3\/x2+ 1dx.

Solution. We substitute ©w = 22+ 1. Since % =2z, we have xdx = %du.

Note that there will be 22 left into the integral which we replace with 22 =u — 1.

The integral therefore becomes:

/$3\/m2+1dx = /%mQ\/ﬂdu:/%(u—l)\/ﬂd
= %/(u?’/Q—u1/2)du:éu5/2—%u3/2+0
= é(m2+1)5/2—é(x2+1)3/2+0

Comment. If you prefer, the final answer could be rewritten as —(ac +1)3/2(322 - 2) +C.

Example 18. Determine/ M
o 2—cos(t)

Here, a very natural substitution is u =2 — cos(t).
(Note how we can already anticipate that the derivative will nicely take care of the sin(¢) in the integrand.)

Solution. We again have the choice of either substituting without limits or with limits:

(a) We substitute u=2 — cos(t). Since iiTt =sin(t), we get sin(t)d¢t =du. Hence,

sin(t) (1. B -
/mdt—'/udu—ln|u|+0—ln|2 cos(t)|+ C.

Hence (by the Fundamental Theorem of Calculus)

T sin(t) _ , T
JAEC T ) S

2 — cos(t)

(b) Alternatively, once we feel comfortable with integration, we can do this substitution in a single step
by also adjusting the boundaries. When t = 0 we have u = 2 — cos(0) = 1, and when ¢t = 7 we have
u=2— cos(m) = 3. Therefore,

Aﬂ2ilrclots)(t /*d“_ ln|u|} =1In(3).
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| Extra practice

Example 19. /d_ac:

zln(z)
First, use the substitution u =1In(x). (Can you already see why this is a good choice?)

. 1 . .
Then, for practice, use U= iy and see if you can get the same final answer.

(For more complicated integrals, finding the “best’” substitution is quite an art form. For the integrals we are
concerned with, there is always a natural choice.)

dx

4
Examp|e 20. /2 m:

To reduce work, use the previous problem and the fundamental theorem.

Example 21. /:c sin(z?+3) dz =

Example 22. /% cos(l) dx =
x x

Example 23. /3935 Vad+ldr =

First, use the substitution v =23+ 1 (that’s the most natural choice).

Then, for practice, use u= /2> + 1 and see if you can get the same final answer.

Example 24.
(a) Determine/ _sin{®) _

0 2—cos(t)
™ sin3(t)
(

t)

dt.

(b) Determine / dt.

o 2—cos
Solution.

(a) (again) We substitute u =2 — cos(t). When t =0 we have ©u =2 — cos(0) =1, and when ¢t = we have
u =2 — cos(m) = 3. Therefore,

/:% dt = /13% du= {ln|u| ﬁ =1In(3).

(b) We substitute u =2 — cos(t) again. When ¢t =0 we have u =2 — cos(0) = 1, and when ¢ =7 we have

u=2— cos(m) = 3. This time, there will be sin?(t) left over in the integral so we need to rewrite this in
terms of wu.
Note that cos(t) = 2 — u. (At this point, we could solve for ¢ to get ¢ = arccos(2 — u) and use this to
substitute away any remaining t. However, we would get sin?(t) = sin?(arccos(2 — u)) which is not
pleasant and would have to be simplified. We get this simplification for free by proceeding slightly
differently.) Recall that cos?(t) +sin?(t) =1 so that sin?(t) = 1 — cos?(t) =1 — (2 — u)? = —u? + 4u — 3.
Therefore,

L 3.2 3 .2 . 3
/ Mdt:/ Mdu:/ Mdu:/ cutd—3)du=..—4—3In(3).
o 2— cos(t) 1w 1 u 1 u
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Notes for Lecture 4 Wed, 8/26/2026

Areas enclosed by curves

Theorem 25. The area enclosed by the curves y= f(x) and y = g(x), between 2 =a and x =0,
is given by

b
/ (@) — g(o)) da

provided that f(x) > g(z) (for all x € [a, b]).

[Note that the area is always fab | f(xz) — g(x)| dz but to work with the absolute value, we need to break the
problem into subcases according to whether f(z) — g(z) >0 or f(x) — g(x) <0.]

Example 26. What is the area enclosed by the curves y =cos(z), y=1, x =0, x =277

First, write down an integral and compute its value, then look at your sketch (always make a quick
sketch!) and confirm that your answer makes rough sense.

