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CONJ 7,¢(3),¢(5), ... are algebraically independent over Q.
® Apéry (1978): ¢(3) is irrational
® Open: ((5) is irrational
® Open: ((3) is transcendental
e Open: ((3)/n is irrational

based on joint work(s) with:

ROCER APERY
1916 ~ 199%

Marc Chamberland Wadim Zudilin
(Grinnell College) (Radboud University)
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Mit del’ Tiil’ irIS HaUS fa"en. .. Falling into the house with the door. ..

CONJ L
Franel, The minimal recurrence for A®)(n) =" ( ) has order |51 ].
1895 -

dllald A (n) satisfies a recurrence of order [ = ].

OPEN s that recurrence of minimal order?
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s-zudiin Any telescoping recurrence for Z (k) solved by certain sequences
oA m)ifo<2j<s. k=0

Sums of powers of binomials, their Apéry limits, and Franel’s suspicions Armin Straub 2/13




Mit der Tijr irIS HaUS fa"en. .. Falling into the house with the door. ..

CONJ . " s
Franel,  The minimal recurrence for A®)(n) =3 (") has order [*£1].
1895 = \k 2

dllald A (n) satisfies a recurrence of order [ = ].

OPEN s that recurrence of minimal order?

THM . " /n\° .
s-zudiin Any telescoping recurrence for Z (k> solved by certain sequences
TAYm) ifo<2)<s, k=0

The Apéry limits are:

A (n) _ N
: J 425 2j
A Z ey ] (sin(wt)) € Q>0
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Mit der Tiil’ irIS HaUS fa"en. .. Falling into the house with the door. ..

CONJ

1895

THM  A()(n) satisfies a recurrence of order |

Stoll '97

OPEN

THM
S-Zudilin
21

n El
Franel, The minimal recurrence for A®)(n) =" (:) has order |51 ].
k=0

SJerJ_

Is that recurrence of minimal order?

n

Any telescoping recurrence for Z (Z) solved by certain sequences
AYm)if0<2j <s. k=0

The Apéry limits are:

(s) s
Fo = () <70

nli»H;o AG)(n) sin(7t)

Moreover, Ag.s)(n) with 0 < 2j < s are linearly independent, so that any
telescoping recurrence has order at least | ].

Armin Straub
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Apéry numbers and the irrationality of ((3)

® The Apéry numbers 1,5,73,1445,. ..

S0 C1)

satisfy k=0
(n 4+ 1D3up1 = (20 + 1)(A7T0* 4+ 170 + 5)up, — nu, 1.
THM

o0
1 o q ]
Apéry'78 ((3) = Zﬁ is irrational.
n=1
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Apéry numbers and the irrationality of ((3)

® The Apéry numbers 1,5,73,1445,. ..

LR

(n 4+ 1D3up1 = (20 + 1)(A7T0* 4+ 170 + 5)up, — nu, 1.

THM > . ]
Apéry'18 (3 Z is irrational.

proof The same recurrence is satisfied by the “near”—integers

=56 (1) G S mtm)

Then, ﬁézg — ((3). But too fast for {(3) to be rational. O

After a few days of fruitless effort the specific problem was men-
tioned to Don Zagier (Bonn), and with irritating speed he showed
that indeed the sequence satisfies the recurrence.

Alfred van der Poorten — A proof that Euler missed. .. (1979)
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Background: Creative telescoping

Goal "\ fn+k\2
A tel i f
elescoping recurrence ror kZ_O <k> ( i >

=:a(n, k)

N, K shift operators in n and k: Na(n,k) =a(n+ 1,k)

Marko Petkovsek, Herbert S. Wilf and Doron Zeilberger
A=B
A. K. Peters, Ltd., 1st edition, 1996
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=:a(n, k)

N, K shift operators in n and k: Na(n,k) =a(n+ 1,k)

® Suppose we have P(n,N) € Q[n, N] and R(n, k) € Q(n, k) so that:

P(n,N)a(n,k) = (K —1)R(n,k)a(n, k) = bn,k+1)—bn,k)
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keZ
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Background: Creative telescoping

k k

Goal i 2 N2
A telescoping recurrence for Z <n> (n + >
k=0

=:a(n, k)

N, K shift operators in n and k: Na(n,k) =a(n+ 1,k)

