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Introducing the log-sine integrals

Definition

o (Generalized) log-sine integrals:

Lsy, (o) = —/ log™ ™1
0

Lst) (o) = —/ 0k logn—1-*
0

0
2 sin —| df
sm2’

0
2 sin —| df
sm2‘

L. Lewin
Polylogarithms and associated functions
North Holland, 1981




Introducing the log-sine integrals

Definition

o (Generalized) log-sine integrals:

Lsy, (o) = —/ log™ ™1
0

Lst) (o) = —/ 0k logn—1-*
0

0
2 sin —| df
sm2’

0
2 sin —| df
sm2‘

o Almost periodic:

k
Lst® (2mm) — Ls{ (2mmr — o) = > (=1)"~ (2mm)? (’;) Ls? 9 (o)

e So, without much loss, 0 <o <7
Of special interest: 7/3, 7/2, 2n/3, 7
L. Lewin

Polylogarithms and associated functions
North Holland, 1981

Applications a evaluations o — Armin Straub




Introducing the log-sine integrals

Interesting and queer

It’s not just us who find it intriguing that, for instance:

aspects of the trilogarithm in Chapter 6 are, I belicve, also novel, as are the
log-sine integrals of Chapter 6 and 7. These functions, too. have their queer
special numerical results. Perhaps. to keep the torch burning, it would not be out
of p/l;ce to record, for example, the relation

Ky

[ o log? (2 sin %#) df = 17 7*/6480;

maybe in its own way as interesting as> any of Landen’s curious formutas.

Applications and evaluations of ine integrals — Armin Straub




Introducing the log-sine integrals

Basic log-sine integrals at 7

An exponential generating function (Lewin)

)\” A+ (A
__ZLS"+1 m = (A)
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Introducing the log-sine integrals

Basic log-sine integrals at 7

An exponential generating function (Lewin)
T(1+A) ()\)
~=-N1s — T -
Z nt1 ( BT (1+2) A

Example (Mathematica)

FullSimplify[D[-Pi Binomiall[x,x/2], {x,5}1 /.x->0]

Lss (r) = 2 7¢(5) + o 7%C(3)
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Introducing the log-sine integrals

Basic log-sine integrals at 7

An exponential generating function (Lewin)
__ ZLSn+1 % = (i\)
Example (Mathematica)
FullSimplify[D[-Pi Binomial[x,x/2], {x,5}] /.x->0]
Lss (r) = 2 7¢(5) + o 7%C(3)

Example (Maple)

simplify(subs(x=0,diff (-Pi*binomial (x,x/2),x$5)))

Applications and evaluations of log-sine integrals — Armin Straub




Introducing the log-sine integrals

Notation for polylogs
Doy oS depth &

o Multiple polylogarithm: weight w = aj + ...+ ag

zMm

Lia,,...a (2) = Z —a1_.an

ak
n .. -n
ni>>nE>0 1 k

o Multiple zeta values:

C(ala ce 7ak) = Lial,,..,ak(l)

Applications ions o — Armin Straub




Introducing the log-sine integrals

Notation for polylogs

depth &
o Multiple polylogarithm: weight w = aj + ...+ ag
. 2™
Ly, ap(2) = Y T
ni>>nE>0 1 k
o Multiple zeta values:
C(ai,...,ar) = Lig, . q,(1)
o Multiple Clausen and Glaisher functions:
[ Im Lig, . a (") if weven
Clal,-..,ak (9) - { Re Lial,...,ak (eie) if w odd
[ Re Liq,,.. q (e%) if w even
Gla,.ax (0) = { Im Lig, _q,(¢?) if w odd
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Introducing the log-sine integrals

Notation for polylogs

depth &
o Multiple polylogarithm: weight w = aj + ...+ ag

Example

sin(nd)
n2

o Vv 012(0)22

n=1

o Multiple Clausen and Glaisher functions:
[ Im Lig, . q,(e") if w even
Clay...a\ (0) = { Re Lig, .4 (e?) if w odd
(e”)
(€")

