Special values of trigonometric
Dirichlet series

Legacy of Ramanujan
OPSFA-13, NIST

Armin Straub
June 3, 2015

University of lllinois at Urbana—Champaign

Includes joint work with:

0 . P ]
Z sec?(mny/5) 14 4 oS
_— = —T7 i i
nt 135 >
n=1
o
tan®(mn+/6) 35,159
Z 5 - 4
—= n 17,820v/6
Bruce Berndt
University of lllinois at Urbana—Champaign
Special values of trigonometric Dirichlet series Armin Straub

1/17




Rough outline

examples of special values of trigonometric Dirichlet series

e main result on special values and outline of strategy

just a brief comment on convergence

introduction to Eichler integrals of Eisenstein series

open problems (possibly unimodularity, if time permits)
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Basic examples of trigonometric Dirichlet series

e Euler's identity:

[e.e]
1 1 . BQm
- _ 2 2m
; n2m 2( i) (2m)!
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Basic examples of trigonometric Dirichlet series

e Euler's identity:

o0

2 am = gl

n=1

e Half of the Clausen and Glaisher functions reduce, e.g.,

> 2
ST oty (7). pol(r) = (B —or+2).

n=1
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Basic examples of trigonometric Dirichlet series

e Euler's identity:

o0

D = ) G

n=1

e Half of the Clausen and Glaisher functions reduce, e.g.,

o 2
cos(mnT) T
Z n2m = pob’m(T)v polyl (7') = E (37'2 — 67 + 2) .
n=1

e Ramanujan investigated trigonometric Dirichlet series of similar type.
From his first letter to Hardy:

i coth(mn) 1977
— n” 56700

In fact, this was already included in a general formula by Lerch.
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One of Ramanujan’s most famous formulas

THM For o, 3 > 0 such that o3 = 72 and m € Z,

Ramanujan,
Grosswald

M+l S| o C@m+1)
{ 2 +Ze%n—1}(_5) { >

n=1
+1
,22mm2: B2n Bom—ont2  m-nt1 an
(2m —2n + 2)! ’

€9 n72m71
Z e?ﬁn —1
=il
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One of Ramanujan’s most famous formulas

RTﬂ”'Y' For a, 8 > 0 such that aﬁ—w and m € Z,

€9 —2m—1 €9 —2m—1
am{§(272+1)+2;an_1}(_5)m{§(2m+1)+zn }

2 e26n — 1
n=1 n=1

m+1
_92m Z n B Bam—ontz  moni1 g,
(2n)! (2m — 2n + 2)!

e In terms of 3 cot(3) —

N\H

£i(r) = i cot:;nr)’ et —1
n=1

Ramanujan’s formula takes the form

B B
F2m—2 2k 1 28 2k—2s _2s5—1
€2m 1( ) €2m 1( ) ( Z 2](5 — 28) T .
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One of Ramanujan’s most famous formulas

THM For o, 3 > 0 such that o3 = 72 and m € Z,

Ramanujan,

Grosswald
o cem+1) & nml o cem+1) & n2ml
m _ m
@ { R +Z€20¢n_1 7(_ﬁ) 2 +;€25"—1

n=1
1
_92m mg: n B Bam—ontz  moni1 g,
(2n)! (2m — 2n + 2)!

1
e In terms of > cot(mnr) ot — 1 =z cot(3) — 3
&(r) = Z TR
n=1
Ramanujan’s formula takes the form
Bas  Bog—a. _
T2 21 (—1) = Gomo1(7) = (=1)F(2m) %~ 12 > TQ;)TQS L

th 1977
e Set m = 4 and 7 = i to obtain Z co (Wn) = 56977;)0'

n=1
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Special values of trigonometric Dirichlet series

2n+1 - 32’

n=0 n=1

RaEaS.ja,. i tanh((2n + 1)7/2) 73 io: 1)nt! csch(ﬂ'n) 3
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Special values of trigonometric Dirichlet series