® Suppose we have P(n,N) € Q[n, N] and R(n, k) € Q(n, k) so that:

P(n,N)a(n,k) = (K —1)R(n,k)a(n, k) = bn,k+1)—bn,k)
® Then: P(n,N) Z a(n,k) =0 Assuming Jim b(n, k) = 0.
keZ

EC P, N) = (n+2)3N? — (2n + 3)(17n2 + 51n + 39)N + (n + 1)3

_ 4K*(2n + 3)(4n? — 2k% 4 12n + 3k + 8)
N (n—k+1)2(n—k+2)2

R(n, k) is the certificate of the telescoping recurrence operator P(n, N).

R(n, k)

Marko Petkovsek, Herbert S. Wilf and Doron Zeilberger
A=B
A. K. Peters, Ltd., 1st edition, 1996
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Background: Poincaré and Perron

® Normalized general homogeneous linear recurrence of order d:

Untd + Pa—1(n) Unyag—1+ -+ p1(n) Uns1 + po(n) u, =0
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Background: Poincaré and Perron

® Normalized general homogeneous linear recurrence of order d:
Untd + Pd—1(n) Unya—1 + -+ p1(n) Ungp1 + po(n) up =0
® If lim pr(n) = ¢k, then the characteristic polynomial is:
n— o0 d

Mt coa XM+ e A+ e ZH(A— Ak )
k=1
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Background: Poincaré and Perron

® Normalized general homogeneous linear recurrence of order d:

Untd + Pd—1(N) Untda—1+ -+ P1(n) Uns1 + po(n) u, =0

® If lim pr(n) = ¢k, then the characteristic polynomial is:
n—o0 d

Mt g M4 a e =[O0 M)
k=1

THM 5\ ppose the | A; | are distinct. Then, for any solution ,,,

Poincaré
1885
. unJr 1
lim = X (P)
n—oo Uy

for some k € {1,...,d}, unless u,, is eventually zero.
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Background: Poincaré and Perron

® Normalized general homogeneous linear recurrence of order d:
Untd + Pd—1(n) Unta—1 ++ p1(n) Upt1+ po(n) up =0
® If lim pr(n) = ¢k, then the characteristic polynomial is:
n—o0 d

Mt coa XM+ e A+ e ZH(A— Ak )
k=1

THM

Poincaré
1885

Suppose the | A\x | are distinct. Then, for any solution w,,

lim 2t =y, (P)

n—0o0 Uy

for some k € {1,...,d}, unless u,, is eventually zero.

THM Suppose, in addition, pg(n) # 0 for all n > 0.

Perron

1900 Then, for each )\ , there exists a u,, such that (P) holds.
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Another look at Apéry’s recurrence and limit

® Apéry's recurrence has order 2 and degree 3:

(n+1)3u,1 = (2n+ 1)(A702 + 170 + 5)up — n3up_1.

® u_1 =0,up =1: Apéry numbers A(n) 1,5, 73,1445, 33001, . ..
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Another look at Apéry’s recurrence and limit

® Apéry's recurrence has order 2 and degree 3:

(n+1)3u,y 1 = (2n+ 1)(170? + 170 + 5)u

® u_1 =0,up = 1: Apéry numbers A(n)
® uy=0,u; = 1: 2nd solution B(n)

3
n — N Unp—1.

1,5,73,1445, 33001, ...

0 1 117 62531 11424695

7216 7 1728

gee e

Sums of powers of binomials, their Apéry limits, and Franel's suspicions

Armin Straub




Another look at Apéry’s recurrence and limit

® Apéry's recurrence has order 2 and degree 3:

(n+1)3u,1 = (2n+ 1)(A702 + 170 + 5)up — n3up_1.

® u_1 =0,up =1: Apéry numbers A(n) 1,5,73,1445, 33001, . ..
® ug = 0,u; = 1: 2nd solution B(n) 0,1, 117, 82531 1142469 ...
THM B(n 3
Apéry'78 lim L = C( )

n—oo A(n) 6
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Another look at Apéry’s recurrence and limit

® Apéry's recurrence has order 2 and degree 3:

(n+1)3u,1 = (2n+ 1)(A702 + 170 + 5)up — n3up_1.

® u_1 =0,up =1: Apéry numbers A(n) 1,5,73, 1445, 33001, .

