Notes for Lecture 21 Mon, 10/12/2026

Review. Partial fractions reverses the process of putting fractions on a common demoninator like
in
5 4 5(x+3)—4(x—-2) x4+ 23

t—2 z+3  (z—2)(z+3)  (z—2)(z+3)

Note that the numerator x + 23 has degree 1 which is lower than the degree of the denominator
(which is 2). This will always be the case if the numerators on the left-hand sides are just constants.
The first step of the recipe below therefore is to make sure that the numerator of our fraction is
of degree lower than the denominator.

If it is not, then we do long division. Afterwards, the numerator degree will be strictly lower than the denominator
degree.

20 —5
z(r+1)(z+2)

Solution. In this example, we don't need to do long division first because the numerator is of degree lower than
the denominator.

dx by partial fractions.

Example 108. Evaluate/

Partial fractions tells us that L = é + i +

P ) R m+2forcerta|n numbers A, B, C.

e We multiply both sides with z(z 4+ 1)(xz + 2) to clear denominators:
2¢0 —5=(z+1)(x+2)A4+2(x+2)B+z(x+1)C
e Setx=0toget —5=2A sothat A=—

Sett=—1toget —7=—B sothat B="7.
Set x = —2 to get —9=2C so that C'= —%
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@+ )(@+2)
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e Consequently: gg—i—

' 2x—5 " dx 5 9

(recipe) To decompose the rational function chg i into partial fractions:

(a) Check that degree f(z)<degree g(x). (Otherwise, long division!)

(b) Factor g(z) as far as possible.

(c) For each factor of g(z) collect terms as follows:

e For a linear factor x — r, occuring as (x — r)™ in g(x), these terms are
A1 Ao Am
x—r+ (:L'—r)2+m+ (x—r)m’
e For a quadratic factor 2 + px + g, occuring as (22 + px + ¢)™ in g(x), these terms are

Bix+Cq Box + Co Bpx+ Co,
?+prt+q (2®+pr+q)? T (2P+pr+q)™

(d) Determine the values of the unknown constants (the A's, B's and C's).
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x4+ 32341

dx.
33—z

Example 109. Evaluate/

Solution.

e Since the degree of the numerator is not less than the degree of the denominator, we first perform long

division. In this case, we get
x4+ 32341

224 3zx+1
33—z '

33—z

r+3+

e Factor the denominator: 23 — z =z(2%2 — 1) =x(z — 1)(z + 1).

x4+ 323+ 1 2243z +1
x3—x _x+3+:r(33—1)(:c+1)
2?24+3x+1 A B

=t

e By partial fractions m =—+_—

z+1
o We multiply both sides with z(z — 1)(x + 1) to clear denominators:
2?43z +1=(x—-1)(z+1)A+z(x+1)B+z(x—1)C

o Setx=0toget1l=—Asothat A=—1.
Set =1 to get 5=2DB so that B:g.

Set x =—1 to get —1 =2C so that C'= —%.

Therefore,

x4+ 323+ 1 B 1, 5/2 1/2
/ 3 — de = /<x+3;+x—1m+1)dx

1, 5 1
= 3% + 3z 1n|:r|+§ln|:r 1] §ln|:r—|—1|.
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for certain numbers A, B, C.
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