On the Gaussian binomial coefficients,
the simplest of ¢-series

Analytic and Combinatorial Number Theory: The Legacy of Ramanujan
A Conference in Honor of ’s 80th Birthday

Armin Straub

(University of South Alabama) includes joint work with:

e N Sam Formichella
BCB-+1 day, 2017 (University of South Alabama)

On the Gaussian binomial coefficients, the simplest of g-series Armin Straub 1/29




Basic g-analogs

g-binomial coefficients

A g-analog reduces to the classical object in the limit ¢ — 1.

DEF
® g-number: [n],

1
=14+qg+...4""

1
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BaSiC q'analogs g-binomial coefficients

A g-analog reduces to the classical object in the limit ¢ — 1.

DEF e g-number: [n]q = qq __11 =1+4q+. ”qnfl
* gfactorial  [nl,t = o], b1, [, = RO

For g-series fans:

D]. e g-binomial: (Z)q _ [k]q![[z](i - (¢ q.)n

(@ Dr(@ Dk
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BaSiC q'analogs g-binomial coefficients

A g-analog reduces to the classical object in the limit ¢ — 1.

DEF e g-number: [n]q = qq __11 =1+4q+. ”qnfl
* gfactorial  [nl,t = o], b1, [, = RO

For g-series fans:

o 5 - . Yy _ i = (:9)
D]_ g-binomial: <k>q =, [nq_ K (@ k(d Dnr

EG 6\ 6-5
B)=
6\ _(U+e+@++a'+)(A+a++d°+qY)
2[17 1+g¢
=(1-q+)1+q+@)1+q+*+7 +q")
=13], =[5],

On the Gaussian binomial coefficients, the simplest of g-series Armin Straub



BaSiC q'analogs g-binomial coefficients

A g-analog reduces to the classical object in the limit ¢ — 1.

DEF e g-number: [n]q = qq __11 =1+4q+. ”qnfl
* gfactorial  [nl,t = o], b1, [, = RO

For g-series fans:

o 5 - . Yy _ i = (:9)
D]_ g-binomial: <k>q =, [nq_ K (@ k(d Dnr

EG 6 6-5
= - 3 . 5
(6)=%
6\ _(U+e+@++a'+)(A+a++d°+qY)
2 7 o 1 +q
(1) = 1 =(1-q+@)(1+q+)A+aq+*+ +q*)
becomes invisible —®g(q) :[3](1 :[5]q
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CyClOtomiC pOlynomials g-binomial coefficients

DEF The nth cyclotomic polynomial:

®u(g)= [] (@—¢" where ¢ = ¢*™/"

1<k<n
(k,n)=1
irreducible polynomial (nontrivial; Gauss!) with integer coefficients
q" -1 :
° [n]q =T 1= H Dy(q) For primes: [p], = ®,(q)
q 1<d<n

dln

EG
P5(q)=¢*"+¢* +q*+q+1

P0(0)=¢"-¢"+ -+ —"+F —q+1
®105(q) = g% + ¢'7 + g% — ¢® — ¢12 — 2" — g0 _ ¥
F PP+ 4 PP 4P+ P — P — 26—
- B SRS L QTR L L B C SIS T SRR
=2 - -+ +q+1

9
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g-binomials: factored and expanded

g-binomial coefficients

e (2) - e _ Y] otqy 1l = Lhfd] = Lin = 1)/l

k), [Klgn—kg ey € {0,1}
proof n
[n],! = H H dy(q H Ln/dJ
m= ld\ d=2
d>1 ]
e |n particular, the g-binomial is a polynomial. (of degree k(n — k))
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g-binomials: factored and expanded

g-binomial coefficients

LEM

n nl,! @ n/d| — |k/d| — |(n—k)/d
factored (k> _ [k] '% ]q_ k] ' _ Hq)d(q) |_ / J L / J L( E{O i{ J
. gn s :
proof n (/]
[n]g! = H H P4(q H ®a(q)
m=1d|m d=2
d>1 ]
e |n particular, the g-binomial is a polynomial. (of degree k(n — k))
EG 6\ _ s 7 6 5 4 3 2
i o) =1 +q"' +2¢° +2¢°+3¢ +2¢° +2¢" +q+1
q
9
(3> — ¢'® + q'7 + 2¢'0 4 3¢5 + 4¢M 1 5¢'3 + 742
q +7q11—1—8(]10+8q9+8q8+7q7+7q6+5q5
+4¢* +3¢° +2¢° + ¢ + 1
o The coefficients are positive and unimodal. Sylvester, 1878
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g-binomials: combinatorial ) e

THM normalized sum of Y’
(Z) =) zy:q“’(y) where w(Y') = Zyj =4

; D2

The sum is over all k-element subsets Y of {1,2,...,n}.