® ug = 0,u; = 1: 2nd solution B(n) 0,1, 117, 82531 1142469 ...
THM B(n 3

Apéry '78 hm 7( ) =] C( )

n—oo A(n) 6

® Characteristic polynomial n? — 34n + 1 has roots (1 +1/2)* ~ 33.97,0.0294.

A(n), B(n) grow like (1 4 v/2)*.
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Another look at Apéry’s recurrence and limit

® Apéry's recurrence has order 2 and degree 3:

(n+1)3u,1 = (2n+ 1)(A702 + 170 + 5)up — n3up_1.

® u_1 =0,up =1: Apéry numbers A(n) 1,5,73, 1445, 33001, .

® ug = 0,u; = 1: 2nd solution B(n) 0,1, 117, 82531 1142469 ...
THM B(n 3

Apéry '78 hm 7( ) =] C( )

n—oo A(n) 6

® Characteristic polynomial n? — 34n + 1 has roots (1 +1/2)* ~ 33.97,0.0294.

A(n), B(n) grow like (1 4 v/2)*.

=(1-Vv2)"

® By Perron's theorem, there is a (unique) solution

" L Cnt1)
Cln) =7A(n) + B(n) with  lim =z
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Another look at Apéry’s recurrence and limit

® Apéry's recurrence has order 2 and degree 3:

(n+1)3u,1 = (2n+ 1)(A702 + 170 + 5)up — n3up_1.

® u_1 =0,up =1: Apéry numbers A(n) 1,5,73,1445, 33001, . ..
® ug = 0,u; = 1: 2nd solution B(n) 0,1, 117, 62531 11424695
THM B(n 3
Apéry '78 lim L — @

n—o0 A(n) 6

® Characteristic polynomial n? — 34n + 1 has roots (1 +1/2)* ~ 33.97,0.0294.

, i . i A(n), B(n) grow like (1 4 v/2)*.
® By Perron's theorem, there is a (unique) solution

C(n) =7A(n) + B(n) with  lim_ C(g(:)” — (1-2)",
0=+ lim o

COR A(n)((3) —6B(n) is "Perron’s small solution” .

This is a small linear form in 1 and ¢(3).
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Another look at Apéry’s recurrence and limit

® Apéry's recurrence has order 2 and degree 3:

(n+1)3u,1 = (2n+ 1)(A702 + 170 + 5)up — n3up_1.

® u_1 =0,up =1: Apéry numbers A(n) 1,5,73,1445, 33001, . ..
® ug = 0,u; = 1: 2nd solution B(n) 0,1, 117, 62531 11424695
THM B(n 3
Apéry '78 hm 7( ) =] L( )

n—o0 A(n) 6

® Characteristic polynomial n? — 34n + 1 has roots (1 +1/2)* ~ 33.97,0.0294.

, i . i A(n), B(n) grow like (1 4 v/2)*.
® By Perron's theorem, there is a (unique) solution

C(n) =7A(n) + B(n) with  lim_ C(g(:)” — (1-2)",
B(n)

COR A(n)((3) —6B(n) is "Perron’s small solution” .

This is a small linear form in 1 and ¢(3).

?  Tools to construct the solutions guaranteed by Perron’s theorem?
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Approaches to proving Apéry limits

B
How to prove lim B = @?
n—oo A(n) 6
© Via explicit expressions: (Apéry, '78)
I /n\2n+k\ [« 1 u —1)m-1
o (T (£ St
i) Uk ) (55 " 2o
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Approaches to proving Apéry limits

How t lim S\ _
ow to proVe nl_{[;()m = T

© Via explicit expressions:

w150 <“+’f>2(_

@ Via integral representations:

[ [ s

(Apéry, '78)

(Beukers, '79)

dzdydz = A(n)((3) — 6B(n)
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Approaches to proving Apéry limits

B 3
How to prove lim B = @?
n—oo A(n) 6
© Via explicit expressions: (Apéry,

w-iS () <>(zzm)

@ Via integral representations: (Beukers,

/ / / A=) A=y A= D" s — Am)C(3) — 6B(n)

17 (1 —zy)z)ntt

© Via hypergeometric series representations: (Gutnik,

oo _ . _n 2
_% ; R (t) = A(n)C(3) — 6B(n), where Rn(f) = (%)

