Gaussian binomial coefficients with
negative arguments

Colloquium
University of South Alabama

Armin Straub
September 29, 2022

University of South Alabama

includes joint work with:

Sam Formichella
(University of South Alabama)

Gaussian binomial coefficients with negative arguments Armin Straub 1/ 36




BaSiC q‘a na IOgS g-binomial coefficients

IDEA A g-analog reduces to the classical object in the limit ¢ — 1.

DEF "—1
® g-number: [n], = 4 =1l4+q+...¢""
a7 g1
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BaSiC q‘a na IOgS g-binomial coefficients

IDEA A g-analog reduces to the classical object in the limit ¢ — 1.

DEF n_q
® g-number: [n], = 4 =1l4+q+...¢""
qg—1
e g-factorial: [n}q! = [n]q [n — 1]q ... mq
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BaSiC q'analogs g-binomial coefficients

IDEA A g-analog reduces to the classical object in the limit ¢ — 1.

DEF n_q
® g-number: [n], = 4 =14q+...q""
qg—1
e g-factorial: [n}q! = [n]q [n — 1]q ... mq
® g-binomial: < > S S M—
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BaSiC q'analogs g-binomial coefficients

IDEA A g-analog reduces to the classical object in the limit ¢ — 1.

OEF . g-number: [n], = ¢ 1 _ 1+q+...¢"
q q— 1
e g-factorial: [n}q! = [n]q [n — 1]q . mq
. . n\ [n],!
® g-binomial: <k:> = m

D1 q
EG @2:_36
(

_ Q49+ + P+ +°) - A+a+ @+ +4Y)

(g>q (I+4q)-1

(=)
Il KA
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BaSiC q'analogs g-binomial coefficients

IDEA A g-analog reduces to the classical object in the limit ¢ — 1.

OEF . g-number: [n], = ¢ —1 g+t
q q— 1
e g-factorial: [n}q! = [n]q [n — 1}(1 . mq
. . n\ [n],!
® g-binomial: <k> = m

D1 q

EG @2:_36
(

6\ (I4+¢+¢@+@+¢"+¢°) - 1+9+¢+¢+4q")
2/, (1+44q)-1

D
=] ot

=(1-q+@*)1+q+P)L+q++¢+q*)

=[], =[],
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BaSiC q'analogs g-binomial coefficients

IDEA A g-analog reduces to the classical object in the limit ¢ — 1.

OEF . g-number: [n], = ¢ —1 g+t
q q— 1
e g-factorial: [n}q! = [n]q [n — 1}(1 . mq
. . n\ [n],!
® g-binomial: <k> = m

D1 q
EG @2:_36
(

6\ (I4+¢+¢@+@+¢"+¢°) - 1+9+¢+¢+4q")
2/, (1+44q)-1

D
=] ot

b~ 1 =(1-qg+@*)1+q+P)1+q++¢+4*)
(1) =

becomes invisible =Pg(q) =[3] 4 :[5]q
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The pl’imes Of the q-WOfId g-binomial coefficients

DEF The nth cyclotomic polynomial:

()= [ (@—¢H where ¢ = ¢2™/"

1<k<n

(k,n)=1
irreducible polynomial (nontrivial; Gauss!) with integer coefficients

n
—1
® [n],= qq_ T = H Dy(q) For primes: [p], = ®,(q)
1<d<n
dln

e Pr(q) =q+1, ®3(q)=¢"+q+1, Pu(q)=q" +1
®5(q)=q" +¢" +¢* +q+1
Ps(q) =q"—q+1, Po(q)=¢°+¢°+1

@102(q) :q32+q31 _q29 _q28+q26+q25 _q23_q22+q20
I L I g L L
+¢°—q' =’ +q+1
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The pl’imes Of the q-WOfId g-binomial coefficients

DEF The nth cyclotomic polynomial:

()= [ (@—¢H where ¢ = ¢2™/"

1<k<n

(k,n)=1
irreducible polynomial (nontrivial; Gauss!) with integer coefficients

n
—1
® [n],= qq_ T = H Dy(q) For primes: [p], = ®,(q)
1<d<n
dln

e Pr(q) =q+1, ®3(q)=¢"+q+1, Pu(q)=q" +1
®5(q)=q" +¢" +¢* +q+1
Ps(q) =q"—q+1, Po(q)=¢°+¢°+1

T a8 47 46 43 42 41 40
Pios(q) =q¢ +q¢ " +q ¢ —q —2¢" —¢" —q

39

B P P — P P —

P P T 1 g P g2 —
—¢" -2 -¢* - ¢"+d° +q+1

Armin Straub
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g-binomials: factored and expanded

g-binomial coefficients

LEM

factored (n) n]q H (I) n/dJ - Lk/dJ — |_(7’L - k)/dJ
k) [Klgln =kl o €{0,1}
proof n
[n]! = H I 2a(@ =[] ®a(a)t/
m=1d|m d=2
d>1 L]
® In particular, the ¢g-binomial is a polynomial. (of degree k(n — k))
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g-binomials: factored and expanded

g-binomial coefficients

LEM

factored (n) n]q H (I) n/dJ - Lk/dJ — |_(7’L - k)/dJ
k q [K]g![n — K]g! e € {0,1}
proof n /]
[n]! = H [ 20 = ][ ®a(0)
m=1d|m d=2
d>1 L]
® In particular, the ¢g-binomial is a polynomial. (of degree k(n — k))
= 6y _ s, 7 6 5 4 3 2
ErEE o) =1 +q"'+2¢° +2¢°+3¢ +2¢° +2¢" +q+1
q
9
(3) — '8 + q'7 + 2¢'0 + 3¢5 + 4¢M 4 5¢3 + 7¢12
q +7q11+8q10+8q9+8q8+7q7+7q6+5q5
+4¢" +3¢° + 24 + g+ 1
® The coefficients are positive and unimodal. Sylvester, 1878
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g-binomials: Pascal’s triangle

g-binomial coefficients

THM The g-binomial satisfies the g-Pascal rule:

) =

n—1
k-1

),

n—1
k

),

D2
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g-binomials: Pascal’s triangle e e

THM The g-binomial satisfies the g-Pascal rule:

(0= (), (D2

1 1+¢q 1
1 14+q1+q (1+q+¢ 1

o (),-0),+0),

=(1+q+*)+PL+q+P)=1+qg+2¢* +¢*+¢*
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g-binomials: combinatorial ) e

“normalized sum of Y

THM

n ) .
(1) =S w555
q Y J

D3

The sum is over all k-element subsets Y of {1,2,...,n}.