_ J Relig a if w even
Glos -0 () = { Im Lig, .. if w odd }
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Introducing the log-sine integrals

Notation for polylogs

depth &
o Multiple polylogarithm: weight w = aj + ...+ ag
Example i
> sin(nd
ol a1, (0) = Y 0)
n=1 n
00 n—1
cos(nd) 1
o s 0= 3 2D 51
n=1 fe=il

[ D€ Ligy, . q,\€7) ITwoud )

[ Re Liq,,.. q (e%) if w even
Gla...a; (0) = { Im Lig, _q,(¢?) if w odd
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A generating function

Theorem (Lewin, Borwein-S)

LA .
A" (’L/,L)k ) A (_1)nez71'§ _ i
- E Ls®) (m) — =1 E
n+k+1 A
nk=0 al n>0 \" ntp—7%

— Armin Straub




A generating function

Theorem (Lewin, Borwein-S)

n (;,,\k g T
(k) )\ (ip)® A\ (=1)"e'™2 — e'mH
Z Ls n+k+1 n! L ZZ n A
n,k=0 n=0

Example
= ) _ d2 i by (_1)nez7r% _eiwu
4 ( )_ d Qd)\z A
H n>0 \ p—3+tn A=p=0
(_1)n+1 3
=27 = —7((3)
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Special values of log-sine integrals

A generating function

Theorem (Lewin, Borwein-S)

LA .
A" (z,u)k ) A (_1)nez71'§ _ i
- E Ls®) (m) — =1 E
n+k+1 A
nk=0 al n>0 \" ntp—7%

_=nn 3 1

_ n o ) 2129+ * by
A=0 n>i1>ia > >ig_1 1L 2 a—l

-1
H

Note: Z (1) H[a}

nﬂ n—1

= Lig (130 (£1)

Thus Ls(®) () evaluates in terms of the Nielsen polylogs Lig {1ya (£1).

Applications and evaluations of log-sine integrals — Armin Straub




Special values of log-sine integrals

Log-sine integrals at general arguments
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Special values of log-sine integrals

Log-sine integrals at general arguments

dz
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Special values of log-sine integrals

Log-sine integrals at general arguments
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Special values of log-sine integrals

Log-sine integrals at general arguments

1 log(z) log (1-=2)
d 1 5
P Lig, . (2) = 2 Lix—1,..(2) 2 / ¢
— — L 1
)= 1og(;! 2)) - / Blog?(1 — ) df
1 i 2
- 5/0 0 [log(2 sin 2) +5(0—m)]" do
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Special values of log-sine integrals

Log-sine integrals at general arguments

) ei‘r L
Ligyl(l) = L1371(e”) — / M dz
1

z

Lil,l(z)
V4

dz

d 1 l/e” log(z)log?(1 — 2) &

-— Lik,m(z) = ; Lik_17,__(z)

Li{l}n(z) = TL!

2 1 y4
(= log(1 — 2))" _% / " flog2(1 — i) df
0
1 T

— 5/0 ] [log(25in§)+%(9—ﬂ)]2 do

Taking the real part:

1 1
Li3,1(1) = G13’1 (7‘) + TGlg’l (7-) + 5 LSS) (7_) bt e 2y

Applications and evaluations of log-sine integrals — Armin Straub




Special values of log-sine integrals

Log-sine integrals at general arguments

Theorem (Borwein-S)

¢k, {1} — kz: le gy (e7)
=
- () ) (3) cr e

Example (n =2, k = 3)

6¢(3,1,1) —6Clz 11 (1) — 67 Cly 11 (7)

3 3
= —Lsf" (1) + S Lsg” (r) — S Lsi? () +

3
1 “r? Lsgl) (1)

4
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Special values of log-sine integrals

Log-sine integrals at general arguments

Theorem (Borwein-S)

C(k, {137) =

- e )1>' S (")) (5) ol e

Thus Ls(®) (7) evaluates in terms of Nielsen polylogs Lig (1} (e').
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Special values of log-sine integrals