Solution. Note that y =1 describes a horizontal line while z =0 and = =27 are two vertical lines. For our area,
y=1 lies above y = cos(x). Therefore, the area in question is

2 . 27 . .
'A (1 —cos(z))dx = {:c — sm(m)}o = (2w —sin(27)) — (0 — sin(0)) = 2.

Example 27. Consider the plot below. What is the area enclosed by the curves y = f(z), y=g(x)
and y=h(x)?

a b c d h(z)

\ A

Solution. We split up the area into three smaller regions in which we can apply Theorem 25. The area is
b c d
[ i)~ g@da+ [ 1@ — @)z + [ hie)  g(@)ldz.

Cc

Comment. In this case, we can alternatively (and equivalently) write the area as the difference

d c
/ [h(z) - g(a)]dz — /b [h(z) — f()]de.
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Example 28. What is the area enclosed by the curves y =2 — 22, y= —27?
(a) First, make a sketch!
(b) Find intersections of the curves.
(c) Write down the integral for the area of interest.
(d) Evaluate the integral.

Solution.
(2) Do it! This should always be our first step.

(b) Since the equations for both curves are of the form y = ..., we can find the (z coordinates of the)
intersections by setting the right-hand sides of the equations equal:

2—p?’=—x = 2?-2-2=0 = z=-1,2

For the final step, we solved the quadratic equation (for instance, using the quadratic formula).

[It's not needed for the remaining parts, but we can get the corresponding y-coordinates from either
y=2—x? or y=—x. The latter is simpler and we find that the two intersections are (—1,1) and (2, —2).]

(c) This tells us (look at sketch!) that our area extends from = —1 to =2 and that the curve y =2 — 2
is the upper boundary while y = —x is the lower boundary. Therefore, the area is
2
/ (2 - 2?) — (~x))da.
-1
(d) We compute the area as
2 2 1 1 .12 9
/ (2—2%) — (—z))dzr= / 2+z—2?)de=|20+=2?—Z23| =.==.
—1 —1 2 31 2
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Notes for Lecture 5 Fri, 8/28/2026

Example 29. What is the area enclosed by the curves y =3 — 22, y=2, y=—17?

First, make a sketch like we did in class!

For this problem, we then have a choice of whether we cut up our area into tiny vertical rectangles (with width dx)
or into tiny horizontal rectangles (with width dy). Below, we do both. Of course, the final answer will be the same.

Solution. (vertical slicing) We first need to find the intersections of the parabola iy =3 — 22 with each of y =2
and y=—1.

e y=3—2x2and y=2:solving 3—22=2, we get z°=1 and so x = +1.
e y=3—2x2and y=—1:solving 3 —22=—1, we get z2=4 and so = = +2.
The area is therefore given by the following three integrals:
-1 1 2
/ ((3—22) —(—1))dz + / (2—(-1))dz+ / ((3—x2) — (—1))dx
J -2 J -1 J1
You might notice that the first and last integral must be equal, while the second integral is just computing the
area of a rectangle of height 2 — (—1) =3 and width 1 — (—1) =2 (and so its area is 3-2=06).

Whether or not you use any simplifications, the above integrals evaluate to ng 6+ g = ? (do it!).

Solution. (horizontal slicing) This time we don't need to compute the intersections because the area (see
sketch!) clearly extends from y=—1 to y =2.

Since we are working in y-direction, we rewrite y=3 —z? as 2> =3 —yorx =43 —y (note that t =+/3 —y
describes the right half, while x = —/3 — y describes the left half).

So the horizontal slice has length /3 — y — (—v/3 — y) =24/3 — y. Accordingly, the total area is

/21(\/3—y—(—\/3—y))dy—2/i\/ﬂdy_g{_z(g_y)smr _ 4

A oy A 28
S(1—47%) = —2(1-8) =2,

Volumes using cross-sections

We have computed areas of certain regions by cutting them into tiny (typically vertical) pieces of
width dz and some height h(x). If the region extends from x =a to x =b, then the total area is
the sum of the areas of these pieces (each has area h(z)dx) and therefore given by

b
area = / h(z)dz.

We now use the same idea to compute volumes:

Please have a look at the Section 6.1 in the book for all the pretty pictures and detailed explanations. Below is
just a summary which probably doesn’t make too much sense unless you have been in class or have read through
the beginning of Section 6.1.

e The volume of a cylindrical solid is its base area times its height.
e The idea for computing the volume of more general solids is to cut it into little slices that

are approximately cylindrical.
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e Suppose that the slice at position = has cross-sectional area A(z). If we are slicing with
a width of dz, then this slice has roughly volume A(z)dz.

e Summing the volumes of all these slices leads to the follwing formula of the volume of the
general solid:

b
volz/ A(z)dx

Note: It is usually up to us to introduce coordinates for the position . The formula above assumes that
our solid extends from z =a to x =b in these coordinates.