£L {1 2} (1,3}, {1, 4} (2,3}, {24}, {3 4}

\\ \/ /.

=1+q+2¢* +¢*+¢*
q
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g-binomials: combinatorial ) e

THM n ) “normalized sum of Y"'
(k> = un,(y) where w(Y) = Zyj —j
T j D3
The sum is over all k-element subsets Y of {1,2,...,n}.
EG
{1 2} {1 3} {1 4} {2 3} {2 4} {3 4}

\\ N/ /.

=1+q+2¢* +¢*+¢*
q

The coefficient of ¢ in (Z)q counts the number of

® L-element subsets of n whose normalized sum is m,
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g-binomials: combinatorial

g-binomial coefficients

THM n ) “normalized sum of Y"'
T j D
The sum is over all k-element subsets Y of {1,2,...,n}.
EG

{1 2} {13}, {1, 4} 2,3}, {2,4], {3 4}

\\ N/ /.

=1+q+2¢* +¢*+¢*
q

The coefficient of ¢ in (Z)q counts the number of
® L-element subsets of n whose normalized sum is m,

® partitions A of m whose Ferrer's diagram fits in a
k x (n—k) box.
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q‘ bi nO m ia IS o a Igebra i C g-binomial coefficients

THM Let g be a prime power.

(Z) = number of k-dim. subspaces of FZ D4
q

proof
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q‘ binom ia IS: algEbraiC g-binomial coefficients

THM Let g be a prime power.

(Z) = number of k-dim. subspaces of FZ D4
q

proof ® Number of ways to choose k linearly independent vectors in Fy:

(@ =" —q) (" — ")
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q‘ binom ia IS: algEbraiC g-binomial coefficients

THM Let g be a prime power.

(Z) = number of k-dim. subspaces of FZ D4
q

proof ® Number of ways to choose k linearly independent vectors in Fy:

(@ =" —q) (" — ")

® Hence the number of k-dim. subspaces of Fy is:

(" =" =) (¢" =" _ (n>
@ —D)(F—q) - (¢F —g" ) k),
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g-binomials: noncommuting variables

g-binomial coefficients

THM Suppose yz = gxy (and that ¢ commutes with z, y)

n

(@+y)" =)

J=0

()
J q

. Then:

D5
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g-binomials: noncommuting variables e e

THM Suppose yz = gxy (and that ¢ commutes with z,y). Then:

(z+y)" = Zn: (?)qwjy"‘j D5

J=0

EG Part of the expansion of (x + y)*:

4
(2> x2y2 = rxyYy + TYTY + TYYT + Yyrry + yryr + yyrr
q

=(1+q+¢++¢+qH2%°
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g-binomials: noncommuting variables e e

THM Suppose yz = gxy (and that ¢ commutes with z,y). Then:

(z+y)" = Zn: (?)qwjy"‘j D5

J=0

EG Part of the expansion of (x + y)*:

4
(2> x2y2 = rxyYy + TYTY + TYYT + Yyrry + yryr + yyrr
q

=(1+q+¢++¢+qH2%°

® Let X f(x) =xf(x) and Q- f(x) = f(qzx). Then:
QX - f(x) = qrf(gz) = ¢XQ - f(x)
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g-calculus

g-binomial coefficients

DEF The g-derivative:

EG

Dy f(x) =

flgz) — f(=)

qr — T
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q-CaICUIUS g-binomial coefficients

DEF The g-derivative:
flgz) — f(=)

qr — T

Dy f(x) =

EG Dyt = (gz)™ — z™
qr — T
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q-CaICUIUS g-binomial coefficients

DEF The g-derivative:
flgz) — f(=)

qr — T

Dy f(x) =

EG Dy (gz)™ — z™ _ " —1
qr — T qg—1

n—1
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q-CaICUIUS g-binomial coefficients

DEF The g-derivative:
flgz) — f(=)

qr — T

Dy f(x) =

EG n __ N n_l
Dya" = (g2)" — 2" _ ¢ " =[n],
qr — qg—1 q
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g-calculus

DEF The g-derivative:

° B —
quq eq
e T .Y — ew—‘,—y
q
provided that yz = qxy

xTr) — €T .
qu(gj) — M o eg . el/iz =1
qr — T
EG qu’ﬂ = (Q$)n —z" — -1 , 4 _ [n] 21
qr — T qg—1 q
oo xn
® The g-exponential: e = Z —
n=0 [n]q
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g-calculus

° qug = eg .
. g T, oY — pTtY
DEF The g-derivative: ®e-eh=e

provided that yz = gqzy

xTr) — €T .
qu(gj) — M L] eg 0 el/q =1
qr — T
EG W g
qu’ﬂ = (ql') z = q xnfl _ [’I’L] xn,1
qr — T q— 1 q
® The g-exponential: ef = L'
n=0 [n](l
[ ) The (]-intEgl’a|: from formally inverting D
| e = -0 Y e
0 n=0
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g-calculus