Rafaﬁja“ i tanh((2n + 1)7r/2) 3 io: 1)nt! csch(ﬂ'n) _ L?’
= 2n +1)3 - 32’ = 360
o 145
1%3?% cot (7rn +2f) _ 73 Z tan(7(2n + 1)v/5) _ 2375
— n T 45V5 (2n+1)° 3456V5
THM | et 7 = (a+by/c)/2 for a,b,c € Qwith ¢ > 0 and a®—cb* = 4e,
w6 e =41, If k> 1,
i COt(ﬂ-nT) _ (_1)k_1(27")%_1 Z B2s BQIcst 7_2571
o e 1 — er2k—2 = (25)! (2k — 25)!
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Special values of trigonometric Dirichlet series

Rafaﬁja" i tanh((2n + 1)7r/2) 3 io: 1)nt! csch(ﬂ'n) _ 3
P 2n I 360
0o 1+v5
1%3?% cot (Wn 3 ) _ Z tan(m(2n +1)v5) _ 237°
= n? 455 (2n+1)° 34565
THM | et 7 = (a+by/c)/2 for a,b,c € Q with ¢ > 0 and a®—cb? = 4e,
1976 e =41, If k> 1,
© k—1 2%k—1 F
Z cot(mnt)  (=1)""(27) Z By, Boj_os 251
— e 1 — er2k—2 = (25)! (2k — 25)!
EG >, cot?(mnl3) 31 >, esc2(mnts) 1
L Y =, Y -
Tsumura n4 2835 5670
2013 n=1 n=1

(Here, C3 is the primitive third root of unity.)
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Secant zeta function

e Lalin, Rodrigue and Rogers introduce and study

1/13(7) = Z bec(;‘:”—)
n=1

e Clearly, ¥5(0) = ((s). In particular, 12(0) = 5
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Secant zeta function

e Lalin, Rodrigue and Rogers introduce and study

a(r) = Z sec(wm').

n=1 n®
2
e Clearly, ¥5(0) = ((s). In particular, 12(0) = 5
EG 2 2
BV =T, wWH =T
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Secant zeta function

e Lalin, Rodrigue and Rogers introduce and study

a(r) = Z sec(wm').

n=1 n®
2
e Clearly, ¥5(0) = ((s). In particular, 12(0) = 5
EG 2 2
LRR 13 1/}2(\/5) __m™ wg(\/é) - QL

CONJ For positive integers m, r,

Yom(VT) € Q- ™.

e proof completed independently by Berndt—S and Charollois—Greenberg
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Special values of trigonometric Dirichlet series

sEzg;u i sec?(mny/5) _ £ﬂ4
n* 135

n=1
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Special values of trigonometric Dirichlet series

sEzg;u i SeCQ(ﬂ'n\/g) _ £ﬂ4
n* 135

I
i,

n

cot?’(mny/5) 13

2 ~ 945"

NE

i
I
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Special values of trigonometric Dirichlet series

sEzg;u i SeCQ(Wn\/g) — £ﬂ4
n4 135
n=1
i cot?(mnv/5) 13
nt 945"
n=1
i csc?(mny/11) 8 4
i S e N G
nt 385
n=1
i sec3(mnv/2) 2483 4
=— 0y
nt 5220
n=1
> tan3(7n/6) 35,159
Z 5 - 7T
n 17,820V/6

3
Il
N

4
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Special values of trigonometric Dirichlet series

e Fora,beZ, let triga’b = sec® csc? be any product/quotient of
trigonometric functions.

THM .
S 2014 i trlga’b(ﬂ'np)

nS

e 7°Q(p)

n=1
provided that
e p is a real quadratic irrationality,
e s > max(a,b, 1) + 1 (so that the series converges),

e s and b have the same parity.
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Special values of trigonometric Dirichlet series

e Fora,beZ, let triga’b = sec® csc? be any product/quotient of
trigonometric functions.

THM .
S 2014 i trlga’b(ﬂ'np)

nS

e 7°Q(p)

n=1
provided that
e p is a real quadratic irrationality,

e s > max(a,b, 1) + 1 (so that the series converges),

e s and b have the same parity.

e If, in addition, p2 € Qand a+ b > 0, then the value is in (7p)°Q.