EE {1 2} {1,3), {1, 4} (2,3}, {2.4}, {3 4}

SN\ W

() =1+q+2¢*+@P+¢*
q
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g-binomials: combinatorial ) e

THM n normalized sum of Y’
(k) = qu(y) where w(Y') = Zyj —j
v ; D2
The sum is over all k-element subsets Y of {1,2,...,n}.
EG
{1 2} {1 3} {1 4} {2 3} {2 4} {3 4}

\\ N/ /S

=1+q+2¢*+@P+¢*
q

The coefficient of ¢™ in (Z)q counts the number of

e k-element subsets of n whose normalized sum is m,
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g-binomials: combinatorial ) e

THM n normalized sum of Y’
(k) = qu(y) where w(Y') = Zyj —j
v ; D2
The sum is over all k-element subsets Y of {1,2,...,n}.
EG
{1 2} {1 3} {1 4} {2 3} {2 4} {3 4}

SN\ W

() =1+q+2¢*+@P+¢*
q

The coefficient of ¢™ in (Z)q counts the number of
e k-element subsets of n whose normalized sum is m,

e partitions A of m whose Ferrer's diagram fits in a
k x (n — k) box.
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g-binomials: three characterizations

g-binomial coefficients

THM The g-binomial satisfies the ¢g-Pascal rule:

E=

n—1

k—1

R

n—1

k

),

D3
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g-binomials: three characterizations

g-binomial coefficients

THM The g-binomial satisfies the ¢g-Pascal rule:
(1), (:20), = (")
k/, k—1/, k /),

> = number of k-dim. subspaces of Fy
q

THM -
(v

D3

D4
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g-binomials: three characterizations ) e

THM The g-binomial satisfies the ¢g-Pascal rule:

(), G0 =(%), D3
THM (n

k:) = number of k-dim. subspaces of F D4
q

THM Suppose yx = gzy (and that ¢ commutes with x,y). Then:

cor-2() (D5
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q-CaICUIUS g-binomial coefficients

DEF The g-derivative:

D,f(x) = fgz) — f(=z)

qr —x
EG qz no_ pn qn -1
DqCL‘n — ( ) _ n—1 _ [n] xn—l
qr — T q—1 g
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q-CaICUIUS g-binomial coefficients

DEF The ¢-derivative: ® Dyeg =eg .
s Yy _— LTty
qx) —J & ® G € =6
qu(l') = f(;:i() provided that yz = qzy
— —x
q ® el - €1)q = 1
EG ) — ™ n_ 1
DqCL‘n — (q ) — q mn—l [n] xn—l
qr — q—1 g
. o~ z" >\ (z(1 — )" 1
e The ¢g-exponential: ef = = =
! ;;; [n],! nz;; (¢ Dn (z(1 - 9);0)e
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q-CaICUIUS g-binomial coefficients

DEF The ¢-derivative: ® Dyeg =eg .
z) — f(x o % .Y = ety
qu(l') = w prgvidedqthat qu: qzy
q ° eg el = 1
Dq.fl,‘n — (qm) x _ q Z‘n_l [n]q xn_l
qr — T q—1
. o~ z" >\ (z(1 — )" 1
o The g-exponential: ¢f = = =
e ! nZ:O [n],! nz;; (% D)n (1= q); oo
e The q—integra|: from formally inverting Dy
f@)dgz = (1-q)> q"zf(q"x)
0 n=0
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q-CaICUIUS g-binomial coefficients
DEF The ¢-derivative: ® Dyeg =eg .
x) — f(x o ¥ .Y =efTY
qu(l') = fi(q ) f( ) prgvidedqthat yacq: qry
qr — 06?617221
EG ) — ™ n_ 1
D);a5" = (g2) _ 4 " =[n] 2™t
qr — q—1 g
) — " L (z(1—q))" 1
e The ¢g-exponential: ef = = =
! ;;; [n],! nz;; (¢ Dn (z(1 - 9);0)e
e The q—integra|: from formally inverting Dy
xr o0
[ 1@ dei=0-0 > aafa)
0 n=0

e The g-gamma function: D6

s =s s 5) = Oomsflefz x
Lo+ 1) =B, Ta(s) | Tafe) | e,

o(n+ 1) = [
Can similarly define g-beta via a g-Euler integral.
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Summary: the g-binomial coefficient S e