° qug = eg . -
. g T, oY — pTtY
DEF The g-derivative: ®e-eh=e

provided that yz = gqzy

xTr) — €T .
qu(ﬂf):M ® ey =1
qr — T
EG W g
qu’ﬂ = (ql') z = q xnfl _ [’I’L] xn,1
qr — T q— 1 q
® The g-exponential: ef = L'
n=0 [n](l
[ ) The (]-intEgl’a|: from formally inverting D
| e = -0 Y e
0 n=0
® The g-gamma function:
o= [ D6
® T (s+1)=I[s] Ty(s)
q q - - | .
° Fq (n + 1) = [nfq' Can similarly define g-beta via a g-Euler integral.
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Summary: the g-binomial coefficient S e

The g-binomial coefficient has a variety of natural characterizations:

(5), = e

Recursively, via a g-version of Pascal's rule

Combinatorially, as a weighted counting of k-subsets of an n-set

Geometrically, as the number of k-dimensional subspaces of Fy

Algebraically, via a binomial theorem for noncommuting variables

Analytically, via g-integral representations

Gaussian binomial coefficients with negative arguments Armin Straub 10 / 36




Binomial coefficients with

integer entries

Daniel E. Loeb
Sets with a negative number of elements
Advances in Mathematics, Vol. 91, p.64-74, 1992

1989: Ph.D. at MIT (Rota)
1996+: in mathematical finance
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A function in two variables

Negative binomials

—T

This scale is also visible along the line y = 1.
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A function in two variables Negative binomials

"7l Thisis a plot of:

(w) _ T(z+1)
y) Ty+l(z—-y+1)

Defined and smooth on R*\{z = —1,-2,...}.

This scale is also visible along the line y = 1.

. no evidence that the graph of C' has ever been plotted before ...
David Fowler, American Mathematical Monthly, Jan 1996
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A function in two variables Negative binomials

"7l Thisis a plot of:

(w) _ T(z+1)
y) Ty+l(z—-y+1)

Defined and smooth on R*\{z = —1,-2,...}.

Directional limits exist at integer points:

. <—2+5> 11. F(—l—i—e)_gr

11m = — l1m =
e>0 \—4 +re 21 e=0 (=3 +re)
-1)"1
since '(—n+¢) = ( ') -4+ 0(1)
n! ¢
This scale is also visible along the line y = 1.
. no evidence that the graph of C' has ever been plotted before ...
David Fowler, American Mathematical Monthly, Jan 1996
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A function in two variables Negative binomials

77 /i Thisis a plot of:

(w> _ T(z+1)
y) Ty+l(z—-y+1)

Defined and smooth on R*\{z = —1,-2,...}.

Directional limits exist at integer points:

. —2+4¢ 1. I(-1+¢)
lim = —lim ——% =
e>0 \—4 +re 21 e=0 (=3 +re)
since '(—n+¢) = (71') 1 +0(1)

n! e

DEF For all z,y € Z:
AN F(z+1+¢)
This scale is also visible along the line y = 1. Y T EI_I% Ty+1+el(z—y+1+e)
. no evidence that the graph of C' has ever been plotted before ...
David Fowler, American Mathematical Monthly, Jan 1996
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Sets with a negative number of elements

Negative binomials

DEF Hybrid sets and their subsets
negative multiplicity
{1,1,4 | 2,3,3}

positive multiplicity
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Sets with a negative number of elements Negative binomials

DEF Hybrid sets and their subsets
negative multiplicity
{1,1,4 | 2,3,3}

positive multiplicity

Y C X if one can repeatedly remove elements from X and
thus obtain Y or have removed Y.

removing = decreasing the multiplicity of an element with nonzero multiplicity

EG Subsets of {1,1,4]2,3,3} include:

(remove 4) {4]}, {1,1]2,3,3}
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Sets with a negative number of elements Negative binomials

DEF Hybrid sets and their subsets
negative multiplicity
{1,1,4 | 2,3,3}

positive multiplicity

Y C X if one can repeatedly remove elements from X and
thus obtain Y or have removed Y.

removing = decreasing the multiplicity of an element with nonzero multiplicity

EG Subsets of {1,1,4]2,3,3} include:

(remove 4) {4]}, {1,1]2,3,3}
(remove 4,2, 2) {2,2,4]}, {1,12,2,2,3,3}

Note that we cannot remove 4 again. {4,4|} is not a subset.
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Counting subsets of hybrid sets Negative binomials

N 3 elements: —4 elements:
. -
ew sets: {1.2,4}  or {1,2,4,5}
all multiplicities 0, 1 all multiplicities 0, —1

THM For all integers n and k, the number of k-element subsets of an
Loeb .
1992  n-element new set is ‘(Z)‘
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Counting subsets of hybrid sets Negative binomials

N 3 elements: —4 elements:
. -
ew sets: {1.2,4}  or {1,2,4,5}
all multiplicities 0, 1 all multiplicities 0, —1

THM For all integers n and k, the number of k-element subsets of an
Loeb .
1992  n-element new set is ‘(Z)‘

EG A usual set like {1,2, 3|} only has the usual subsets.
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Counting subsets of hybrid sets Negative binomials

N 3 elements: —4 elements:
. -
ew sets: {1.2,4}  or {1,2,4,5}
all multiplicities 0, 1 all multiplicities 0, —1

THM For all integers n and k, the number of k-element subsets of an
Loeb .
1992  n-element new set is ‘(Z)‘

EG A usual set like {1,2, 3|} only has the usual subsets.

