Notes for Lecture 26 Mon, 10/26/2026

‘ Limits of sequences

If lim f(l’) =L (the limit of a function: x is real)

Xr— 00

then lim f(n) =L (the limit of a sequence: n is an integer).
n— 00

Important. The reverse is not true: for instance, lim sin(7n) =0 but lim sin(7x) does not exist.
n— oo xTr— 00

Example 125. Determine the following limits:

. 3n?+Tn—38 /Tn2 6 3 . sin(n)
(a) lim STl () lim n*+4n® +5n (e) lim —~
n—oo n—oo 3+8n?2+2n3 n—oo N
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® Jm SET @ ) Jim cos(=55)

Solution. In each example, try to first “see” the limit! Then, apply some technique (like L'Hospital) to confirm.

(a) lim 3n2+7n—87§
n— oo 8n2+n+1 _8

The easiest way to see this is to note that the main termszin the numerator and denominator are 3n? and
3n
8n?
We can make this argument precise in two different ways:

8n2. It follows that the limit is the same as lim,,_ oo =lim,_ % =0.

7 8
3n?+mm—-8 3+—-——3 .
+ = T ’f and now we can observe that all terms like 7/n go to 0 as n— co.

8n24+n+1 78_*_;_’_?

(OO

e Since the quotient is of the undetermined form “—", we can apply L'Hospital (twice):

lim —3n2—|—7n—8L_H im —6n+7 LA lim i—é
nooo 8n24+n+1  nooolbn+1 nooolb 8

. 3n?+7n —8 . 3n? 3

b) 1 = 1 -] 20— 2

B b T T~ o s i g, =0

lim Y n?+4nb +5n3 i V4nb 4 5n3 — 2n3 + 5n3 _7

n— oo 3 + 87’L2 + 27’L3 o n—»moo 2713 nLngo 27’L3 2

(c)

g I e?)n
im — =00
(d) lim —
This is clear if you keep in mind that exponential growth exceeds any polynomial growth.

If needed, we can apply L'Hospital (twice!) since the limit is of the form “=="":

. elrLH
lim — = lim

3e3"LH . ge3n
5 = lim
n—oo N n— oo n n— oo

(e) lim sin_TEn):

n— oo
sin(n)

Note that 7% <

1 o . .
- < —. Since our sequence is squeezed between two sequences which approach 0,
our limit has to be 0 as well.

e w0y

Important. We cannot apply L'Hospital because the limit is not of the form “— o

c0s(") \vhich does not exist (because the values oscillate between —1 and 1).

. If we did, we

would get the limit lim,, —, o

(f) lim cos<7r . %) — cos(m) = 1

n— oo
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