78)

'79)

79)
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Approaches to proving Apéry limits

How t lim S\ _
ow to proVe nl_{[;()m = T

© Via explicit expressions: (Apéry,
n n k
1 < ) (rz+k)2 1 (—=1)m-1
a 3 + n n—+m
SaEP> 25 )
@ Via integral representations: (Beukers,
n _ rL (1 _ U)n ”(1 _ Z)"' o
/ / / 1 — 1 ~ ) dzdydz = A(n)((3) — 6B(n)
© Via hypergeometric series representations: (Gutnik,

oo _ . _n 2
_% ; R (t) = A(n)C(3) — 6B(n), where Rn(f) = (%)

o Vla modular forms (Beukers '87, Zagier '03, Yang
© Via continued fractions (for recurrences of order 2)

78)

'79)

79)

'07)
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Franel numbers

DEF n s _
Franel  A(®) (ny Z are the (generalized) Franel numbers.
1894
k=0
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Franel numbers

DEF LR
ranel (S) = " i
A (n) kz_o <k) are the (generalized) Franel numbers.

o AN (p) =2n

Upt1 = 2Up
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Franel numbers

DEF LR
ranel (S) = " i
A (n) kz_o <k) are the (generalized) Franel numbers.

° A(l)(n) — 9n
Un+1 = 2up,
° A(Z) (n) = (27?)
(n+ Duptr =220 + u,
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Franel numbers

Fana AO(m) =3 (™) are th lized) Franel numb
Franel A kZ_()( ) are the (generalized) Franel numbers.

o AN (p) =2n

Upt1 = 2Up

e A®)(n) = (2")

n
(n+ Duptr =220 + u,

° A(3)(n) =1,2,10,56, 346, 2252, 15184, 104960, 739162, . . .
(n 4 1) %upy1 = (Tn? + Tn + 2)uy, + 8n’up, 1 (Franel, 1894)
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Franel numbers

DEF LR
ranel (S) i
Franel | A kZ_()( ) are the (generalized) Franel numbers.
o AN (p) =2n
Un41 = 2uy,
[ ] A(Z) (n) = (27?)

(n+ 1)unt1 =2(2n + L)uy,

o A®)(n) =1,2,10,56,346, 2252, 15184, 104960, 739162, . . .
(n 4 1) %upy1 = (Tn? + Tn + 2)uy, + 8n’up, 1 (Franel, 1894)
o AW(p)=1,2,18,164,1810,21252, 263844, 3395016, 44916498, . . .
(n+ 1)3upyy = 2(2n + 1)(3n2 + 3n + 1)u, + 4n(16n2 — 1)u,_y (Franel, 1895)
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Franel numbers

DEF LR
Franel  A(%) (ny Z( ) are the (generalized) Franel numbers.

1894

k=0

o AN (p) =2n

Un41 = 2uy,

2 _ (2n
e A@)(n) = (n)

(n+ 1)unt1 =2(2n + L)uy,
o AB) (n) =1,2,10, 56, 346, 2252, 15184, 104960, 739162, . . .

(n 4 1) %upy1 = (Tn? + Tn + 2)uy, + 8n’up, 1 (Franel, 1894)
o AW (n) =1,2,18,164,1810, 21252, 263844, 3395016, 44916498, . . .

n+ 1)U, = 2(2n + 1)(3n2 4+ 3n + Du, + 4n(16n% — D)u,_ (Franel, 1895)
+

CONJ The minimal recurrence for A®) (n) has order L%lj

Franel,

1895  and degree s — 1. (spoiler: the degree part is not true)
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Franel's conjecture

CONJ The minimal recurrence for A®)(n) has order | = |

Franel,

1895 and degree s — 1.
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Franel's conjecture

CONJ The minimal recurrence for A®)(n) has order | = |

Franel,

1895  gnd s— 1.

® Perlstadt '86: order 3 recurrences for s = 5,6 of degrees 6,9
computed using MACSYMA and creative telescoping
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CONJ The minimal recurrence for A®)(n) has order | &L |

Franel,

1895 gnd s— 1.

® Perlstadt '86: order 3 recurrences for s = 5,6 of degrees 6,9
computed using MACSYMA and creative telescoping

dllal A (n) satisfies a recurrence of order [ = ].