. EG 5 ® (;3>' = 6 because the 2-element subsets of {|1,2,3} are:
{11}, {120} {13} {2,2)}, {2,3]}, {3,3}
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Counting subsets of hybrid sets Negative binomials

3 elements: —4 elements:
* New sets: {L24) o {1,245

all multiplicities 0, 1 all multiplicities 0, —1

THM For all integers n and k, the number of k-element subsets of an
Loeb .
1992  n-element new set is ‘(Z)‘

EG A usual set like {1,2, 3|} only has the usual subsets.

. EG 5 ® (;3>' = 6 because the 2-element subsets of {|1,2,3} are:
{LAy, {L2h {13} {2.2h {23} {3.3)}
o (:Z)' = 3 because the —4-element subsets of {|1,2,3} are:
{11,1,2,3}, {[1,2,2,3}, {|1,2,3,3}
Gaussian binomial cosflicients with negative arguments Armin Straub
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The binomial theorem

Negative binomials

THM

1992

n

eeb  For all integers n and k, (k:) = {z"}(1 + 2)™

Here, we extract appropriate coefficients:

{e"}f (@) =

Qg

br

if k>0

if k<0

around z = 0:

flz) = Z apz®

k>ko

around z = oo:

fl@)=> bja*

k>ko

Gaussian binomial coefficients with negative arguments
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The binomial theorem Negative binomials

THM .
eeb  For all integers n and k, <n> = {z"}(1 + 2)™
1992 k
Here, we extract appropriate coefficients: o) e = (O
ap | ifk>0 fl@)=>" apa*
(2"} f(x) =
by | ifk<O
around z = oo:
fl@) = bya*
k>ko

EC  1+2) % =1-30+622-1023+152% + O(z®) asz —0
1+2)2=22-32"*+627°+0(z79) as x — 00
Hence, for instance, -3 -3
=1 = 0.
()= (5)=e

Gaussian binomial coefficients with negative arguments Armin Straub




g-binomial coefficients with

integer entries

DEF For all integers n and k,

S. Formichella, A. Straub

Gaussian binomial coefficients with negative arguments
Annals of Combinatorics, Vol. 23, Nr. 3, 2019, p. 725-748

/\I\
w
N~~~
—_
CT
|
Q
+
»Q
\_/
—
+
<
+
(=
N—
—~
—_
+
Y
+
Q
+
=)
+
Y
N—
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The g-binomial theorem

Negative g-binomials

THM
Fomichela Suppose yx = qry. For n,k € Z, (Z) = {zFy" T} (@ + )"
q

Again, we extract appropriate coefficients:

{z*y" Y f(m,y) =

ag

by,

if k>0

if k<0

around z = 0O:

f@) = 3 araky

k>ko

around z = oo:

f(.’IZ) _ Z b_kxfkynJrk

k>ko
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The g-binomial theorem

Negative g-binomials

THM
Fomichela Suppose yx = qry. For n,k € Z, (Z) = {zFy" T} (@ + )"
q

Again, we extract appropriate coefficients:

{z*y" Y f(m,y) =

EG (:r+y)—1

ag

by,

if k>0

if k<0

around z = 0O:

f@) = 3 araky

k>ko

around z = oo:

f(.’IZ) _ Z b_kxfkynJrk

k>ko
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The g-binomial theorem

Negative g-binomials

THM
Fomichela Suppose yx = qry. For n,k € Z, (Z) = {zFy" T} (@ + )"
q

Again, we extract appropriate coefficients:

{z*y" Y f(m,y) =

EG (:r+y)—1

ag

by,

if k>0

if k<0

((my~ "+ y)~!

around z = 0O:

f@) = 3 araky

k>ko

around z = oo:

f(.’IZ) _ Z b_kxfkynJrk

k>ko
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The g-binomial theorem

Negative g-binomials

THM
Fomichela Suppose yx = qry. For n,k € Z, (Z) = {zFy" T} (@ + )"
q

Again, we extract appropriate coefficients:

ap | ifk>0

{z*y" Y f(m,y) =

b, | ifk<O

EG 1 1

(+y) ==y~

+1y) =

around z = 0O:

f@) = 3 araky

k>ko

around z = oo:

f(.’IZ) _ Z b_kxfkynJrk

k>ko

y ey )T
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The g-binomial theorem

Negative g-binomials

THM
Fomichela Suppose yx = qry. For n,k € Z, (Z) = {zFy" T} (@ + )"
q

Again, we extract appropriate coefficients:

{z*y" Y f(m,y) =

EG

(z+y) ' =

ap | ifk>0
b | ifk<O
((zy~' + 1)y)_1
= y71 Z
k>0

-
"

around z = 0O:

x) = Z akxkynfk

k>ko

around z = oo:

Z b k.’l‘ik n+k

k>ko

Hay 1)
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The g-binomial theorem

Negative g-binomials

THM
Fomichela Suppose yx = qry. For n,k € Z, (Z) = {zFy" T} (@ + )"
q

Again, we extract appropriate coefficients:

{z*y" Y f(m,y) =

EG

(z+y) ' =

ap | ifk>0

b, | ifk<O

((xy™' + 1)y)_1 =y
—hE

=y 3 (-1

23

k>0

k>0

(_l)kq—k(k+1)/2

around z = 0O:

x) = Z akxkynfk

k>ko

around z = oo:

Z b k.’l‘ik n+k

k>ko

Hay 1)

k, —k—1
Ty
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Counting subsets of hybrid sets, g-version Negative q-binomials

e Forallnkez, (1) =e3 g0 002 g
S 2019 k p =

The sum is over all k-element subsets Y of the n-element set | X,

e=1if0< k< n. e=(-)Fifn<o<k e=(—1)""Fifk<n<o.
0,1,...,n—1 ifn>0 —
_ | O nadly e o(Y):= 3 My()y
n .
{|-1,-2,...,n} ifn<O yey
My (y) is the multiplicity of y in Y.
Gaussian binomial coefficients with negative arguments Armin Straub
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Counting subsets of hybrid sets, g-version Negative q-binomials

e Forallnkez, (1) =e3 g0 002 g
S 2019 k p =

The sum is over all k-element subsets Y of the n-element set

Xn

e=1if0< k< n. e=(-)Fifn<o<k e=(—1)""Fifk<n<o.

n -

{|-1,-2,...,n} ifn<0 yey

EG The —4-element subsets of X 3 = {| — 1, -2, -3} are:

n=—3

{{0,1,...,n—1|} if n>0 U(Y>::ZMY(

Y)Yy

My (y) is the multiplicity of y in Y.