Example 30. Derive the formula for the volume of a pyramid of height i whose base is a square
with sides of length a.

You might remember that the volume is 3 a?h but the point of this example is that we can actually find this

formula without knowing it by slicing the pyramid (the easiest way to slice is horizontally, so that each cross-
section is again just a square).

Solution. We cut the pyramid into cross-sections parallel to its base. Let x, between 0 and h, denote how far
we have gone from the tip (z =0) down to the base of the pyramid (z =h). Then, at z, the cross-section is a
a

square with side length a% (make a sketch!). This cross-section has area A(z) = (E:E)Q. Therefore, the volume is

h h 2 rh 2 oo 2
. . a \2, a o, _a“|l 5|7 a 1, 3 15
vol—/0 A(w)dx—/o <—hx> d;v——h2 . x dx—hQ{Bx L_h2.<3h -0 =30 h.

Comment. Introducing the extra variable x can be done in different ways and it requires some practice to make
the easiest choice. For instance, if we had let x, again between 0 and h, denote how far we have gone from the
base (z =0) to the tip of the pyramid (z = h), then, at xz, the cross-section is a square with side length a z ;
We would get the same in the end but with a little bit more algebra.

 Solids of revolution |

Consider a region (for instance, the region enclosed by a bunch of curves). A solid of revolution
is what we obtain when revolving this region about a given line.

Again, Section 6.1 in the book contains lots of helpful illustrations.

e Suppose the region is the area between a curve R(x) and the x-axis, between x =a and
x=Db.

e Further, suppose that we revolve this region about the z-axis. Then, slicing vertically,
the cross-sections are disks (circles with the interior) with radius R(x) (so that the cross-
sectional area is A(x) =mR(x)?).

e Hence, the volume of the resulting solid is

vol = / M) = / ' R(x)? dr.
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Notes for Lecture 6 Mon, 8/31/2026

Example 31. Consider the region enclosed by the curves y = /z, y =0, x =1, x = 4. If we
revolve this region about the z-axis, what is the volume of the resulting solid?

Solution. Make a sketch! The solid should look roughly like a solid coffee mug (no room for coffee) without
handles.

The cross-section at x is a disk with radius R(z) = /= and so has area m R(z)? = mz. If we give this disk a
thickness of dz, then its volume is 7 R(x)? dz = mxdz. The total volume is

4 4 4
vol:/ TI'R(ZE)Qd.T:/ rrde=m lx2 = 8—l :Eﬂ'.
1 1 2 1 2 2

Example 32. Consider the region enclosed by the curves y = /z, y=1, x =1, x = 4. If we
revolve this region about the line y =1, what is the volume of the resulting solid?
Solution. Again, make a sketch! This solid should look roughly like a bullet.

The cross-section at = now is a disk with radius R(z) =+/Z — 1 and so has area 7 R(z)? =7(y/z — 1)%. If we
give this disk a thickness of dz, then its volume is 7 R(x)? dz = mxdz. The total volume is

4 5 4 5 4 1 5 4 3 4 4 1\ 7
vol= | wR(z)*de= [ n(y/z—1)*de= | n(x—2y/z+1)de=n|z*——z/ 2| =7 - —= |==m.
1 1 1 2 3 1 3 6 6

Example 33. Consider (again) the region enclosed by the curves y=./z, y=1, =1, z=4. If
we revolve this region about the z-axis, what is the volume of the resulting solid?

The solid should look roughly like the coffee mug from Example 31 with a cylindrical hole drilled out.

What do the cross-sections look like now?

. 9
Your final answer should be 5

Solution. The solid should look roughly like the coffee mug from Example 31 with a cylindrical hole drilled out.

The cross-section at  now is a washer with outer radius R(z) =/x and inner radius 7(z) =1 so that its area is
nR(x)? —mr(z)?=mx — 7 =m(x — 1). If we give this washer a thickness of dz, then its volume is 7(x — 1)d.

The total volume is
vol = ) T (:E— |)d£L‘*—7 —x‘—z| =mw(4—| —= = —7
1 2 1 2 2

Comment. In this simple case, we could also obtain the final answer from Example 31 by simply subtracting the
volume of the cylinder (base area 7 - 12 times height 4 — 1 =3 gives a volume of 37) that is “drilled out”.
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Volumes using cylindrical shells

See Section 6.2 in our book for nice illustrations of cylindrical shells!