EG >, (cos cot)(mn/2) [1 253 ] 3
S (meotlm/) _[1__29 ),
— n 2 360v2

(Here, (a,b) = (—2, 1) does not satisfy a + b > 0.)
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Strategy

ab > trig?®(mnp)
e Rough strategy how to evaluate ¥2°(p) = E —
(trig“‘b = sec” cscb) n=1 n
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Strategy

o .
trig®®(mn
e Rough strategy how to evaluate wg’b(p) = Z y3
(trig™® = sec® csc?) n=1 "

e Trivial case: ¢ < 0 and b < 0. If s > 1 has the same parity as b, then
Yot (r) =7 f(7),

where f(7) is piecewise polynomial in 7 with rational coefficients.

EG In terms of Bernoulli polynomials we have, for 0 < 7 < 1,

o0

cos(2mnT —1)mt+l (27)2m
$hexomn) _ (g,
n=1 !
> sin(2rnT il ()i
Z (27n+1 ) = ( ) ( ) | B2m+1 (7_) :
= on 2 (2m + 1)!
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Strategy

o .
trig®®(mn
e Rough strategy how to evaluate wg’b(p) = Z y3
(trig™® = sec® csc?) n=1 "

e Trivial case: ¢ < 0 and b < 0. If s > 1 has the same parity as b, then
Yet(r) =7 f(7),
where f(7) is piecewise polynomial in 7 with rational coefficients.

sec
csc
cot
tan

e Modular cases: If (a,b) is one of (1,0), (0,1), (—1,1), (1,—1), then
¥@(7) are essentially Eichler integrals of Eisenstein series.

EG In terms of Bernoulli polynomials we have, for 0 < 7 < 1,

o0

cos(2mnT —1)mt+l (27)2m
$ etz _ O Oy
n=1 !
> sin(2rnT il ()i
Sosiumnr) _ (e o
= on m+ 2 (2m + 1)!
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Strategy

o .
trig®®(mn
e Rough strategy how to evaluate wg’b(p) = Z y3
(trig™® = sec® csc?) n=1 "

e Trivial case: ¢ < 0 and b < 0. If s > 1 has the same parity as b, then

Yt (r) = f(7),

where f(7) is piecewise polynomial in 7 with rational coefficients.

"™ o Modular cases: If (a,b) is one of (1,0), (0,1), (—1,1), (1,—1), then
CSC a.b . . . . . .

cot &7 (7) are essentially Eichler integrals of Eisenstein series.

tan

o For the general case, we use simple reduction identities, such as

sec?(7) esc?(1) = sec? () 4 csc?(7),
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Strategy

b . trig®®(rnp)
¢ Rough strategy how to evaluate 3 (p) = Z o A\
n

S
(trig“‘b = sec” cscb) n=1
e Trivial case: ¢ < 0 and b < 0. If s > 1 has the same parity as b, then
b
Y () =m f(7),
where f(7) is piecewise polynomial in 7 with rational coefficients.

sec

csc ® Modular cases: If (a,b) is one of (1,0), (0,1), (=1,1), (1, 1), then
cot ¥@(7) are essentially Eichler integrals of Eisenstein series.

tan
o For the general case, we use simple reduction identities, such as

sec? (1) csc? (1) = SGCQ(T) + CSCQ(T),
and (here, a is odd)
1
(a—1)!

to connect with the trivial and (derivatives of the) modular cases.

sec?(t) = (D?* + (a—2)*)(D*+ (a—4)?) - - - (D* +1?) sec(7),
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A glance at convergence

o Yy(r) =) Sec(nﬂ has singularity at rationals with even denominator

st
sh
v l . AL . ! . . L. .
04 06 08\_/~m—t0 T ’o 2 (' 04 0. 08 WMO
5| St

Re 1o (T + €i) with € = 1/100 Re o (7 + €i) with € = 1/1000
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A glance at convergence

sec(ﬁm')

o Yy(r) =) has singularity at rationals with even denominator

st
sh
v l . AL . ! . . L. .
04 06 08\_/~—i0 T ’oz (' 04 0. 08 WMO
5| St

Re 92 (7 + €i) with e = 1/100 Re 92 (7 + €i) with € = 1/1000
T The series v, (r) = > boc(nﬂ converges absolutely if
Lalin—
Rodrigue— _ .
Rogers O T = p/q with ¢ odd and s > 1,
2013

© 7 is algebraic irrational and s > 2.

e Proof uses Thue-Siegel-Roth, as well as a result of Worley when
s =2 and 7 is irrational
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Ramanujan-type transformation formulas by residues

« Obviously, ¢s(7) = 3 Sec(nm”) satisfies 1 (7 + 2) = 15(7).