Cusick '89 also constructs such recurrences.

OPEN Is that recurrence of minimal order?
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Franel's conjecture

CONJ The minimal recurrence for A®)(n) has order | = |

Franel,

1895 and degree 5 — 1.

® Perlstadt '86: order 3 recurrences for s = 5,6 of degrees 6,9
computed using MACSYMA and creative telescoping

dllal A (n) satisfies a recurrence of order [ = ].

Cusick '89 also constructs such recurrences.

OPEN Is that recurrence of minimal order?

CONJ The minimal recurrence for A*)(n) has order m = | 42| and

Bostan
2L 1 2

sm(m? —1)+1, for even s,

degree =

=

tm® — Im?+ Zm + 7(_1);_1, for odd s.

If true, the degree grows like s3/24.

® Verified at least for s < 20.

using MinimalRecurrence from the LREtools Maple package
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Franel's conjecture

CONJ The minimal recurrence for A®)(n) has order | = |

Franel,

1895  gnd s— 1.

® Perlstadt '86: order 3 recurrences for s = 5,6 of degrees 6,9
computed using MACSYMA and creative telescoping

THM  A()(n) satisfies a recurrence of order | ££1].
Stoll 97 2
Cusick '89 also constructs such recurrences.

OPEN Is that recurrence of minimal order?

CONJ The minimal recurrence for A*)(n) has order m = | 42| and

Bostan
21
im(m? —1) +1, for even s,
degree = (—1ym_1
%m3 — %mQ + %m + 57—, forodds.

If true, the degree grows like s3/24.

® Verified at least for s < 20.

using MinimalRecurrence from the LREtools Maple package

® Goal: The minimal telescoping recurrence for A*)(n) has order > | =t ].
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How to prove lower bounds for orders of recurrences?

EG P\ n+ k2
° Z(k> ( N ) . recurrence of order 2 (Apéry '78)
k=0
n - s
o Z( ) : recurrence of order [ | (Stoll '97)
k
k=0
Could there be recurrences of lower order? ... and higher degree
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How to prove lower bounds for orders of recurrences?

EG u 2+ k\?
° Z (Z) (nk ) : recurrence of order 2 (Apéry '78)
k=0
n - s
o Z( ) : recurrence of order [ | (Stoll '97)
k
k=0
Could there be recurrences of lower order? ... and higher degree
® For fixed sequence, order 1 can be ruled out using Hyper, (Petkoviek '92)

an algorithm to compute order 1 (right) factors of recurrence operators.
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How to prove lower bounds for orders of recurrences?

EG u 2+ k\?
° Z (Z) (nk ) : recurrence of order 2 (Apéry '78)
k=0
n - s
o Z( ) : recurrence of order [ | (Stoll '97)
k
k=0
Could there be recurrences of lower order? ... and higher degree
® For fixed sequence, order 1 can be ruled out using Hyper, (Petkoviek '92)

an algorithm to compute order 1 (right) factors of recurrence operators.

® There are algorithms for fixed recurrence operators (Beke 1894, Bronstein '04,

for computing factors of differen(tial/ce) operators. Zhou~van Hoeij 15, ..)
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How to prove lower bounds for orders of recurrences?

EG u 2+ k\?
° Z (Z) (nk ) : recurrence of order 2 (Apéry '78)
k=0
n - s
o Z( ) : recurrence of order [ | (Stoll '97)
k
k=0
Could there be recurrences of lower order? ... and higher degree
® For fixed sequence, order 1 can be ruled out using Hyper, (Petkoviek '92)

an algorithm to compute order 1 (right) factors of recurrence operators.

® There are algorithms for fixed recurrence operators (Beke 1894, Bronstein '04,
. . . Zhou-van Hoeij '19, ...
for computing factors of differen(tial/ce) operators. ourvan Hoel )
® For Franel numbers, order 1 can be ruled out for all s >3 (Yuan-Lu-Schmidt '08)
using congruential properties.
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How to prove lower bounds for orders of recurrences?