The g-binomial coefficient has a variety of natural characterizations:

(n) N ) P (X )
k), kI =kl (@ @)e(@ On—r
e Via a g-version of Pascal’s rule

e Combinatorially, as the generating function of the element sums of
k-subsets of an n-set

* Geometrically, as the number of k-dimensional subspaces of Fy
e Algebraically, via a binomial theorem for noncommuting variables
e Analytically, via g-integral representations

e Not touched here: quantum groups arising in representation theory and
physics
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Binomial coefficients with

integer entries

Daniel E. Loeb
Sets with a negative number of elements
Advances in Mathematics, Vol. 91, p.64-74, 1992

1989: Ph.D. at MIT (Rota)
1996+: in mathematical finance
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A function in two variables Negative binomials

== —T

This scale is also visible along the line y = 1.

On the Gaussian binomial coefficients, the simplest of g-series Armin Straub 10 / 29




A function in two variables

Negative binomials

== —T

This scale is also visible along the line y = 1.

This is a plot of:

<a:> _ I(z+1)
y) Ty+Dl(z—y+1)

Defined and smooth on R\{z = —1,-2,...}.

. no evidence that the graph of C' has ever been plotted before ...
David Fowler, American Mathematical Monthly, Jan 1996
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A function in two variables

Negative binomials

== L—

This scale is also visible along the line y = 1.

This is a plot of:

<a:> _ I(z+1)
y) Ty+Dl(z—y+1)

Defined and smooth on R\{z = —1,-2,...}.

Directional limits exist at integer points:

lim —EAFE N llirn 7F(_1+5) =3r
e—0\—4+71e)  2es0 ['(—3 +re) -

. (-1 1

since I'(—n+¢) = o +0(1)

. no evidence that the graph of C' has ever been plotted before ...
David Fowler, American Mathematical Monthly, Jan 1996
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A function in two variables Negative binomials

o This is a plot of:

<a:> _ T(z+1)
y) Ty+Dl(z—y+1)

Defined and smooth on R\{z = —1,-2,...}.

Directional limits exist at integer points:

lim<—2+s> 11. I(-1+e¢) _

S0\ —a+re) T 2150 (=3 +7re)
: C(-1m1
since I'(—n+¢) = o +0(1)

DEF For all z,y € Z:

(sc) . Nx+1+e¢)
y)  e=0T(y+1+el(z—y+1+e)

This scale is also visible along the line y = 1.

. no evidence that the graph of C' has ever been plotted before ...
David Fowler, American Mathematical Monthly, Jan 1996
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Sets with a negative number of elements Negative binomials

DEF Hybrid sets and their subsets
negative multiplicity
{ ]" ]‘7 4 | 2’ 3’ 3 }

positive multiplicity

On the Gaussian binomial coefficients, the simplest of g-series Armin Straub 11/ 29




Sets with a negative number of elements

Negative bino

mials

DEF Hybrid sets and their subsets

negative multiplicity
{1’174| 2’3’3}

positive multiplicity

Y C X if one can repeatedly remove elements from X and
thus obtain Y or have removed Y.

removing = decreasing the multiplicity of an element with nonzero multiplicity

EG Subsets of {1,1,4|2,3,3} include:

(remove 4) {41}, {1,1]2,3,3}
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Sets with a negative number of elements

Negative bino

mials

DEF Hybrid sets and their subsets
negative multiplicity
{ ]" ]‘7 4 | 2’ 3’ 3 }

positive multiplicity

Y C X if one can repeatedly remove elements from X and
thus obtain Y or have removed Y.

removing = decreasing the multiplicity of an element with nonzero multiplicity

EG Subsets of {1,1,4|2,3,3} include:

(remove 4) {41}, {1,1]2,3,3}
(remove 4,2, 2) (2,2,4|}, {1,12,2,2,3,3}

Note that we cannot remove 4 again. {4,4]|} is not a subset.
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Counting subsets of hybrid sets Negative binomials

3 elements: —4 elements:
* New sets: {24} or  {[1,2,4,5)
all multiplicities 0, 1 all multiplicities 0, —1