S

THM - -
2m—1 o _ \2m—1
SACE (1+7)"" tom <1 +7-> (L =7)"" om (1 7_>
= 2™ rat(T)
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Ramanujan-type transformation formulas by residues

sec(mnT)

e Obviously, ¥s(1) = Z s satisfies 15(7 4+ 2) = 14(7).

THM T T
2m—1 o _ \2m—1
LRZIE,UBS (1+7) Yom <1 m 7') (1—-7) Yam <1 — T>
= 2™ rat(T)
proof Collect residues of the integral
1 sin (77z) dz

Ie=— .
7 omi c sin(m(1+ 7)z)sin(n(1 — 7)z) 251!

C are appropriate circles around the origin such that I — 0 as
radius(C) — oo. O
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Ramanujan-type transformation formulas by residues

sec(mnT)

e Obviously, ¥s(1) = Z s satisfies 15(7 4+ 2) = 14(7).

THM T T
2m—1 2m—1
LRZIE,UBS (1+7) Pom <1 - 7') —(1-7) Vom, <1 — T>
_ . 2my,2m—1 Sin(TZ)
= A = s s £ 77
proof Collect residues of the integral
1 sin (77z) dz

Ie=— .
7 omi c sin(m(1+ 7)z)sin(n(1 — 7)z) 251!

C are appropriate circles around the origin such that I — 0 as
radius(C) — oo. O
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Ramanujan-type transformation formulas by residues

sec(mnT)

e Obviously, ¥s(1) = Z s satisfies 15(7 4+ 2) = 14(7).

THM
LRR. B (1 + 1) Lepo, <1 1T> — (1= 7)*" g, (1 i T>
I sin(72)
=T [Z ]Sin((l fr;-)z) sin((l +T)Z)
EG - 1 oT(37% + 47 + 2)
e <27‘+1> B 2T+1¢2(7—)—|—ﬂ' 6(27 + 1)
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Ramanujan-type transformation formulas by residues

sec(mnT)

e Obviously, ¥s(1) = Z s satisfies 15(7 4+ 2) = 14(7).

THM
LRR. B (1 + 1) Lepo, <1 1T> — (1= 7)*" g, <1 i T>
I sin(72)
=T [Z ]Sin((l fr;-)z) sin((l +T)Z)
EG - 1 oT(37% + 47 + 2)
& <27‘+1> B 27—1—11!)2(7)_'_# 6(27 +1)2

e Hence, 19, transforms under 72 = <(1) ?) and R? = <; ?)

o Together, with —I, these two matrices generate I'(2).
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Special values from transformation formulas

THM For any positive rational 7,

Yom(Vr) € Q- ™.

2013
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Special values from transformation formulas

THM For any positive rational 7,

LRR, BS
2013
Yom(VT) € Q- 72T
EG 3r+4

2 is f
is fixed by70—>2 s

Special values of trigonometric Dirichlet series Armin Straub 12




Special values from transformation formulas

THM For any positive rational 7,

LRR, BS
2013
Yom(VT) € Q- 72T
EG 3r+4
2 is f
is fixed byrH2 s

e We have the functional equation

3T+4\ 1 (1+2)(3r2 +87+6) ,
¥2 <2T+3> = g 6(27 + 3)2
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Special values from transformation formulas

THM For any positive rational 7,

LRR, BS
2013
Yom(VT) € Q- 72T
EG 3r+4
2 is f
is fixed byrH2 s

e We have the functional equation

3T+4\ 1 (1+2)(3r2 +87+6) ,
¥2 <2T+3> = g 6(27 + 3)2

o For 7 = /2 this reduces to

Pa(V2) = (2v2 = 3)¢ha(V2) + %(\f —2)x2.
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Special values from transformation formulas

THM For any positive rational 7,

Yom (V) € Q- ™

2013

EG 31 +4

V2 is fixed by 7+ =———

21 +3°
e We have the functional equation
3r4+4) 1 (1+2)(3r2 +87+6) ,
¥2 <2T+3> = "2 3302 6(27 + 3)2

For 7 = v/2 this reduces to

Pa(V2) = (2v2 = 3)¢ha(V2) + %(\f —2)x2.