EG 2\ (n+k\?
[ ] 0 Ja
> (k) ( N ) . recurrence of order 2 (Apéry '78)
k=0
n - s 1
Yy (k) . recurrence of order |1 | (Stoll '97)
k=0
Could there be recurrences of lower order? ... and higher degree
® For fixed sequence, order 1 can be ruled out using Hyper, (Petkoviek '92)
an algorithm to compute order 1 (right) factors of recurrence operators.
® There are algorithms for fixed recurrence operators (Beke 1894, Bronstein '94,
for computing factors of differen(tial/ce) operators. Zhou~van Hoeij 15, ..)
® For Franel numbers, order 1 can be ruled out for all s >3 (Yuan-Lu-Schmidt '08)

using congruential properties.

If A(n+1)/A(n) — u for u € Q of degree d, then A(n) cannot satisfy a
recurrence over Q of order less than d. (Mclntosh '89)
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How to prove lower bounds for orders of recurrences?

EG 2\ (n+k\?
[ ] 0 Ja
> (k) ( N ) . recurrence of order 2 (Apéry '78)
k=0
n - s 1
Yy (k) . recurrence of order |1 | (Stoll '97)
k=0
Could there be recurrences of lower order? ... and higher degree
® For fixed sequence, order 1 can be ruled out using Hyper, (Petkoviek '92)
an algorithm to compute order 1 (right) factors of recurrence operators.
® There are algorithms for fixed recurrence operators (Beke 1894, Bronstein '94,
for computing factors of differen(tial/ce) operators. Zhou~van Hoeij 15, ..)
® For Franel numbers, order 1 can be ruled out for all s >3 (Yuan-Lu-Schmidt '08)

using congruential properties.
If A(n+1)/A(n) — u for u € Q of degree d, then A(n) cannot satisfy a
recurrence over Q of order less than d. (Mclntosh '89)

For Apéry numbers: p = (1 +/2)%.
For Franel numbers: 1 = 25. Not helpful!
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Apéry limits and lower bounds

THM . n n S () .
s-zudilin Any telescoping recurrence for (k) solved by A;”(n) if 0 <25 <.
21

k=0

(fine print: for large enough n)
—s

A(S)(n,t) — 1:0 (Z)S f[l (1 - s) n-k (1 . ;) _ Z A§s)(n) 427

Jj=1 J=0
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Apéry limits and lower bounds

THM . n n S () .
s-zudilin Any telescoping recurrence for (k) solved by A;”(n) if 0 <25 <.
21

k=0

(fine print: for large enough n)

—S

A(S)(n,t) — 1:0 (Z)S f[l (1 - s) n-k (1 . ;) _ Z A§s)(n) 427

Jj=1 J=0

JZ'L'dIi\'/"I‘ lim AES)(n) = [t¥] mt ) € Q50
21 n—oo AG)(n) sin(mt) >
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Apéry limits and lower bounds

THM . n n S () .
s-zudilin Any telescoping recurrence for <k) solved by A;”(n) if 0 <25 <.
21
k=0

(fine print: for large enough n)

AG) (n, 1) == 1:0 (Z)S f[l (1 _ ;) nl:[k (1 4 ;) h =3 A m) 2

Jj=1

THM (s)
S-Zudilin iy 4,"(n)

12 Tt B 2
21 n—oo AG)(n) ] (m(m)) €m0

® Qur proof is based on showing locally uniform convergence in ¢ of

Jj=0

A g)é:;) - (sinzjrt)>s'

k=0 k
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Apéry limits and lower bounds

THM . "L /n\° @, |
s-zudilin Any telescoping recurrence for <k) solved by A;”(n) if 0 <25 <.
21
k=0

(fine print: for large enough n)

n

AG) (n, 1) == > (Z) L: (1 - ;) ﬁ (1 + ;)] R =3 A9

Jj=1 j=0
THM (s)
S-Zudilin iy 4,"(n)

12 Tt B 2
21 n—oo AG)(n) ] (m(m)) €m0

® Qur proof is based on showing locally uniform convergence in ¢ of

. A (n,t) ( wt >S
lim —; - = | = .
n—00 Z <7L> Sln(ﬂ't)
im0 \k
“poof” For large n and k ~ n/2,

k n—k =) g
t t t t S t
G- -F0-9 () -2
=il J/ = J = J J ™ 0
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Apéry limits and lower bounds

THM . n n S () .
s-zudilin Any telescoping recurrence for <k) solved by A;”(n) if 0 <25 <.
21

k=0

(fine print: for large enough n)