{1-1,-1,-2,-3}, {|-1,-2,-2,-3}, {]-1,-2,-3,-3}

o=17 oc=28 oc=9
-3 _ _ — (k=
Hence, (_4) =—(¢3+q¢g2+q71). (subtract X1 — 1)
q
Gaussian binomial coefficients with negative arguments Armin Straub
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Conventions for binomial coefficients Negative q-binomials

Option advertised here: Alternative:

™) .= lim i -Fe) (n) — if k<0
k e0D(k+1+e)l(n—k+1+¢) k
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Conventions for binomial coefficients Negative q-binomials

Option advertised here: Alternative:
™) = lim HChtth L) (n) =0 ifk<0
k e0D(k+1+e)l(n—k+1+¢) k
® Pascal’s relation if (n, k) # (0,0) ® Pascal’s relation for all n,k € Z

(-6
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Conventions for binomial coefficients Negative q-binomials

Option advertised here: Alternative:
N o i T(nt1+e) (n) =0  ifk<0
k e0D(k+1+e)l(n—k+1+¢) k
® Pascal’s relation if (n, k) # (0,0) ® Pascal’s relation for all n,k € Z
n\ (n—1 n n—1
k) \k-1 k
® used in Mathematica (at least 9+) ® used in SageMath (at least 8.0+)
® used in Maple (at least 18+)

EG Binomial[-3, -5]
MMA 12 N 6
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Conventions for binomial coefficients Negative q-binomials

Option advertised here: Alternative:
N o i T(nt1+e) (n) =0  ifk<0
k e0D(k+1+e)l(n—k+1+¢) k
® Pascal’s relation if (n, k) # (0,0) ® Pascal’s relation for all n,k € Z
n\ (n—1 n n—1
k) \k-1 k
® used in Mathematica (at least 9+) ® used in SageMath (at least 8.0+)
® used in Maple (at least 18+)

EG Binomial[-3, -5]
MMA 12
> 6
QBinomial [-3, -5, q]
> 0

Similarly, expand (QBinomial(n,k,q)) in Maple 18 results in a division-by-zero error.

Gaussian binomial coefficients with negative arguments Armin Straub



Application: Lucas congruences Negative g-binomials

THM Let p be prime. For integers n, k > 0,

()=Co) ) Gz) - moan,

1878
where n;, respectively k;, are the p-adic digits of n and k.

EG 19\ /5 9 - LHS = 75,582
(11> = (4) (1> =5-2=3 (mod?7)

Eca

Gaussian binomial coefficients with negative arguments Armin Straub 20 /36




Application: Lucas congruences

Negative g-binomials

THM Let p be prime. For all integers n, k,

Lucas

1878

Formichella n — no n1 n2 e
= Q-EEE . -

where n;, respectively k;, are the p-adic digits of n and k.

i GT) = (i) G) =5.-2=3 (mod?7) LHS = 75,582
= (O OO mssmt man T

Note the (infinite) 7-adic expansions:

2 3 3

—11=3+5-7T4+6-7+6-7" 4 ... ?
—19=24+4-T+6-T7°+6-7 +...

Gaussian binomial coefficients with negative arguments

Armin Straub
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Application: ¢-Lucas congruences

Negative g-binomials

THM Let m > 2 be an integer. For integers n, k > 0,

(Dq _ (Zg)q(z:) (mod ®,,,(q)),

n=ng+n'm
k=ko+Kkm

Désarménien
19

where

B. Adamczewski, J. P. Bell, and E. Delaygue.
Algebraic independence of G-functions and congruences "a la Lucas”
Annales Scientifiques de I'Ecole Normale Supérieure, 2016

with ng, kg € {0,1,...,77”1,—1}.
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Application: ¢-Lucas congruences

Negative g-binomials

THM Let m > 2 be an integer. For all integers n, k,

(Z>q _ (Zs)q@:) (mod ®,,,(q)),

n=ng+n'm
k=ko+Kkm

Désarménien
19

Formichella
S 2019

where with ng, ko € {0,1,...,m — 1}.

B <j€1)>q - @)q (:?))) =-2(1+q+¢°) (modds(q))

1

o LHS:W(1+q+2q2+3q3+5q4+...+q80)

® ¢ =1 reduces to (~
B. Adamczewski, J. P. Bell, and E. Delaygue.

Algebraic independence of G-functions and congruences "a la Lucas”
Annales Scientifiques de I'Ecole Normale Supérieure, 2016

Gaussian binomial coefficients with negative arguments
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Advertisement: More Lucas congruences et T

Apéry’s proof of the irrationality of ((3) centers around:

am=> (1) (")

k=0
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Advertisement: More Lucas congruences

Negative g-binomials

Apéry’s proof of the irrationality of ((3) centers around:

am=> (1) (")

k=0
Pt A(n) = A(no)A(m1) --- A(ny)  (modp),
1982

where n; are the p-adic digits of n.