Implementation

1= << " ~/docs/mat h/mat henati ca/l ogsi ne. ni'

LsToLi: evaluating log-sine integrals in polylogarithmc terns
acconpanyi ng the paper "Special values of generalized | og-sine integrals"
-- Jonathan M Borwein, University of Newcastle
-- Armin Straub, Tulane University
-- Version 1.3 (2011/03/11)




Special values of log-sine integrals

Implementation

1= << " ~/docs/mat h/mat henati ca/l ogsi ne. ni'

LsToLi: evaluating log-sine integrals in polylogarithmc terns
acconpanyi ng the paper "Special values of generalized | og-sine integrals"
-- Jonathan M Borwein, University of Newcastle
-- Armin Straub, Tulane University
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in2)= Ls[4, 1, Pi /3] // LsToLi
17 74

O T G480

Armin Straub




Special values of log-sine integrals

Implementation

1= << " ~/docs/mat h/mat henati ca/l ogsi ne. ni'

LsToLi: evaluating log-sine integrals in polylogarithmc terns
acconpanyi ng the paper "Special values of generalized | og-sine integrals"
-- Jonathan M Borwein, University of Newcastle
-- Armin Straub, Tulane University
-- Version 1.3 (2011/03/11)

in2)= Ls[4, 1, Pi /3] // LsToLi
17 74
6480

out[2)=

3= $Assunmptions =0 <t < Pi;
Ls[4, 1, t] // LsToli

7'('4 7'l'2 '[2 T t3 'E4

oudr —— - —— + - —-2td [{2, 1}, ] -2d [{3, 1}, 1]
180 8 6 16

Armin Straub



Special values of log-sine integrals

Automatic identity proving

Example (Zucker, 1985)

Lsy (%) —2Tsg” (%) - 20321113207T6

Applicatio evaluations — Armin Straub




Special values of log-sine integrals

Numerical usage

1s52 = Ls[5, 2, 2Pi /3] // LsTolLi Y

8n° 8 27 8 27 27
-——-—m2d [ 1, —|--nad [ 1, ] 4@ |4 1,

1215 9 3’ 3 3 3 i
N[l $52] J]
-0.518109 3
N[l 52, 200] 7
-0.5181087868296801173472656387316967550218796682431532140673894724824649305920679150681

75917962342634092283168874070625727137897015228328288301238053344434601555482416349687 -

14264260545695615234087680879 i

M. Kalmykov and A. Sheplyakov
Isjk - a C++ library for arbitrary-precision numeric evaluation of the generalized log-sine functions
Comput. Phys. Commun., 172(1):45-59, 2005




Special values of log-sine integrals

Numerical usage

N[l s52 /. G - @ N, 1500]

-0.5181087868296801173472656387316967550218796682431532140673894724824649305920679150681 - -
75917962342634092283168874070625727137897015228328288301238053344434601555482416349687 -
14264260545695615234087680878833012527445245320056506539166335466076425659394333250236 -
87049969640726184300771080194491206383897172438431144956520583480735061744200663991920-
93696654189591396805453280242324416887003772837420727727140290932114280662555033148393 .
43461570179996800148516561538479800794462251034287692370208915162715787613074342208607 -
95684272267851194316130415660025248168631930719059428050383953496320954089250909368650 -
76348021184023670239583644806057248832860482325012577305626430596419547150044203276048 .
00106634686808425894080311707295955974893312124168605505481096916643118747707399772699-
56851527643420047879099575957095643692734164764408749282973029973226232121625055566818 .
30114729599994356746736194409733363832043702344721485710693124851381377842684298359762 -
79026626925221417350916538992701340335735800344885042108277484523036275064946011190424 .
59811005130115278072572035112490996023572267028136905616847286883594739156765000872274 .
11717157325323243049093924812034089344031355046971473084736335425552043083581553311864 -
66438095186801646124593643790174567328242096362671986654510449046395799515164344286422 .
08635703504412805245703566003353668141588912801872021979516938979998839459254088590449-
58384445320484841831373113232874381682309502784718565825251131932607853970603343274531 .
023502381511423660445880027683673379705