—S

AG) (n, 1) == 1:0 (Z)S f[l (1 _ ;) nl:[k (1 4 ;) =3 A m) 2

Jj=1 j=0
JZT"I?'/"I‘ lim AES)(n) = [t¥] mt ) € Q50
21 n—oo AG)(n) sin(mt) >

® |n the case j = 1, this settles previous conjectures:
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Apéry limits and lower bounds

THM . n n S () .
s-zudiin Any telescoping recurrence for <k) solved by A;”(n) if 0 <25 <.
4l k=0 (fine print: for large enough n)

—S

= $ 0 [10-DT -] g e

k=0 j=1 >0
THM o ' LN
S-Zudilin iy _J ] =[] [ — € 19Qs
21 n—oo A(s) (n) sln(m‘)

® |n the case j = 1, this settles previous conjectures:

= 3, 4 numerically observed by Cusick (1979)

= 3 proved by Zagier (2009)

= 5 conjectured by Almkvist, van Straten, Zudilin (2008)
> 3 conjectured by Chamberland-S (2020)

S
S
S
S
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Apéry limits and lower bounds

THM . n n S () .
s-zudilin Any telescoping recurrence for <k) solved by A;”(n) if 0 <25 <.
21

k=0

(fine print: for large enough n)

—S

= $ 0 [10-DT -] g e

k=0 j=1 >0
THM o ' LN
S-Zudilin iy _J ] =[] [ — € 19Qs
21 n—oo A(s) (n) sln(m‘)

® |n the case j = 1, this settles previous conjectures:

® s = 3,4 numerically observed by Cusick (1979)
® s = 3 proved by Zagier (2009)
® s =5 conjectured by Almkvist, van Straten, Zudilin (2008)
® s > 3 conjectured by Chamberland-S (2020)
THM . " /n\°
s-zudiin Any telescoping recurrence for > < ) has order at least |5t ].
21 o \F
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Apéry limits and lower bounds

THM . "L /n\° @, |
s-zudilin Any telescoping recurrence for <k) solved by A;”(n) if 0 <25 <.
21

(fine print: for large enough n)

—S

Aty =S (Z)S 11 (1 _ ;) T <1+ ;) =3 A m) 2

k=0 j=1 =1 >0
THM A ' s ]
S-Zudilin iy _J ] =t (= g € 19Qs

21 n—oo A(s) (n) sm(m‘)

® In the case j = 1, this settles previous conjectures:

® s = 3,4 numerically observed by Cusick (1979)
® s = 3 proved by Zagier (2009)
® s =5 conjectured by Almkvist, van Straten, Zudilin (2008)
® s > 3 conjectured by Chamberland-S (2020)
THM " /n\°
e H s+1
S-Zudiln Any telescoping recurrence for <k> has order at least | *3=].

k=0

® This implies Franel's conjecture on the exact order
if the minimal-order recurrence is telescoping. True at least for s < 30.
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Conclusions and some open questions

® Applications of Apéry limits:
® |rrationality proofs for ((2) and ((3)
® Explicitly construct the solutions guaranteed by Perron's theorem
® Continued fractions
® Prove lower bounds on orders of recurrences

new!
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Conclusions and some open questions

® Applications of Apéry limits:
® |rrationality proofs for ((2) and ((3)
® Explicitly construct the solutions guaranteed by Perron's theorem
® Continued fractions
® Prove lower bounds on orders of recurrences new!

® Many open questions! For instance:

® Cusick '89 and Stoll '97 construct recurrences for Franel numbers.
Can these constructions produce telescoping recurrences?
® What can we learn from other families of binomial sums?
Also, it would be nice to simplify some of the technical steps in the arguments.
® Can we (uniformly) establish the conjectural Apéry limits for CY DE's?
® Can we explain when CT falls short? And algorithmically “fix" this
issue?
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THANK YOQOU!

Slides for this talk will be available from my website:
http://arminstraub.com/talks

M. Chamberland, A. Straub
Apéry limits: Experiments and proofs
American Mathematical Monthly, Vol. 128, Nr. 9, 2021, p. 811-824

A. Straub, W. Zudilin
Sums of powers of binomials, their Apéry limits, and Franel's suspicions
International Mathematics Research Notices, to appear, 2022. arXiv:2112.09576
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