THM For all integers n and k, the number of k-element subsets of an
Loeb o
1992 n-element new set is ‘(Z)‘

EG A usual set like {1,2, 3|} only has the usual subsets.
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Counting subsets of hybrid sets Negative binomials

3 elements: —4 elements:
* New sets: {24} or  {[1,2,4,5)
all multiplicities 0, 1 all multiplicities 0, —1

THM For all integers n and k, the number of k-element subsets of an
Loeb o
1992 n-element new set is ‘(Z)‘

EG A usual set like {1,2, 3|} only has the usual subsets.

nEG,g o (;3>' = 6 because the 2-element subsets of {|1,2,3} are:
Ly, {21y {3l {220 {230 {33}
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Counting subsets of hybrid sets Negative binomials

3 elements: —4 elements:
* New sets: {24} or  {[1,2,4,5)
all multiplicities 0, 1 all multiplicities 0, —1

THM For all integers n and k, the number of k-element subsets of an
Loeb o
1992 n-element new set is ‘(Z)‘

EG A usual set like {1,2, 3|} only has the usual subsets.

nEG,g ° (;3>' = 6 because the 2-element subsets of {|1,2,3} are:
{1y {2l {3l {220 {230} {3,313
° (:i)' = 3 because the —4-element subsets of {|1,2,3} are:
{1,1,2,3}, {]1,2,2,3}, {|1,2,3,3}
On the Gaussian binomial coefficients, the simplest of g-series Armin Straub

12 /29



The binomial theorem

Negative binomials

THM

1992

Here, we extract appropriate coefficients:

g

{a*}f(2) =

by,

n

oeb  For all integers n and k, <k> = {z"}(1 + 2)™

if k>0

around z = 0:

flz) = Z apz®

k>ko

if k<0

around z = oo:

fl@)=> bja*

k>ko
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The binomial theorem Negative binomials

THM ) n & n
Loch For all integers n and k, (k) = {z"}(1 +z)".
Here, we extract appropriate coefficients: around @ — O:
ap | ifk>0 fl@) =" apa*
[t} (@) =
by | ifk<O ; :
fl@)=> bja*
k>ko
EC  (1+4+2)3=1-3z+62%— 1023 +152* + O(z®) asz—0
(1+z)3=23-3c7*4+6x7°4+0(z%) as & — 00
Hence, for instance, — —
' 3\ _ 15, 3\ _ .
4 -5
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g-binomial coefficients with
integer entries

DEF For all integers n and k,

S. Formichella, A. Straub
Gaussian binomial coefficients with negative arguments
Annals of Combinatorics, 2019
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The g-binomial theorem

Negative g-binomials

THM
Famicela Suppose yx = qry. For n,k € Z, <Z> = {zFy"F}(z + )"
q

Again, we extract appropriate coefficients:

ag

{e*y" Y (2 y) =

bi

if k>0

if k<0

around z = 0:

f@) = 3 araky

k>ko

around z = oo:

f(.’IZ) _ Z b_kxfkynJrk

k>ko
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The g-binomial theorem

Negative g-binomials

THM
Famicela Suppose yx = qry. For n,k € Z, <Z> = {zFy"F}(z + )"
q

Again, we extract appropriate coefficients:

ag

if k>0

{zFy"FY f(2,y) =
bi

if k<0

EG

—il
=Y

(3), >

k>0

(z+y) =y eyt + D)

DD @y

k>0

(71)kq—k(k+1)/2

around z = 0:

f@) = 3 araky

k>ko

around z = oo:

f(.’IZ) _ Z b_kxfkynJrk

k>ko

kE —k—1
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Counting subsets of hybrid sets, g-version Negative q-binomials

g Forallnkez, (1) =e3 g0 002 g
S 2019 k p =

The sum is over all k-element subsets Y of the n-element set | X,

e=1if0<k<n e=(-DFifn<0<k e=(-D" Fifk<n<o.
o {0,1,....n—=1]} fn=>=0 a(Y) :ZMy(y)y
{1-1,-2,...,n} ifn<0 yey
My (y) is the multiplicity of y in Y.
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Counting subsets of hybrid sets, g-version Negative q-binomials

g Forallnkez, (1) =e3 g0 002 g
S 2019 k p =

The sum is over all k-element subsets Y of the n-element set

Xn

e=1if0< k< n. e=(-)Fifn<o<k e=(—1)""Fifk<n<o.

n -

{|-1,-2,...,n} ifn<0 yey

EG The —4-element subsets of X 3 = {| — 1, -2, -3} are:

n=—3

{{0,1,...,n—1|} ifn>0 U(Y>::ZMY(

Y)Yy

My (y) is the multiplicity of y in Y.