® Gessel's approach generalized by Mclntosh (1992)

R. J. MclIntosh
A generalization of a congruential property of Lucas.
Amer. Math. Monthly, Vol. 99, Nr. 3, 1992, p. 231-238
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Advertisement: More Lucas congruences et T

Apéry’s proof of the irrationality of ((3) centers around:

am=> (1) (")

k=0
Pt A(n) = A(no)A(m1) --- A(ny)  (modp),
1982

where n; are the p-adic digits of n.

® Gessel's approach generalized by Mclntosh (1992)
® 6+ 6 + 3 sporadic Apéry-like sequences are known.
THM Every (known) sporadic sequence satisfies these Lucas congruences

Malik-S 0
2015 modulo every prime.

A. Malik, A. Straub
Divisibility properties of sporadic Apéry-like numbers
Research in Number Theory, Vol. 2, Nr. 1, 2016, p. 1-26

R. J. MclIntosh
A generalization of a congruential property of Lucas.
Amer. Math. Monthly, Vol. 99, Nr. 3, 1992, p. 231-238
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Application: Apéry number supercongruences Negative g-binomials
The Apéry numbers

A<n>:§(2)2(”zk)2

satisfy many interesting properties, including supercongruences: p > 5 prime

M Alp'm —1) = A@p"'m —1)  (modp®")

1985

P A(p'm) = A(p"'m)  (modp®")

1988

Gaussian binomial coefficients with negative arguments Armin Straub 23 /36




Application: Apéry number supercongruences Negative g-binomials
The Apéry numbers

A<n>:§(2)2(”zk)2

satisfy many interesting properties, including supercongruences: p > 5 prime

M Alp'm —1) = A@p"'m —1)  (modp®")
1985
P A(p'm) = A(p"'m)  (modp®")
1988
e Extend A(n) to integers n: n\? (n+k\’
A(n) = Z f k
kEZ
® |t then follows that:

A(—n) = A(n—1)

Uniform proof (and explanation) of Beukers/Coster supercongruences

Gaussian binomial coefficients with negative arguments Armin Straub
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Apéry numbers

CONJ 7,¢(3),¢(5),. .. are algebraically independent over Q.
® Apéry (1978): ((3) is irrational

Open: ((5) is irrational

Open: ((3) is transcendental

Open: ((3)/m3 is irrational

Open: Catalan’s constant G = D"
2 Gn+1p

is irrational

ROGER “'APERY
1916 & r99%

R Pt e

o7 6%,

A. Straub
Supercongruences for polynomial analogs of the Apéry numbers
Proceedings of the American Mathematical Society, Vol. 147, 2019, p. 1023-1036

Gaussian binomial coefficients with negative arguments Armin Straub
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Apéry numbers and the irrationality of ((3) T

® The Apéry numbers 1,5,73,1445,. ..
"\ (n+k\?
A=Y
. k k
satisfy k=0

(n+ 13U, = 2n+ 1)1 + 170 + 5)up, — nup, 1.

1 . . .
A-I;:lryl\;ls ¢(3) = Z — is irrational.
n

3
n=1
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Apéry numbers and the irrationality of ((3) T

® The Apéry numbers 1,5,73,1445,. ..
"\ (n+k\?
A=Y
. k k
satisfy k=0

(n+ 13U, = 2n+ 1)1 + 170 + 5)up, — nup, 1.

3
n=1

1 . . .
I;I,::_lryl\gs ¢3) = Zn— is irrational.

proof The same recurrence is satisfied by the “near”-integers
n 2 2 n
n n+k
B =3 (k> ( N ) Z Z 2m3 n+m)

Then, ﬁg”) — ((3). But too fast for ((3) to be rational. O

Gaussian binomial coefficients with negative arguments Armin Straub
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Zagier’s search and Apéry-like numbers Py

® The Apéry numbers B(n) = Z ( > (n+ k) for ((2) satisfy

(n+1)*u,11 = (an® + an + b)u, — cn®u, 1, (a,b,c) = (11,3,-1).

..Q  Are there other tuples (a,b, c) for which the solution defined by
u_1 =0, ug =1 is integral?

Gaussian binomial coefficients with negative arguments Armin Straub
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Zagier’s search and Apéry-like numbers

Apéry numbers

® The Apéry numbers B(n) = Z < > (n+ k) for ((2) satisfy

(n+1)*u,11 = (an® + an + b)u, — cn®u, 1, (a,b,c) = (11,3,-1).

Q  Are there other tuples (a, b, c) for which the solution defined by

Beukers

u_1 =0, ug =1 is integral?

® Apart from degenerate cases, Zagier found 6 sporadic integer solutions:

A2 () APOIGY

| B e EOMC
SR F g

k=0
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Modularity of Apéry-like numbers [

® The Apéry numbers 1,5,73,1145, ...
" a\?%/n +k 2
An) =) L N
satisfy k=0
7(9 12 12 n
n ( Z Aln ( (7)n**(67) >
12 12
n5( = (27)n12(37) .
modular form modular function
1+ 5¢ + 13¢% 4 23¢% 4+ O(¢?) q —12¢% +66¢° + O(q*)
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Modularity of Apéry-like numbers [

® The Apéry numbers 1,5,73,1145, ...
" a\?%/n +k 2
An) =) L N
satisfy k=0

TEOTET) N ( 1'2(r)n'(67) )

P (r)n°(67) = A\7'2(27)n'2(37)
modular form modular function

1+ 5¢ + 13¢% 4 23¢% 4+ O(¢?) q —12¢% +66¢° + O(q*)

FACT Not at all evidently, such a modular parametrization exists for
all known Apéry-like numbers!

® Context: f(7) modular form of weight k
(1) modular function

y(z) such that y(z(7)) = f(7)

Then y(z) satisfies a linear differential equation of order k + 1.