Example 34. Consider the region bounded by the curves y =22, y=0 and 2 =2. Determine the
volume of the solid generated by revolving this region about the y-axis

(a) using horizontal cross-sections of the region (turning into washers), and
(b) using vertical cross-sections of the region (turning into cylindrical shells).

Solution. First, make a sketch as we did in class!

(a) Our region extends from y = 0 to y = 4. The cross-section at y (a line which extends from = = \/y
to = 2) turns into a washer with outer radius R(y) = 2 and inner radius r(y) = \/y, which has area
7 R(y)? —7r(y)?=m(4 —y). If we give this disk a thickness of dy, then its volume is (4 — y)dy. The
total volume is

4

4
vol:/ m(4d—y)dy=m= 4y—ly2 = 8.
0 2 0

(b) Our region extends from = 0 to x = 2. The cross-section at x (a line which extends from y = 0
to y = x2) turns into a cylindrical shell with radius r(z) = x and height h(z) = 22 and so has area
271 (x) - h(x) = 2mx3. If we give this shell a thickness of dzz, then its volume is 2723d2. The total volume is

-2 1 .72
vol:/ 2nxddr =27| ~a?| =8r.
0 4 Jo
Comment. In this example, both horizontal and vertical cross-sections worked (because y = 2 can be easily
solved for z = \/y when x > 0). On the other hand, think about what happens when we replace y = 22 with
y= f(x) where f(x) is just some positive function. In that case, horizontal cross-sections would require us to
work with the inverse function of f(x) (which may not exist as such if f(x) takes some y-values multiple times).
On the other hand, vertical cross-sections would always work exactly as above and we would get

vol = /227Tacf(ac) dz
0

for the total volume.
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Notes for Lecture 7 Wed, 9/2/2026
The following is a similar but slightly beefed up example.

Example 35. Consider the region bounded by the curves y =22, y=1 and  =2. Determine the
volume of the solid generated by revolving this region about the line z = —1.

(a) using horizontal cross-sections of the region (turning into disks), and
(b) using vertical cross-sections of the region (turning into cylindrical shells).

Solution. As always, start with a sketch! Note that y =1 is now describing the bottom: the bottom-left corner
of the region is (1, 1), the bottom-right corner is (2, 1), and the top-right corner is (2,4).

(a) Our region extends from y =1 to y =4. The cross-section at y (a line which extends from z =/y to x =2)
turns into a washer with outer radius R(y) =2 — (—1) =3 and inner radius r(y) =/y — (—1) =/y + 1,
which has area 7 R(y)? — mr(y)? =97 — w(\/y + 1)2 =7(8 — 2\/y — y). If we give this disk a thickness
of dy, then its volume is 7(8 — 2,/y — y)dy. The total volume is

452 1 o]" (40 37\ _43
3Y 2 ,""\3 "6 )6

(b) Our region extends from xz = 1 to = 2. The cross-section at z (a line which extends from y =1 to
y = x?) turns into a cylindrical shell with radius 7(z) =2 — (—1) =z + 1 and height h(z) =22 — 1 and
so has area 277 (x) - h(z) =27 (x + 1) (22 — 1). If we give this shell a thickness of dz, then its volume is
27(z + 1)(2? — 1)dz. The total volume is

4
vol:/ (8 -2y —y)dy=m7|8y —
1

2 2 1 13 1 243
vol= [ 2n(z+1)(z®2—1)dx= [ 2m(z3+ 2?2 —2—1)dex=2r| 2+ 23— Za? —z| =

Example 36. (extra) Consider the region enclosed by the curves
y=+z, y=0, =0, x=4.
Determine the volume of the solid generated by revolving this region about the z-axis
(a) using vertical cross-sections of the region, and

(b) using horizontal cross-sections of the region.

Solution. As always, start with a sketch!

(2a) The volume is

4 4 1 .74
/ W(\/I)de:ﬂ/ zdz:w{zmﬂ = 8.
0 0

0
(b) We operate between y =0 and y = /4 = 2. A slice at height y has width 4 — y? (note that y = \/z
implies z = y2). Giving this slice a thickness of dy and revolving about the z-axis, we obtain a cylindrical
shell with approximate volume

(circumference) x (width) x (thickness) = (27y)(4 — y?) dy.