Hence, ¢9(V2) = —

m
)
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Modular forms

There's a saying attributed to Eichler that there are five funda-
mental operations of arithmetic: addition, subtraction, multipli-
cation, division, and modular forms.

Andrew Wiles (BBC Interview, “The Proof”, 1997)

DEF  Actions of v = (2%) € SLa(Z):

at +b
e onT€H by V-T—m,
eonf:H—Chy (fFls)(7) = (er + &)~ f (v - 7).

Armin Straub
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Modular forms

There's a saying attributed to Eichler that there are five funda-
mental operations of arithmetic: addition, subtraction, multipli-
cation, division, and modular forms.

Andrew Wiles (BBC Interview, “The Proof”, 1997)

DEF  Actions of v = (2%) € SLa(Z):

at +b
e onT€H by V-T—m,
eonf:H—Chy (fFls)(7) = (er + &)~ f (v - 7).

DEF A function f: H — C is a modular form of weight k if

° flgy=fforallyeTl, I < SLy(Z),
e f is holomorphic (including at the cusps).

Armin Straub
13 /17
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Modular forms

There's a saying attributed to Eichler that there are five funda-
mental operations of arithmetic: addition, subtraction, multipli-
cation, division, and modular forms.

Andrew Wiles (BBC Interview, “The Proof”, 1997)

DEF  Actions of v = (2%) € SLa(Z):

at +b
e onT€H by V-T—m,
eonf:H—Chy (fFls)(7) = (er + &)~ f (v - 7).

DEF A function f: H — C is a modular form of weight k if

° flgy=fforallyeTl, I < SLy(Z),
e f is holomorphic (including at the cusps).

20 fr+)=f(m),  TFf(=1/7) = f(9).

SL2(Z)

Armin Straub
13 /17
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Eisenstein series and Eichler integrals

QE% Eisenstein series of weight 2k:
SLo (Z

/ 1
Gar(T) = (mr + )%

m,n€z
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Eisenstein series and Eichler integrals

EG _ k
L8 Eisenstein series of weight 2k: o(n) %d
/ 1 (2mi) 2k &
Gop(T) = —— = 2¢(2k) +2 o
2k(7) Z (mT + n)% ¢ I'(2k) Z 21
m,n€z
Special values of trigonometric Dirichlet series Armin Straub
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Eisenstein series and Eichler integrals

EG _ k
L8 Eisenstein series of weight 2k: ox(n) = %d
/ 1 (2m)2k =
= —— =2(¢(2k) + 2
)= 2 Ty~ 2O gy 2w

e An Eichler integral is what we get by integrating a weight k£ modular
1 d

. d
form & — 1 times. As usual, the derivative is D = — — = q¢—.
27mi dT dq
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Eisenstein series and Eichler integrals

EG Eisenstein series of weight 2k:

/ 1
2 Tor s

SL2(2)

Gok(T) =

m,n€z

e An Eichler integral is what we get by integrating a weight k£ modular
1 d

form k — 1 times.

EG

integrate

oo
> o 1(n)g"
n=1

=Y d

din

2 2k
= 2¢(2k) +2( i) ZU% |

T(2k)

d

As usual, the derivative is D = — — = q¢—.
27mi dT dq
o0
02k — 1
> = n2k 1 Z o1-2¢(n)q"
n=1
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Eisenstein series and Eichler integrals

EG _ k
L8 Eisenstein series of weight 2k: o(n) %d

, )2k 2
Gar(r) = Y (;2_24(% +2(2 ) ZU% 1

ot (M7 +n)2k I'(2k)

e An Eichler integral is what we get by integrating a weight k£ modular
1 d

form & — 1 times. As usual, the derivative is D = — — = qi.
27mi dT dq
EG > n integrate 09— 1
ZU%A(H)Q - Z T 1 Zal 2k(n)q"
n=1 n=1
e Eichler integrals are characterized by
Fla—p(y = 1) = poly(7), degpoly <k —2.