{1-1,-1,-2,-3}, {|-1,-2,-2,-3}, {]-1,-2,-3,-3}

o=17 oc=28 oc=9
-3 _ _ — (k=
Hence, (_4) =—(¢3+q¢g2+q71). (subtract X1 — 1)
q
On the Gaussian binomial coefficients, the simplest of g-series Armin Straub
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Conventions for binomial coefficients Negative q-binomials

Option advertised here: Alternative:

™) .= lim U lra) (”) =0 ifk<0
k) e0T(k+1+el(n—k+1+¢) k
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Conventions for binomial coefficients Negative q-binomials

Option advertised here: Alternative:
") = lim ehdhdo) (”) =0  ifk<0
k) e0T(k+1+el(n—k+1+¢) k
e Pascal’s relation if (n, k) # (0,0) e Pascal’s relation for all n,k € Z

(-G
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Conventions for binomial coefficients Negative q-binomials

Option advertised here: Alternative:
") = lim ehdhdo) (”) =0  ifk<0
k) e0T(k+1+el(n—k+1+¢) k
e Pascal’s relation if (n, k) # (0,0) e Pascal’s relation for all n,k € Z
n\ (n—1 n n—1
E)  \k-1 k
e used in Mathematica (at least 9+) e used in SageMath (at least 8.0+)
e used in Maple (at least 18+)

EG Binomiall[-3, -5]
> 6

QBinomial[-3, -5, ¢]
> 0

Similarly, expand (QBinomial(n,k,q)) in Maple 18 results in a division-by-zero error.
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Application: Lucas congruences Negative g-binomials

THM Let p be prime. For integers n, k > 0,

W=C )G moan,

1878
where n;, respectively k;, are the p-adic digits of n and k.

EG 3019 _ 10 7 10 _ O (mOd 17)LHS has 854 digits
1939/ — \ 1 12 6)

= 3019 is prime and happy

E‘ ls

On the Gaussian binomial coefficients, the simplest of g-series Armin Straub 18 / 29




Application: Lucas congruences

Negative g-binomials

THM Let p be prime. For all integers n, k,

(ZS) (Zi) (Zz) ... (modp),

1878
where n;, respectively k;, are the p-adic digits of n and k.

" NE
L) =
EG 3019 10 7 10 O ( d 17)LHS has 854 digits
= = m
1939 1 )\12) 6 ©

= 3019 is prime and happy

EG 11 3\ 75\ /6\ /6 LHS = 43,758
()= Q) Q) (H)(6) =521 ooan
« N
Note the (infinite) 7-adic expansions: E‘

—11=3+5-7T+6-7"4+6-7+...
—19=244-7T+6-7"4+6-7+...
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Application: ¢-Lucas congruences

Negative g-binomials

THM Let m > 2 be an integer. For integers n, k > 0,

(Dq _ (Zg)q(z:) (mod ®,,,(q)),

n=ng+n'm
k=ko+Kkm

Désarménien
19

where

B. Adamczewski, J. P. Bell, and E. Delaygue.
Algebraic independence of G-functions and congruences "& la Lucas”
Annales Scientifiques de I'Ecole Normale Supérieure, 2016

with ng, kg € {0,1,...,77”1,—1}.
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Application: ¢-Lucas congruences

Negative g-binomials

THM Let m > 2 be an integer. For all integers n, k,

(Z>q _ (Zs)q@:) (mod ®,,,(q)),

n=ng+n'm
k=ko+Kkm

Désarménien
19

Formichella
S 2019

where with ng, ko € {0,1,...,m — 1}.

B <j€1)>q - @)q (:?))) =-2(1+q+¢°) (modds(q))

1

o LHS:W(1+q+2q2+3q3+5q4+...+q80)

® ¢ =1 reduces to (~
B. Adamczewski, J. P. Bell, and E. Delaygue.