“Summing” all these volumes, we get

2 2
/27ry(4—y2)dy:27{2y2—iy4} =2m(8 —4) = 8.
J O 0

Sure enough, the volume is exactly what we calculated before.
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Notes for Lecture 8 Fri, 9/4/2026

Review. Which equation describes the circle of radius r centered at the origin?

Solution. The circle consists of all points (x, y) that satisfy =2 + y? =12

This is just the Pythagorean theorem (make a sketch to make sure this is clear to you).

Example 37. We wish to compute the volume of a ball of radius 7.
(a) Which region can we revolve to obtain a ball as our solid of revolution?

(b) Setup the appropriate integral for the volume and evaluate it.
For practice, you can compute it using disks/washers as well as using cylindrical shells.
Solution.

(a) We can revolve a half-circle to end up with a ball. A convenient choice is to take the region between

y=+/r2— 22 and revolve it about the z-axis. This is what we will use for the next part.

(b) Taking vertical cross-sections, we get disks after revolving and the total volume is

s 2 T s
/7’1’( r2—m2> dx:/ TI'(TQ—.TQ)dCE_TI'|:T‘2$—:1))(E3:| :éTrTS

—r —r 3

Sure enough, this is the formula for the volume of a ball that we have seen before (though our memory
might be foggy on the exact formula).

Alternatively. It is more complicated here but, for practice, we can also take horizontal cross-sections
in which case we get cylindrical shells after revolving. Lets take the cross-section at height y where y is

between 0 and r. This cross-section extends from z = —\/7? — y? to = \/72 — y? and therefore has
width 21/72 — 42, Giving this slice a thickness of dy and revolving about the z-axis, we obtain a cylindrical
shell with approximate volume

(circumference) x (width) x (thickness) = (27Ty)<2\/ r?— y2> dy.
“Summing” all these volumes, we get

T o r
/ (27ry)<2\/ r2—y2>dy:47r/ yv/ 12— y? dy—47r{—:13(7’2—3/2)3/2} :gm’?’.
0 0 0

Here, we substituted u = 2 — 32 to compute the integral (do it!). The final volume is, of course, the
same we calculated before.
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Arc length

Example 38. What is the length of the curve y=2x, for 0 <z <47
Make a sketch and use Pythagoras.

Solution. The curve is the hypothenuse of a right triangle with shorter sides of length 4 (in z-direction) and 8
(in y-direction). Therefore its length is \/ 42 + 8% = =44/5.

(arc length) The length of a general curve y= f(x), for a <z <b, is given by

b
/ V14 (f'(z))? d.

Why? To see how we can arrive at this formula, we proceeded as follows:

e We chop the z-axis into little pieces of width dx and look at the corresponding pieces of our graph.

e Suppose we are looking at our graph near x. If we zoom in plenty, then the tiny portion of the graph we
see begins to look roughly like a line with slope f’(x).

e We can compute the length of a segment of this line as we did in Example 38 by using Pythagoras. If the
segment extends dz horizontally, then it extends f’(z)dz vertically (make a sketch!).  [We can also

write f/(z)dx = % dr=dy.]
By Pythagoras, our piece of the line has length

V()24 (@) de)? = /14 (/(2))? de

e “Adding” all these little pieces, we obtain the formula above for the total length of the curve.

Example 39. (again) Using the integral formula, compute the length of the curve y = 2z, for
0 <z <4, again. Of course, the answer agrees with Example 38.

Solution. Here, f(x)=2z so that f/(x) =2. Hence, the length is

b -4
/(14/1+(f’(ac))2dac:/()\/1+22dx:4\/5%8.944.

Example 40. Compute the length of the curve y = 23/2 for 0 < x <4.

Before you compute the answer, make a sketch. Which curve should be longer: y = z3/2 or y=2x7?

3

Solution. With f(z) =2°/2, we have f/(z)=2./z. The length is

~10
/ /1+ da:—/ JIT 9 de= 4fdu_ [ 3/2] :%(«/1000—1)%9.073.

Here, we substituted u = 1 + %x. Make sure that this substitution is clear to you (including the change of

boundaries: if x =4 then u=7).
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Comparing the lengths. As for comparing the lengths, note that, on the interval 0 <z <4, both y = 23/2 and
y =2z begin at the point (0,0) and end at the point (4, 8). Since a line is the shortest connection between two

3/2

points, the arc length for y ==z had to be larger.

However, you can see that the difference is not much. This is confirmed by the plot below:

A
8.0

7.0
6.0
5.0
4.0
3.0
2.01

1.04

—_— 2X
X3

Example 41. Setup an integral for the circumference of a circle of radius 7.
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