Special values of trigonometric Dirichlet series Armin Straub

14 /17



Eisenstein series and Eichler integrals

EG _ k
L8 Eisenstein series of weight 2k: o(n) %d

, )2k 2
Gar(r) = Y (;Q_QC(% +2(2 ) ZU% 1

ot (M7 +n)2k I'(2k)

e An Eichler integral is what we get by integrating a weight k£ modular
1 d

. d
form & — 1 times. As usual, the derivative is D = — — = q¢—.
27mi dT dq
=L = integrate 09— 1
ZU%A(")Q” - Z T 1 Zal 2k(n)q"
n=1 n=1

e Eichler integrals are characterized by
Fla—p(y = 1) = poly(7), degpoly <k —2.

e poly(7) is a period polynomial of the modular form f.
The period polynomial encodes the critical L-values of f.
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Eisenstein series and Eichler integrals

EG _ k
L8 Eisenstein series of weight 2k: ox(n) = %d
/ 1 (2m)2k =
= —— =2(¢(2k) + 2
)= 2 Ty~ 2O gy 2w

e An Eichler integral is what we get by integrating a weight k£ modular
1 d

. d
form & — 1 times. As usual, the derivative is D = — — = q¢—.
27mi dT dq

EG cot(mnr)
The series is an Eichler integral of G (7).
; n2k—1 ) 2k(7)
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Eisenstein series and Eichler integrals

EG _ k
L8 Eisenstein series of weight 2k: ox(n) = %d
/ 1 (2m)2k =
= —— =2(¢(2k) + 2
)= 2 Ty~ 2O gy 2w

e An Eichler integral is what we get by integrating a weight k£ modular
form & — 1 times. As usual, the derivative is D = ii = qi.
27mi dT dq

EG

cot 7Tn7' . .
The series Z 2k is an Eichler integral of Gax(7).
n=1

o Differentiating the cotangent series 2k — 1 times, after using
N

cot(mr) = ! Z = _1|_ 7 Jim >

=N

we indeed get Gop, up to a factor and the constant term.
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Ramanujan’s famous formula, again

THM For o, 3 > 0 such that o3 = 72 and m € Z,

Grosswald

) C@m 1) | ] C@m A1)
“ { 2 +Ze2an—1}_(_ﬂ) { 2

n=1
m—+1
B2n Bom—2n+2 _
_22m 1 m—n+1 n.
nzo( N (@m—2n+ 201" p

€9 n—2m—1
+ Z e?ﬂn -1

n=1
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Ramanujan’s famous formula, again

S HM For o, f > 0 such that a8 = 72 and m € Z,
Grosswald
) C@m 1) | o fcemtl) & pmet
“ { 2 +;e2an—1 =(=h) 2 +;e2ﬂ"—l
m+1
B2n Bom-—2n+2 _
_92m " m—n+1gn
HZO( W @m—amy P
v _ 1 cot(Z) — 1
e In terms of > cot(mnT) i 2) -3
=3 )

n=1
Ramanujan’s formula takes the form

. By, B s s—
220 1(=1) — &g (1) = (-1 2“’“2 S
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Ramanujan’s famous formula, again

THM For o, 3 > 0 such that o3 = 72 and m € Z,

Ramanujan,
) C@m 1) | o [cemr1) & pomel
am{ 2 +Ze2°‘”—1 = (=A™ 2 +Ze2ﬂn—1

Grosswald

n=1 n=1
m+1
B B
_92m 2n 2m—2n+2 m—n+1 gn
2 )1y N (@m—2n+ 201" pr.
n=0
L cot(Z) — L
e |n terms of © cot(mnT) or —1 2 2 2
=3
n=1

Ramanujan’s formula takes the form

By, B s s—
P22 1 (— 1) — Eamoa(7) = (~1)F(2m) % 12 S

e Adjusting for the missing term in &5 _1, the RHS is the period
polynomial of the Eisenstein series Goy.
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Some open questions

e We have seen how to evaluate trigonometric series such as

—_— = =T .