Algebraic independence of G-functions and congruences "& la Lucas”
Annales Scientifiques de I'Ecole Normale Supérieure, 2016
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Advertisement: More Lucas congruences et T

Apéry’s proof of the irrationality of ((3) centers around:

am=> (1) (")

k=0
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Advertisement: More Lucas congruences et T

Apéry’s proof of the irrationality of ((3) centers around:

am=> (1) (")

k=0
Pt A(n) = A(ng)A(m1) --- A(ny)  (modp),
1982

where n; are the p-adic digits of n.

o Gessel's approach generalized by Mclntosh (1992)

R. J. MclIntosh
A generalization of a congruential property of Lucas.
Amer. Math. Monthly, Vol. 99, Nr. 3, 1992, p. 231-238
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Advertisement: More Lucas congruences et T

Apéry’s proof of the irrationality of ((3) centers around:

am=> (1) (")

k=0

Pt A(n) = A(ng)A(m1) --- A(ny)  (modp),
1982
where n; are the p-adic digits of n.

o Gessel's approach generalized by Mclntosh (1992)
® 6+ 6 + 3 sporadic Apéry-like sequences are known.

THM Every (known) sporadic sequence satisfies these Lucas congruences

Malik-S 0
2015 modulo every prime.

A. Malik, A. Straub
Divisibility properties of sporadic Apéry-like numbers
Research in Number Theory, Vol. 2, Nr. 1, 2016, p. 1-26

R. J. MclIntosh
A generalization of a congruential property of Lucas.
Amer. Math. Monthly, Vol. 99, Nr. 3, 1992, p. 231-238

On the Gaussian binomial coefficients, the simplest of g-series Armin Straub 20/ 29




Application: Apéry number supercongruences Negative g-binomials
The Apéry numbers

n 2 2
n n+k
A =
k=0
satisfy many interesting properties, including supercongruences: > 5 prime

B Ap'm —1)=A@p"'m —1)  (modp®)
1985
THM -
Coster A(p'm) = A(p"~'m)  (modp®)
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Application: Apéry number supercongruences Negative g-binomials
The Apéry numbers

am=> (1) ("1

k=0
satisfy many interesting properties, including supercongruences: > 5 prime
THM —
Beukers Ap'm —1)=A@p"'m —1)  (modp®)
THM —
Coster A(p'm) = A(p"~'m)  (modp®)
2 2

e Extend A(n) to integers n: _ n\"(n+k

A= 4 k

keZ

e [t then follows that: A(=n) = A(n — 1)

Uniform proof (and explanation) of Beukers/Coster supercongruences
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Ramanujan-type series for 1/7

4L 7! 3+13 1.3 3+19 1.3.5 3+
T 4\2 42 \ 2.4 43 \2.4.6

The Berndt’s have mastered
approximating 7:

Harvey Berndt: 3.11

Bruce Berndt: 3.13

Sonja Berndt: 3.14

Srinivasa Rlamanujan o The best kind of .
Modular equations and approximations to m ( day 2014, Bruce's office)
Quarterly Journal of Mathematics, Vol. 45, p. 350-372, 1914 Y !

Nayandeep D. Baruah, Bruce C. Berndt, Heng Huat Chan
Ramanujan’s series for 1 /7: A survey
American Mathematical Monthly, Vol. 116, p. 567-587, 2009

On the Gaussian binomial coefficients, the simplest of g-series Armin Straub

22 /29



Ramanujan 'S Sel’ies fOl' 1/7T Ramanujan-type series for 1 /7

LT 3+13 1.3 3+19 1.3.5\°
T 4\ 2 42\ 2.4 43 \ 2.4.6

oo
1/2)3 1
:Z(/'S)n +1)
n! 4n

Z n'3 42 +5)

\ oo

e Starred in High School Musical,
a 2006 Dlsney prOdUCtlon noticed by Heng Huat Chan with his kids Si Min and Si Ya

Srinivasa Ramanujan
Modular equations and approximations to 7
Quarterly Journal of Mathematics, Vol. 45, p. 350-372, 1914
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Ramanujan 'S Sel’ies fOl' 1/7T Ramanujan-type series for 1 /7

LT 3+13 1.3 3+19 1.3.5\°
T 4\2 42 \ 2.4 43 \2.4.6

o0 3
L

Z n'3 42 +5)

e Starred in High School Musical,

a 2006 Disney prOdUCtion noticed by Heng Huat Chan with his kids Si Min and Si Ya
e First proof of all of Ramanujan's 17 series for 1/7 by Borwein brothers ('87)
Srinivasa Ramanujan

Modular equations and approximations to 7
Quarterly Journal of Mathematics, Vol. 45, p. 350-372, 1914
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A modular approach to series for 1/7 R A i

e Suppose we have a sequence a,, with modular parametrization

S gy = 400

modular modular
function form
e Then: -
n_ z(7)
Zan(A + Bn)x(r)" = Af(1) + B=—=f'(1)
n=0 z (T)
> )3 1 16
T;) (420 +5) oo = —
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A modular approach to series for 1/7 R A i

e Suppose we have a sequence a,, with modular parametrization

Zan = f(r) .

| I—
modular modular
function form
e Then: -
n_ z(7)
Zan(A + Bn)x(r)" = Af(1) + B=—=f'(1)
- . _ 16
)26n - ?

