Notes for Lecture 5 Fri, 8/28/2026

Example 29. What is the area enclosed by the curves y =3 — 22, y=2, y=—17?

First, make a sketch like we did in class!

For this problem, we then have a choice of whether we cut up our area into tiny vertical rectangles (with width dx)
or into tiny horizontal rectangles (with width dy). Below, we do both. Of course, the final answer will be the same.

Solution. (vertical slicing) We first need to find the intersections of the parabola iy =3 — 22 with each of y =2
and y=—1.

e y=3—2x2and y=2:solving 3—22=2, we get z°=1 and so x = +1.
e y=3—2x2and y=—1:solving 3 —22=—1, we get z2=4 and so = = +2.
The area is therefore given by the following three integrals:
-1 1 2
/ ((3—22) —(—1))dz + / (2—(-1))dz+ / ((3—x2) — (—1))dx
J -2 J -1 J1
You might notice that the first and last integral must be equal, while the second integral is just computing the
area of a rectangle of height 2 — (—1) =3 and width 1 — (—1) =2 (and so its area is 3-2=06).

Whether or not you use any simplifications, the above integrals evaluate to ng 6+ g = ? (do it!).

Solution. (horizontal slicing) This time we don't need to compute the intersections because the area (see
sketch!) clearly extends from y=—1 to y =2.

Since we are working in y-direction, we rewrite y=3 —z? as 2> =3 —yorx =43 —y (note that t =+/3 —y
describes the right half, while x = —/3 — y describes the left half).

So the horizontal slice has length /3 — y — (—v/3 — y) =24/3 — y. Accordingly, the total area is

/21(\/3—y—(—\/3—y))dy—2/i\/ﬂdy_g{_z(g_y)smr _ 4
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S(1—47%) = —2(1-8) =2,

Volumes using cross-sections

We have computed areas of certain regions by cutting them into tiny (typically vertical) pieces of
width dz and some height h(x). If the region extends from x =a to x =b, then the total area is
the sum of the areas of these pieces (each has area h(z)dx) and therefore given by

b
area = / h(z)dz.

We now use the same idea to compute volumes:

Please have a look at the Section 6.1 in the book for all the pretty pictures and detailed explanations. Below is
just a summary which probably doesn’t make too much sense unless you have been in class or have read through
the beginning of Section 6.1.

e The volume of a cylindrical solid is its base area times its height.
e The idea for computing the volume of more general solids is to cut it into little slices that

are approximately cylindrical.
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e Suppose that the slice at position = has cross-sectional area A(z). If we are slicing with
a width of dz, then this slice has roughly volume A(z)dz.

e Summing the volumes of all these slices leads to the follwing formula of the volume of the
general solid:

b
volz/ A(z)dx

Note: It is usually up to us to introduce coordinates for the position . The formula above assumes that
our solid extends from z =a to x =b in these coordinates.

Example 30. Derive the formula for the volume of a pyramid of height i whose base is a square
with sides of length a.

You might remember that the volume is 3 a?h but the point of this example is that we can actually find this

formula without knowing it by slicing the pyramid (the easiest way to slice is horizontally, so that each cross-
section is again just a square).

Solution. We cut the pyramid into cross-sections parallel to its base. Let x, between 0 and h, denote how far
we have gone from the tip (z =0) down to the base of the pyramid (z =h). Then, at z, the cross-section is a
a

square with side length a% (make a sketch!). This cross-section has area A(z) = (E:E)Q. Therefore, the volume is

h h 2 rh 2 oo 2
. . a \2, a o, _a“|l 5|7 a 1, 3 15
vol—/0 A(w)dx—/o <—hx> d;v——h2 . x dx—hQ{Bx L_h2.<3h -0 =30 h.

Comment. Introducing the extra variable x can be done in different ways and it requires some practice to make
the easiest choice. For instance, if we had let x, again between 0 and h, denote how far we have gone from the
base (z =0) to the tip of the pyramid (z = h), then, at xz, the cross-section is a square with side length a z ;
We would get the same in the end but with a little bit more algebra.

 Solids of revolution |

Consider a region (for instance, the region enclosed by a bunch of curves). A solid of revolution
is what we obtain when revolving this region about a given line.

Again, Section 6.1 in the book contains lots of helpful illustrations.

e Suppose the region is the area between a curve R(x) and the x-axis, between x =a and
x=Db.

e Further, suppose that we revolve this region about the z-axis. Then, slicing vertically,
the cross-sections are disks (circles with the interior) with radius R(x) (so that the cross-
sectional area is A(x) =mR(x)?).

e Hence, the volume of the resulting solid is

vol = / M) = / ' R(x)? dr.
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