isecQ(Wn\/g) 14 4
nA 135

n=1

e However, our method proceeds in a very recursive way. Can we give
more explicit results or proofs?
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Some open questions

e We have seen how to evaluate trigonometric series such as

Zsec 2(rnV/B) 14 4
nt 135 ’

n=1

e However, our method proceeds in a very recursive way. Can we give
more explicit results or proofs?

e In which cases can we evaluate more general series such as the

following?
i cot(mnTy) - - - cot(mnt,)
S

n=1 n
EG 0 2 4 6
o Z(_l)nﬂ csc(mnds) csc(mn?) - - - ese(mnds) _ 7

= nS 935,550

2013 n=1

(Here, (5 is the primitive fifth root of unity.)

Special values of trigonometric Dirichlet series Armin Straub




THANK YOU!

Slides for this talk will be available from my website:
http://arminstraub.com/talks

B. Berndt, A. Straub
On a secant Dirichlet series and Eichler integrals of Eisenstein series
Preprint, 2014

A. Straub
Special values of trigonometric Dirichlet series and Eichler integrals
The Ramanujan Journal (special issue dedicated to Marvin Knopp), 2015
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http://arminstraub.com/talks

Unimodular polynomials

DEF p(z) is unimodular if all its zeros have absolute value 1.
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Unimodular polynomials

DEF p(z) is unimodular if all its zeros have absolute value 1.

e Kronecker: if p(.:U) S Z[x] is monic and unimodu|ar, hence Mahler measure 1,
then all of its roots are roots of unity.
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Unimodular polynomials

DEF p(z) is unimodular if all its zeros have absolute value 1.
e Kronecker: if p(.:U) S Z[Qf] is monic and unimodu|ar, hence Mahler measure 1,
then all of its roots are roots of unity.

- 2+ §o 1= (o+ 5H) (o + 35)
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Unimodular polynomials

DEF p(z) is unimodular if all its zeros have absolute value 1.

e Kronecker: if p($) S Z[x] is monic and unimodu|ar, hence Mahler measure 1,

then all of its roots are roots of unity.

EG . T
&+ 8o 1= (ot 28) (z + 35%)

EG

Lehmer w0429 — 27— 6 20 434,41

has only the two real roots 0.850, 1.176 off the unit circle.

Lehmer's conjecture: 1.176 . . . is the smallest Mahler measure (greater than 1)
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Ramanujan polynomials

e Following Gun—Murty—Rath, the Ramanujan polynomials are

k

_ Bs kas s—1
Rk(X)_Egji(k_s)!X .
S=l

Special values of trigonometric Dirichlet series Armin Straub 19 /23




Ramanujan polynomials

e Following Gun—Murty—Rath, the Ramanujan polynomials are

k

Bs kas s—1
Ri(X) = 2_:0 ER( S)!X .

THM All nonreal zeros of R (X) lie on the unit circle.

Murty-

Smyth- : +1
oy For k > 2, Ror(X) has exactly four real roots which approach +2*".
Special values of trigonometric Dirichlet series Armin Straub
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Ramanujan polynomials

e Following Gun—Murty—Rath, the Ramanujan polynomials are

k

Bs kas s—1
RMX):E%;T%_SMX .

THM All nonreal zeros of Ry (X) lie on the unit circle.

urty-
oy For k > 2, Ror(X) has exactly four real roots which approach +

THM C(2k—1)
(271.1‘)219—1

tainsmitn Rop,(X) + (X%~2 1) is unimodular.

el

Special values of trigonometric Dirichlet series Armin Straub
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Unimodularity of period polynomials

THM For any Hecke cusp form (for SLa(Z)), the odd part of its period

Conrey-

Farmer-  nolynomial has

Im;(r)vllozglu 1
e trivial zeros at 0, £2, ii'

e and all remaining zeros lie on the unit circle.
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Unimodularity of period polynomials

THM For any Hecke cusp form (for SLa(Z)), the odd part of its period

Conrey-

Farmer-  nolynomial has

Imamoglu
2012

1
e trivial zeros at 0, +2, ii'

e and all remaining zeros lie on the unit circle.