FACT For 7 € Q(v—d):
e z(7) is an algebraic number.
. x(7)
a'(7)

fl(r) =cf(r) +g for algebraic numbers ¢, d.
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p-adic analogs and series for 1/72 Remanojar-typs eries fur 1,/

e Guillera found (and in several cases proved)
Ramanujan-type series for 1/72 such as

o~ _ (3) > 8

For the proven series only WZ style proofs are known.
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p-adic analogs and series for 1/72

Ramanujan-type series for 1 /7

e Guillera found (and in several cases proved)
Ramanujan-type series for 1/72 such as

oo l5

For the proven series only WZ style proofs are known.

e As observed by van Hamme and Zudilin,
series for 1/m have (often conjectural) p-analogues:

EG oo (1 ; 3
n=0 :
(1, (0, By, 1 2y (=2
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p-adic analogs and series for 1/72

Ramanujan-type series for 1 /7

e Guillera found (and in several cases proved)
Ramanujan-type series for 1/72 such as

oo l5

For the proven series only WZ style proofs are known.

e As observed by van Hamme and Zudilin,
series for 1/m have (often conjectural) p-analogues:

EG oo (1 ; 3
n=0 :
S RORO

e Recently: first g-analogs by Guo and Liu (2018) via ¢-WZ

Krattenthaler: quadratic transformations of g-hypergeometric series
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g-analogs

Ramanujan-type series for 1 /7

e One of Ramanujan’s 17 series for % and it's p-adic analog:

Fn = i M(SnJr 1), Fo = 2? <

n1332n o Fp=p|—
n=0
THM 2)2 2 3. 2
Guo o2 q, n (49%)2n (0% 0%) (g
.. L LD (g, 1 1), Fao(g) =
Z;[;’l"s'" Z )2 (625 ¢%)2n [ Jo Foold) (% ¢%)oo(

Foa@ =0 20aly (22) mod ol (a))

Here, n needs to be coprime to 6.
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g-analogs

Ramanujan-type series for 1 /7

e One of Ramanujan’s 17 series for % and it's p-adic analog:

o~ (1), (5), () 2v3
4/n \2/n \4/n — 3
FN :Zw(Sn‘i’l), FOO:T’ Fp—l = <7> (modp )
n=0
Tgllu!VI Z 2n? qa 12’1, (Q7 ) [8 + 1] E (q) _ (q37 qz)oo(qga qﬁ)oo
. bl oo -
gen )2 (0% ¢)an ! (6% )¢ ¢°)
o _3 —
Foa@ =0 20aly (22) mod ol (a))
Here, n needs to be coprime to 6.
=G (44" == gt fa bk
lim =" = hm H
a—1 (g% q%), ool P 1 — getdk e + dk
so that
i (G (@ _ (3), (3), (B),
=1 (% ¢°)7 (4% ¢*)an n3gan
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Creative microscoping

Ramanujan-type series for 1 /7

THM For n coprime to 6:
Guo Z 2n? qa'q2 )n(9/a; ¢*)n (q,q )2n 8n + 1]
2018 (¢%a; ¢°)n(45/a; ¢%)n (4% 4)2n @

L@ ;qﬁ)oo(q7;q6)oo(q“a;q )oo(2%/0; %) oo
Foolaig) = (a2 4%) o0 (0% 4%) 00 (q%a; 4%) 0o (45 /5 ¢5) oo

Fyea(ai ) = %), () (nod (1 - ag”)a - )
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Creative microscoping

Ramanujan-type series for 1 /7

THM 2 5 For n coprime to 6:
Guo 9n? qa'q )n(q/a;0%)n (q,q) .
‘018" Z (¢%a; ¢%)n(q 6/a' 45)n (4% 6*)2n [Bn 1o
v (@%54%)00(d";6%) 0 (6% a5 ¢%) oo (6° /05 ¢%) o
Pue(030) = (o ) ) (655 )oo @/ )

Fpoi(a;q) = q_("_l)/2 [n]q (%3) (mod [n]g(1 — ag™)(a —¢"))

proof The series is obtained by specializing a known g-hypergeometric series.