M. Kalmykov and A. Sheplyakov
Isjk - a C++ library for arbitrary-precision numeric evaluation of the generalized log-sine functions
Comput. Phys. Commun., 172(1):45-59, 2005
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Reductions of polylogarithms

o The (Nielsen) polylogarithms satisfy various relations:

Example (Weight 4, 20 = 7 — 1)
C1371 (7') = Cl4 (7’) — 0'C13 (T) + O'C(?))
7¢(4)
8
G

1 (o
Gl (1) = 3 Glaa (1) + 0 Glay (1) + T

4
Gl (1) = —% +C(2)0? -

Applications valuations of log-sine grals — Armin Straub




Reductions of polylogarithms

o The (Nielsen) polylogarithms satisfy various relations:

Example (Weight 4, 20 = 7 — 1)
C1371 (7') = Cl4 (T) — 0'C].3 (7’) + O'C(?))
7¢(4)
8
G

1 (o
Gl (1) = 3 Glaa (1) + 0 Glay (1) + T

4
Gl (1) = —% +C(2)0? -

o For the special argument 7 = 7/3 there are additional relations:

G (5) =1 (5) - 0 (5) - 59

Applications and evaluations of log-sine integrals — Armin Straub




Special values of log-sine integrals

Log-sine integrals at 7/3

° Ls,(f) (%) evaluates in terms of polylogarithms at w = eim/3

— the sixth root of unity

o Crucial: 1 —w=w = w?
, a1 . 1 .
Lig1,1(x) = ST log(1 — z)°logz — 3 log(1 — z)? Liy(1 — )

+ log(1 — ) Liz(1 — ) — Lig(1 — z)

o Currently, our implementation has a table of extra reductions built in
— a systematic study is under way

Applications and evaluations of log-sine in — Armin Straub




Application: Mahler measures

Mahler measure

o Mahler measure of p(x1,...,zy):

1 1
wu(p) :== / . / log |p (62“”1, .. ,e%itn) | dt1dts ... dt,
0 0

Applications a evaluations o — Armin Straub




Application: Mahler measures

Mahler measure

o Mahler measure of p(x1,...,zy):

1 1
wu(p) :== / . / log |p (62“”1, .. ,e%itn) | dt1dts ... dt,
0 0

o Jensen's formula:

1
/ log o + €2Mt| dt = log (max{|al,1})
0

Applications Ve 5 — Armin Straub




Application: Mahler measures

Mahler measure

o Mahler measure of p(x1,...,zy):

1 1
wu(p) :== / . / log |p (62“”1, .. ,62”it") | dt1dts ... dt,
0 0

o Jensen's formula:

1
/ log o + €2Mt‘ dt = log (max{|al,1})
0

Typical conjecture (Deninger, 1997)—proven by Rogers-Zudilin, 2011

15
pl4+z+y+1/z+1/y) = 4—7[_2LE(2)

where L is the L-series for an elliptic curve of conductor 15.

Applications and evaluations of log: rals — Armin Straub




Application: Mahler measures

Classical Mahler measures

° Jer115en's formula:

/ log ’oz + 62”“| dt = log (max{|«|,1})
0

Example (Smyth’s evaluations revisited)

1 1
wl+x+y) :/ / log‘1+e2ms+e%”‘dtds
0o Jo

Applications an uations of log-sine integrals — Armin Straub




Application: Mahler measures

Classical Mahler measures

° Jer115en's formula:
/ log ’oz + 62”“| dt = log (max{|«|,1})
0

Example (Smyth’s evaluations revisited)

1 1
wl+x+y) :/ / log‘1+e2ms+e%”‘dtds
0o Jo

1/3 ,
=2/ log‘l—i-ezms‘ds
0

Applications and evaluations of log-sine integrals — Armin Straub




Application: Mahler measures

Classical Mahler measures

° Jer115en's formula:

/ log ’oz + 62”“| dt = log (max{|«|,1})
0

Example (Smyth’s evaluations revisited)

1 1
,u(1+x—|—y):/ / log‘1+e2ms+e%”‘dtds
0o Jo
1/3 ,
=2/ log‘l—i-ezms‘ds
0

1/2 1
=2 log(2sin(ry)) dy = = Lsy (=
/1/6 og(2sin(my)) dy 52(3)

Applications and ations of log-sine integrals — Armin Straub




Application: Mahler measures

Classical Mahler measures

° JeTsen's formula:

/ log ’oz + 62”“| dt = log (max{|«|,1})
0

Example (Smyth’s evaluations revisited)

1 1
,u(1+x—|—y):/ / log‘1+e2ms+e%”‘dtds
0o Jo
1/3 ,
=2/ log‘l—i-ez’”s‘ds
0

1/2 . 1 -
= 2/1 log(2sin(my)) dy = = Lsy (—)

/6 3
2 . 7¢3)

Applications and evaluations of log-sine integrals — Armin Straub




Application: Mahler measures

A multiple Mahler measure

1 1k
w(p, - Dk) ::/ / Hlog |p¢ (ezmtl,...,e%it")|dt1dt2...dtn
0 0 =1

An example considered by Sasaki put in log-sine form

5/6 ‘
= / logk|1—62mt‘ dt
1/6

1 T

= —Lsgi <§> - %Lskﬂ ()

Applications and evaluations of log-sine integrals — Armin Straub




Application: Mahler measures

A multiple Mahler measure

1 1k ) A
w(p, - Dk) ::/0 /0 Hlog|p¢ (627”’51,...,e%n")|dt1dt2...dtn
i=1

An example considered by Sasaki put in log-sine form

5/6 ‘
= / logk|1—62mt‘ dt
1/6

1 T

= —Lsgi <§> - %Lskﬂ ()

Example (Kurokawa-Lalin-Ochiai)

T

Applications and evaluations of log-sine integrals — Armin Straub




Application: Bin

Inverse binomial sums

A very classical example

;é(;:;—g @
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Application: Binomial sums

Inverse binomial sums

A very classical example

11 17()
AN a3
() 36

This is “explained” by a general relation:

Theorem (Borwein-Broadhurst-Kamnitzer)

(e.o]

I 1 (=2)"_ @ (m
;jw G e (3)

J. M. Borwein, D. J. Broadhurst, and J. Kamnitzer.
Central binomial sums, multiple Clausen values, and zeta values.
Experimental Mathematics, 10(1):25-34, 2001.

Applications and evaluations of log-sine integrals — Armin Straub




Application: Binomial sums

Inverse binomial sums—next level

u:4sin23(sou:1if9:§)

lg =log (2sin %), Ly = log (2cos §)

The connection is deeper:
Example (Davydychev-Kalmykov)

W 2L (=2)™(2p) ™
Z]n+2( == me(( ";)! Lstt, (6)

g=i ] m=0

A. Davydychev and M. Kalmykov.
Massive Feynman diagrams and inverse binomial sums.
Nuclear Physics B, 699(1-2):3-64, 2004.

ations of — Armin Straub




Application: Binomial sums

Inverse binomial sums—next level
u = 4sin* 4 (sou—l if0=7%)
lg =log (2sin %), Ly = log (2cos §)

The connection is deeper:

Example (Davydychev-Kalmykov)

w1 - 2l9)" ™)
n+2 (2 Z m+2
= + (]?) = m!( m)!
S| , 1 (—2)™(2lg) 3)
‘__,52]_1:__ Ls,,’ 4 (8
j;j”“ (233) ( ) 6m:0 m!(n —m)! 4 ()
I
o Here: S,( Z—a
= 1

A. Davydychev and M. Kalmykov.
Massive Feynman diagrams and inverse binomial sums.
Nuclear Physics B, 699(1-2):3-64, 2004.
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Application: Binomial sums