Gaussian binomial coefficients with negative arguments Armin Straub 07 /136




Supercongruences for Apéry numbers [

® Chowla, Cowles and Cowles (1980) conjectured that, for p > 5,
Alp)=5  (modp?).
® Gessel (1982) proved that A(mp) = A(m)  (modp?).

THM The Apéry numbers satisfy the supercongruence (p=5)
Beukers,
Coster

"85, 88 A(mp") = A(mpr_l) (modp3r).

Gaussian binomial coefficients with negative arguments Armin Straub 28 /136
/




Supercongruences for Apéry numbers [

® Chowla, Cowles and Cowles (1980) conjectured that, for p > 5,
Alp)=5  (modp?).
® Gessel (1982) proved that A(mp) = A(m)  (modp?).

THM The Apéry numbers satisfy the supercongruence (p=5)
Beukers,
Coster

"85, 88 A(mp") = A(mpr_l) (InodpST).

EG Simple combinatorics proves the congruence

<2;> - zk: (Z) (pfk) =1+1  (modp?).

For p > 5, Wolstenholme (1862) showed that, in fact,

<2;’> —2  (modpd).
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Supercongruences for Apéry numbers [

® Chowla, Cowles and Cowles (1980) conjectured that, for p > 5,
Alp)=5  (modp?).
® Gessel (1982) proved that A(mp) = A(m)  (modp?).

THM The Apéry numbers satisfy the supercongruence (p=5)
Beukers,
Coster

85, 88 A(mpr) = A(mp’/‘—l) (modp37").

EG Simple combinatorics proves the congruence

<2§> - zk: (i) (pfk) =1+1  (modp?).

For p > 5, Wolstenholme (1862) showed that, in fact,

2p> 3 ap a 3
=2 (modp’). < ) = ( ) (mod p”)
< p bp b Ljunggren '52
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Supercongruences for Apéry-like numbers

Apéry numbers

® Conjecturally, supercongruences like
A(mp") = A(mp™™")  (modp™)

hold for all Apéry-like numbers.

Osburn-Sahu '09

e Current state of affairs for the six sporadic sequences related to ((3):

A(n)

2ok (Z)Q(n:k)z Beukers, Coster '87-'88
Zk (2)2(215)2 Osburn-Sahu-S '16
ok (2)2(2;5) (2(7?_—;)) Osburn—Sahu '11
SR8 () G | open e
S (= 1)k () (4 5%y Osburn-Sahu-S '16
S OGN Gorodetsky '18

Gaussian binomial coefficients with negative arguments
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Non-super congruences are abundant

Apéry numbers

a(mp”) = a(mp’™")  (modp") (G)

¢ realizable sequences a(n), i.e., for some map 7T : X — X,

aln) =#{x e X : T"x =z} “points of period n"
Everest—van der Poorten—Puri-Ward '02, Arias de Reyna '05
In fact, up to a positivity condition, (G) characterizes realizability.

Gaussian binomial coefficients with negative arguments
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Non-super congruences are abundant Py

a(mp”) = a(mp’™")  (modp") (G)

¢ realizable sequences a(n), i.e., for some map 7T : X — X,

aln) =#{x e X : T"x =z} “points of period n"
Everest—van der Poorten—Puri-Ward '02, Arias de Reyna '05

In fact, up to a positivity condition, (G) characterizes realizability.

o a(n) = tl"ace(Mn) Janichen '21, Schur '37; also: Arnold, Zarelua
where M is an integer matrix
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Non-super congruences are abundant Py

a(mp”) = a(mp’™")  (modp") (G)

¢ realizable sequences a(n), i.e., for some map 7T : X — X,

aln) =#{x e X : T"x =z} “points of period n"
Everest—van der Poorten—Puri-Ward '02, Arias de Reyna '05

In fact, up to a positivity condition, (G) characterizes realizability.

o a(n) = tI‘ace(Mn) Janichen '21, Schur '37; also: Arnold, Zarelua
where M is an integer matrix

® (G) is equivalent to exp Z @) ) Z[[T]].
n= 1

This is a natural condition in formal group theory.
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g-congruences of Clark and Andrews

THM an a
i3 (m)f(b)w (mod @n(g)")

proof Combinatorially, we have ¢-Chu-Vandermonde:
a=2
b=1

Apéry numbers

n

2, E0.L0 )

0

Gaussian binomial coefficients with negative arguments
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g-congruences of Clark and Andrews

THM an _f{a 9
e (zm) = (b> (mod 24(¢)%)

proof Combinatorially, we have ¢-Chu-Vandermonde:

a=2
2n i n n (n—k)?
n k n—k) 1
q k=0 q q
+ ] n2

b=1
" 41=[2
(Note that ®,,(¢q) divides (Z) unless k=0 or k =n.)

q

Apéry numbers

If
K

(mod ®,,(¢)?)

® &,(1) =1if nis not a prime power.
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g-congruences of Clark and Andrews

Apéry numbers

THM /an _f{a 9
S (bn> (b> (mod n(g)°)

q

proof Combinatorially, we have ¢-Chu-Vandermonde:
a=2
b=1
) =%
(n 4 k=
2

n n (n—k)2
q
(1), 24),
+ ] n2
(Note that ®,,(¢q) divides (Z) unless k=0 or k =n.)

If
K

1=2
q

e &,(1) =1if nis not a prime power.
e Similar results by Andrews (1999); e.g.:

(), a0 (5)  moa by

(mod ®,,(¢)?)
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A g-analog of Ljunggren’s congruence Py

® The following answers Andrews' question to find a g-analog of
Wolstenholme's congruence.