0
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Creative microscoping

Ramanujan-type series for 1 /7

THM For n coprime to 6:
Gu.o_ Z on2 Qa' q2 n(Q/U/? q2)n (q’ q ) [Sn + 1]
0is. (¢5a; ¢%)n(q5/; ¢%)n (g% ¢®)2m -

L@ ;qﬁ)oo(q7;q6)oo(q“a;q )oo(2%/0; %) oo
Foolaig) = (a2 4%) o0 (0% 4%) 00 (q%a; 4%) 0o (45 /5 ¢5) oo

Fpoi(a;q) = q_("_l)/2 [n]q (%3) (mod [n]g(1 — ag™)(a —¢"))

proof The series is obtained by specializing a known g-hypergeometric series.

The congruence follows if one can show the identity

Fp1(a;q) = qi(nil)m[n]q (73) [n]lq, 1 —aq™,

. n a — q"™ are coprime!
in the three cases:
® g =, where { # 1 is an nth root of unity (hence, congruence mod [n],)
e g = q_n and a = qn (hence, congruences mod 1 — aq™ and a — ¢™)
]
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Creative miCl’OSCOping Ramanujan-type series for 1 /7

THM N For n coprime to 6:
Guo N on? (905 ¢*)n(q/a; ¢*)n (q,q) .
e V0= D G i s (s
v (@%54950(q% %) oo (qaq) (@®/a;¢%)o0
Foo(39) = {02 ) oo g 0 )on (65 e (€5 e

Fpoi(a;q) = q_("_l)/2 [n]q (%3) (mod [n]g(1 — ag™)(a —¢"))

proof The series is obtained by specializing a known g-hypergeometric series.

The congruence follows if one can show the identity

-3
—(n—1)/2
Faai) =020, () [nla, 1= aa,
. a — q"™ are coprime!
in the three cases:
® g =, where { # 1 is an nth root of unity (hence, congruence mod [n],)
e g = q_n and a = qn (hence, congruences mod 1 — aq™ and a — ¢™)

In the latter cases, Fio(¢";q) = Fp—1(¢"™; ¢) terminates and the iden-
tity follows directly from the series. O
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H igher Order COﬂjeCtUl’es Ramanujan-type series for 1 /7

Gourévitch 2 3 2 .
2002 Z n!72g" (168n° + 76n” + 14n + 1) = =

0

n

e Correspondingly, Zudilin (2009) conjectures that, for p > 3,

G -1
> ot (16807 +76n% + 14n 4 1) = <?> p®  (modp").
n=0
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H igher Order Conjectu I'es Ramanujan-type series for 1 /7

Gourévitch 2 3 2 .
2002 ,;] n!72g" (168n° + 76n” + 14n + 1) = =

e Correspondingly, Zudilin (2009) conjectures that, for p > 3,

SEOH 1
2/n — (=
> gt (1680° +76n® + 14n + 1) = (p) p®  (modp").
n=0

Are there g-analogs? With an additional parameter to permit
creative microscoping? Hence a Guo-Zudilin style proof!
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H igher Order Conjectu I'es Ramanujan-type series for 1 /7

Gourévitch
2002 > ot (16807 +76n% + 14n +1) = =
n=0

e Correspondingly, Zudilin (2009) conjectures that, for p > 3,

S —1\ 4 7
Z 7o (168n® + 76n? 4 14n + 1) = n p°  (modp").
n=0

Are there g-analogs? With an additional parameter to permit

creative microscoping? Hence a Guo-Zudilin style proof!
CONJ (1)7(1) (3) ol1
D> %(4368% +20632n® + 4340n% + 466n + 21) = —
n Y
n=0

¢ Additional instances of such sequences for 1/7™ for m > 37
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Happy birthday, Bruce!

+86

Samsun (August 2014)

Thank you for being an amazing mentor, supporter, friend and role model!

On the Gaussian binomial coefficients, the simplest of g-series Armin Straub 29 /29




	q-binomial coefficients
	Negative binomials
	Negative q-binomials
	Ramanujan-type series for 1/