Inverse binomial sums—next level
u = 4sin* 4 (sou—l if0=7%)
lg =log (2sin %), Ly = log (2cos &)

The connection is deeper:

Example (Davydychev-Kalmykov)

Z 2] —1)51(25 )—tan0{5LS3 (m —6) — 5Lss ()

1
— Lss (6) + 5 Lss (29) — 2Lso (0) Lo+ 2Lsy (71' = 9) lg

1
— 8Lsy (m — 6) Ly — 20lsLg + 40L3 + Em}

o Here: S,( Z—

A. Davydychev and M. Kalmykov.
Massive Feynman diagrams and inverse binomial sums.
Nuclear Physics B, 699(1-2):3-64, 2004.

Applications and ations of log-sine integrals — Armin Straub




Application: Binomial sums

e-expansion of a hypergeometric function
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Application: Binomial sums

e-expansion of a hypergeometric function

et2 e42 e42 )4 n Amk
n 20 20 2 |t}
o [e"] 3F 1 =(-1) Z; j ZHmklkmk
J
where the inner sum is over all mq,...,m, > 0 such that
my+2mo + ...+ nm, =n, and Ay = Sg(25 — 1) = 227FS(j — 1) - 1

Applications a evaluations — Armin Straub




Application: Binomial sums

e-expansion of a hypergeometric function

e+2 42 €42
200 20 2
° [e"] 3l% c13
1,55

1 n Amk

D) e S
J

where the inner sum is over all mq,...,m, > 0 such that

my+2mo + ...+ nm, =n, and Ay = Sg(25 — 1) = 227FS(j — 1) - 1

Example

Applications and evaluations of log-sine integrals — Armin Straub



Application: Binomial sums

Feynman diagrams

ai Propagator associated to the index a
o P < as has mass m

as P? = P} =0 and
Py =(Pi+Ps)? =5
Py

ations of 5 — Armin Straub




Application: Binomial sums

Feynman diagrams

Propagator associated to the index a;

o P < as has mass m

P? = P =0 and
Py =(Pi+Ps)? =5

o This Feynman diagram evaluates as:

[ ot 1
iw P2 (P4 q)2 — m2]™ [(Ps — ¢)4™ [¢?]®

Applications evaluations — Armin Straub




Application: Binomial sums

Feynman diagrams

Propagator associated to the index a

o P < as has mass m

P? = P} =0 and
Py =(PL+Ps)? =5

o This Feynman diagram evaluates as:

/ dPyq 1

w02 [P+ @) —m] (P — )7 [T

o In the special case a1 = a2 = ag3 =1 and D = 4 — 2¢ this becomes:
1+4+¢€1 i)
m2

—(m2)_1_6F(e — 1)2F1 < 9_ ¢

Applicatio evaluations — Armin Straub




Application: Binomial sums

Moments of r

o Consider a random walk in the plane with n steps
of length 1 chosen in uniformly random directions.

o We were interested in closed forms for densities
and moments of the distance after n = 3,4, 5 steps.

Applications ions o — Armin Straub
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Application: Binomial sums

Moments of r

o Consider a random walk in the plane with n steps
of length 1 chosen in uniformly random directions.

o We were interested in closed forms for densities
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Application: Binomial sums

Moments of random walks

o Consider a random walk in the plane with n steps
of length 1 chosen in uniformly random directions.

o We were interested in closed forms for densities
and moments of the distance after n = 3,4, 5 steps.

o The s-th moment of the distance after n steps is:

Wh(s) : /
[0,1]"

In particular, W, (1) is the average distance after n steps.

27r:ckz dx
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Application: Binomial sums

Moments of random walks

o Consider a random walk in the plane with n steps
of length 1 chosen in uniformly random directions.

o We were interested in closed forms for densities
and moments of the distance after n = 3,4, 5 steps.

o The s-th moment of the distance after n steps is:

Wi(s) /
0.1

In particular, W, (1) is the average distance after n steps.