THM an a a\ n?—1

S — n
2011/18 (bn) = (b) , b(a —b) (b) 2 (¢" — 1)2 (modCI)n(q)B)

q q

EG 26
no (13) =1+4¢% - 1U@° -1+ Q+q+...+4¢%)° f(g)
e f q — 2 -0 133

where f(q) =14 — 41q +41¢> — ... + ¢**? € Z[q].
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A g-analog of Ljunggren’s congruence Py

® The following answers Andrews' question to find a g-analog of
Wolstenholme's congruence.

THM an a a\ n®—1

S — n
2011/18 (bn) = (b) , b(a —b) (b) 2 (¢" — 1)2 (modCI)n(q)B)

q q

EG 26
no (13> =1+4¢% - 1U@° -1+ Q+q+...+4¢%)° f(g)

e f q — 2 -0 133

where f(q) =14 — 41q +41¢> — ... + ¢**? € Z[q].

2 _
® Note that =

Lisan integer if (n,6) = 1.
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A g-analog of Ljunggren’s congruence Py

® The following answers Andrews' question to find a g-analog of
Wolstenholme's congruence.

THM an a a\ n?—1

S — n
2011/18 (bn) = (b) , b(a —b) (b) 2 (¢" — 1)2 (modCI)n(q)B)

q q

EG 26
no (13> =1+4¢% - 1U@° -1+ Q+q+...+4¢%)° f(g)

e f q — 2 -0 133

where f(q) =14 — 41q +41¢> — ... + ¢**? € Z[q].

2
e Note that "L is an integer if (n,6) = 1.

* ()=

(“) holds modulo p3*™ where 7 is the p-adic valuation of

b
a b(a o b) (Z) | Jacobsthal 1952
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A g-analog of Ljunggren’s congruence Py

® The following answers Andrews' question to find a g-analog of
Wolstenholme's congruence.

THM an a a\ n?—1

S _ — n 2 3
2011/18 (bn>q = <b>qn2 — bla—1) (b) 2 (¢"—=1) (mod ®,,(¢)°)
EG 26
" (13) =1+¢"% - 14(¢"® -1 + Q+q+...+4)° f(9)

e f q —2 -0 — 138

where f(q) =14 — 41q +41¢> — ... + ¢**? € Z[q].
THM Extension of above congruence to g-analog of (p >5)
019
ap a g} a
(bp) = (b) + ab(a — b)p; z (mod p*).

Q  Creative microscoping a la Guo and Zudilin?
Extra parameter ¢ and congruences modulo, say, ®,(q)(1 — cq™)(c — ¢").

Gaussian binomial coefficients with negative arguments Armin Straub



A g-version of the Apéry numbers A

® A symmetric g-analog of the Apéry numbers:

Ag(n) = Zn: g’ <Z> ? <n 2;— k) 2

k=0 q q

This is an explicit form of a g-analog of Krattenthaler, Rivoal and Zudilin (2006).

EG The first few values are:

A(0) =1 A 0) =1
A1) =5 A (1) =1+3¢+¢°
A(2) =173 Ay(2) = 1+ 3¢+ 9¢° + 14¢° + 19¢* + 14¢°

+ 9q6 + 3q7 + q8
A(3) = 1445  Ay(3) =1+ 3¢+ 9¢° + 22¢% + 43¢* + 76¢°
+117¢5 + ...+ 3¢ T+ ¢*8
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g-supercongruences for the Apéry numbers A

THM The g-analog of the Apéry numbers, defined as
s

n 2 2
Z k)2 [T n+k

Adlm) = 27" (k) ( k ) 7
k=0

q q

2014/18

satisfies, for any m > 0, A1) =1+3¢+¢% A1) =5

m2 —1
12

(@™ —1)?n?A1(n) (mod ®,,(q)?).

Gaussian binomial coefficients with negative arguments Armin Straub o




g-supercongruences for the Apéry numbers A

THM The g-analog of the Apéry numbers, defined as
s

n 2 2
k)2 [T n+k
aa =320 (1) (1)
k=0

q q

2014/18

satisfies, for any m > 0, A1) =1+3¢+¢% A1) =5

m2 —1
12

(@™ —1)?n?A1(n) (mod ®,,(q)?).
® Gorodetsky (2018) recently proved g-congruences implying the stronger
congruences A(p"n) = A(p"~'n) modulo p*.

Q g-analog and congruences for Almkvist—Zudilin numbers?

SR

k

(classical supercongruences still open)
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Multivariate supercongruences Py

Q g¢-analog and congruences for Almkvist—Zudilin numbers?

=T+ ()11

k

(classical supercongruences still open)

Gaussian binomial coefficients with negative arguments Armin Straub




Multivariate supercongruences Py

Q g¢-analog and congruences for Almkvist—Zudilin numbers?

=T+ ()11

k

(classical supercongruences still open)

EG The Almkvist—=Zudilin numbers are the diagonal Taylor coefficients of

s 2014
1
= Z Z(n)x™

1-— (1‘1 + 19 + I3 + $4) + 271‘1$21731‘4 A
nezs,

CONJ For p > 5, we have the multivariate supercongruences
S 2014

Z(np") = Z(np"™')  (modp®").
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THANK YOU!

Slides for this talk will be available from my website:
http://arminstraub.com/talks

S. Formichella, A. Straub
Gaussian binomial coefficients with negative arguments
Annals of Combinatorics, Vol. 23, Nr. 3, 2019, p. 725-748

J. Kiistner, M. Schlosser, M. Yoo
Lattice paths and negatively indexed weight-dependent binomial coefficients
arXiv:2204.05505, 2022, p. 1-34

A. Straub

A q-analog of Ljunggren’s binomial congruence
DMTCS Proceedings: FPSAC 2011, p. 897-902

A. Straub
Supercongruences for polynomial analogs of the Apéry numbers
Proceedings of the American Mathematical Society, Vol. 147, 2019, p. 1023-1036
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