THM For any Hecke eigenform (for SLy(Z)), the full period polynomial

El-Guindy—

Rai2013 has all zeros on the unit circle.
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Unimodularity of period polynomials

THM For any Hecke cusp form (for SLa(Z)), the odd part of its period

Conrey-

Farmer-  nolynomial has

Im;(r)vllozglu 1
e trivial zeros at 0, £2, ii'

e and all remaining zeros lie on the unit circle.

THM For any Hecke eigenform (for SLy(Z)), the full period polynomial

El-Guindy—

Rai2013 has all zeros on the unit circle.

Q What about higher level?
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Generalized Ramanujan polynomials

e Consider the following generalized Ramanujan polynomials:

k k—s—1
Bsy Bi_sy (X —1 ~
Re(X;x,1p) = ) == : 1— X!
kXX ¥) 275 -\ M ( )
e Essentially, period polynomials: X, ¥ primitive, nonprincipal

Rp(LX + 15 x,¢) = const - Ex(X; X, ¥)|2-£(1 — R)
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Generalized Ramanujan polynomials

e Consider the following generalized Ramanujan polynomials:

k k—s—1
Bsy Bi_sy (X —1 .
Ri(X;x, 1) = X : 1-X°
e Essentially, period polynomials: X, ¥ primitive, nonprincipal

Rp(LX + 15 x,¢) = const - Ex(X; X, ¥)|2-£(1 — R)

PROP e Foreven k > 1,
Berndt-S k

2013 ‘ _ Bs Bk—s )
Re(X;1,1) =) T S)!X

s=0

o Ri(X;x,) is self-inversive.
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Generalized Ramanujan polynomials

e Consider the following generalized Ramanujan polynomials:

k k—s—1
Bsy Bi_sy (X —1 .
Ri(X;x, 1) = X : 1-X°
e Essentially, period polynomials: X, ¥ primitive, nonprincipal

Rp(LX + 15 x,¢) = const - Ex(X; X, ¥)|2-£(1 — R)

PROP e Foreven k > 1,
Berndt-S k

2013 ‘ B Bs By, o
Be(X31,1) = Z sl (k— s)!X

s=0

o Ri(X;x,) is self-inversive.

CONJ If y, 1) are nonprincipal real, then Ry (X; x, ) is unimodular.
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Generalized Ramanujan polynomials

EG
For x real, conjecturally unimodular unless:
e x = 1: Ryx(X;1,1) has real roots approaching 21
® X =3—: Ropy1(X;3—,1) has real roots approaching —2*!
Special values of trigonometric Dirichlet series Armin Straub
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Generalized Ramanujan polynomials

EG

For x real, conjecturally unimodular unless:
e x = 1: Ryx(X;1,1) has real roots approaching 21

® X =3—: Ropy1(X;3—,1) has real roots approaching —2*!

EG
. Ri(X;1,7)
Conjecturally:

e unimodular for 1 one of
3—,4—,54,8+,11—,124,13+,19—, 214, 24+, . ..

¢ all nonreal roots on the unit circle if ¢ is one of
14+,7—,15—,17+,20—,23—,24—, ...

e four nonreal zeros off the unit circle if 1 is one of
35—,59—,83—,131—,155—,179—, ...
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Generalized Ramanujan polynomials

e A second kind of generalized Ramanujan polynomials:

k
Bs Bk—s s—1
RuX) =3 X
s=0
k k—s—1
) Bsy Bp—sy (LX
k(XX ) = Z{) sl (k—s)! (M)

e Obviously, Si(X;1,1) = Ri(X).

Special values of trigonometric Dirichlet series Armin Straub 2323




Generalized Ramanujan polynomials

e A second kind of generalized Ramanujan polynomials:

k

Bs Bk—s s—1
RX) =) G o™
s=0
k k—s—1
' Bsy Bp—sy (LX
S = 32 P e (5F)

e Obviously, Si(X;1,1) = Ri(X).

CONJ If x is nonprincipal real, then Si(X;x, x) is unimodular (up to
trivial zero roots).

Special values of trigonometric Dirichlet series Armin Straub

23 /23