27r:ckz dx

W0)=p@1+...+zn) =p(l+z1+...+Tp_1)
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Application: Binomial sums

Moments of ra

o Conside eps
of lengt ons.
o We wer es
and mg steps.
o The s-1 S is:
S
dx
In parti er n steps.
WV oo TF a:n_l)




Application: Binomial sums

Moments of a 3-step random walk

Theorem (Borwein-S-Wan-Zudilin, 2010)

W3(3):§3s+1 F(1+%)2 3 Fy %’#’¥ 1
2 I'(s+2) 1,583 4
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Application: Binomial sums

Moments of a 3-step random walk

Theorem (Borwein-S-Wan-Zudilin, 2010)

W3(3):§3s+1 F(1+%)2 3 Fy %’#’¥ 1
2 I'(s+2) 1,583 4

° Wék) (0) = ux(1 + x + y) is the higher Mahler measure:

pe(l+z+y)=pl+z+yl+z+y,...)

k many
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Application: Binomial sums

Moments of a 3-step random walk

Theorem (Borwein-S-Wan-Zudilin, 2010)

W3(3):§3s+1 F(1+%)2 3 Fy %’#’¥ 1
2 I'(s+2) 1,583 4

° Wék) (0) = ux(1 + x + y) is the higher Mahler measure:

pe(l+z+y)=pl+z+yl+z+y,...)

k many

42 et e2q
o Essentially given by [¢¥] 3/, | 2 ’1 g%; 2 1
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Application: Binomial sums

Moments of a 3-step random walk

Example (Borwein-Borwein-S-Wan)

3 2
pml+z+y) = —LS2(;>

3 2 2
M2(1+:Jc+y)——L53< 7T> + I
T 4

3
ps(l+ 2 +y) = SLS4 (2;> - %CM (g) - 3(312 (E) - EC(3)

2 49 T 21
1 —L — —1Ls — Gl
pa( —l—x—i—y) S5<3> 3 5<3)+ G41(3>

+ 37 Glyy <23 ) +=¢3) 012( ) +Cly (gf — =
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THANK YOU!

o Slides for this talk will be available from my website:
http://arminstraub.com/talks

J. M. Borwein and A. Straub.
Special values of generalized log-sine integrals.

Proceedings of ISSAC 2011 (International Symposium on Symbolic and Algebraic Computation), 2011.
arXiv:1103.4298.

J. M. Borwein and A. Straub.
Log-sine evaluations of Mahler measures.
J. Aust Math. Soc., 2011
arXiv:1103.3893.

D. Borwein, J. M. Borwein, A. Straub, and J. Wan.
Log-sine evaluations of Mahler measures, II.
Preprint, 2011.

arXiv:1103.3035.
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A comment on notation

First, we didn't like the extra sign in Ls,, (o) = —/ log" ™!
0

.0
2sm§‘d9...
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A comment on notation

First, we didn't like the extra sign in Ls,, (o) = —/ log" ™!
0

.0
2sm§‘d9...

€ € All physicists read (and follow) the bible,
namely reference
L. Lewin, Polylogarithms and Associated Functions,
North-Holland, 1981 , ,

David Broadhurst — private email
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A comment on notation

First, we didn't like the extra sign in Ls,, (o) = —/ log" ™!
0

.0
2sm§‘d9...

€ € All physicists read (and follow) the bible,
namely reference
L. Lewin, Polylogarithms and Associated Functions,
North-Holland, 1981 , ,

David Broadhurst — private email

itself readily to such extension. The usual trap for a writer confronted with as
confused a situation as this is for him to throw up his hands in despair and then
proceed to add to the muddle by inventing his own notation. I have leant over
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Happy birthday, Jon!
and thank you for 25 months (and counting)
of very enjoyable math together

Applications and evaluations of log-sine integrals — Armin Straub




	Introducing the log-sine integrals
	Special values of log-sine integrals
	Application: Mahler measures
	Application: Binomial sums
	

