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Introducing the log-sine integrals

Definition

(Generalized) log-sine integrals:

Lsn (σ) = −
∫ σ

0
logn−1

∣∣∣∣2 sin
θ

2

∣∣∣∣ dθ

Ls(k)n (σ) = −
∫ σ

0
θk logn−1−k

∣∣∣∣2 sin
θ

2

∣∣∣∣ dθ

Almost periodic:

Ls(k)n (2mπ)− Ls(k)n (2mπ − σ) =

k∑
j=0

(−1)k−j(2mπ)j
(
k

j

)
Ls

(k−j)
n−j (σ)

So, without much loss, 0 6 σ 6 π
Of special interest: π/3, π/2, 2π/3, π

L. Lewin
Polylogarithms and associated functions
North Holland, 1981
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Introducing the log-sine integrals

Interesting and queer

It’s not just us who find it intriguing that, for instance:

−Ls5 (π) =

∫ π

0
log4

∣∣2 sin θ
2

∣∣ dθ =
19

240
π5

−Ls
(1)
4

(π
3

)
=

∫ π/3

0
θ log2

∣∣2 sin θ
2

∣∣ dθ =
17

6480
π4
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Introducing the log-sine integrals

Basic log-sine integrals at π

An exponential generating function (Lewin)

− 1

π

∞∑
n=0

Lsn+1 (π)
λn

n!
=

Γ (1 + λ)

Γ2
(
1 + λ

2

) =

(
λ
λ
2

)

Example (Mathematica)

FullSimplify[D[-Pi Binomial[x,x/2], {x,5}] /.x->0]

Ls6 (π) =
45

2
π ζ(5) +

5

4
π3ζ(3)

Example (Maple)

simplify(subs(x=0,diff(-Pi*binomial(x,x/2),x$5)))
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Introducing the log-sine integrals

Notation for polylogs

Multiple polylogarithm:

Lia1,...,ak(z) =
∑

n1>···>nk>0

zn1

na11 · · ·n
ak
k

Multiple zeta values:

ζ(a1, . . . , ak) = Lia1,...,ak(1)

Multiple Clausen and Glaisher functions:

Cla1,...,ak (θ) =

{
Im Lia1,...,ak(eiθ) if w even
Re Lia1,...,ak(eiθ) if w odd

}
Gla1,...,ak (θ) =

{
Re Lia1,...,ak(eiθ) if w even
Im Lia1,...,ak(eiθ) if w odd

}

depth k
weight w = a1 + . . .+ak
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Introducing the log-sine integrals

Notation for polylogs

Multiple polylogarithm:
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Re Lia1,...,ak(eiθ) if w even
Im Lia1,...,ak(eiθ) if w odd

}

depth k
weight w = a1 + . . .+ak

Example

Cl2 (θ) =

∞∑
n=1

sin(nθ)

n2

Cl4,1 (θ) =

∞∑
n=1

cos(nθ)

n4

n−1∑
k=1

1

k
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Special values of log-sine integrals

A generating function

Theorem (Lewin, Borwein-S)

−
∑
n,k>0

Ls
(k)
n+k+1 (π)

λn

n!

(iµ)k

k!
= i
∑
n>0

(
λ

n

)
(−1)neiπ

λ
2 − eiπµ

n+ µ− λ
2
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−
∑
n,k>0

Ls
(k)
n+k+1 (π)

λn

n!

(iµ)k

k!
= i
∑
n>0

(
λ

n

)
(−1)neiπ

λ
2 − eiπµ

n+ µ− λ
2

Example

−Ls
(2)
4 (π) =

d2

dµ2
d

dλ
i
∑
n>0

(
λ

n

)
(−1)neiπ

λ
2 − eiπµ

µ− λ
2 + n

∣∣∣∣
λ=µ=0

= 2π
∑
n>1

(−1)n+1

n3
=

3

2
πζ(3)
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Special values of log-sine integrals

A generating function

Theorem (Lewin, Borwein-S)

−
∑
n,k>0

Ls
(k)
n+k+1 (π)

λn

n!

(iµ)k

k!
= i
∑
n>0

(
λ

n

)
(−1)neiπ

λ
2 − eiπµ

n+ µ− λ
2

(−1)α

α!

(
d

dλ

)α(λ
n

)∣∣∣∣
λ=0

=
(−1)n

n

∑
n>i1>i2>...>iα−1

1

i1i2 · · · iα−1︸ ︷︷ ︸
H

[α−1]
n−1

Note:
∑
n>1

(±1)n

nβ
H

[α]
n−1 = Liβ,{1}α(±1)

Thus Ls(k)n (π) evaluates in terms of the Nielsen polylogs Liβ,{1}α(±1).
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Special values of log-sine integrals

Log-sine integrals at general arguments

Li3,1(1) = Li3,1(e
iτ )−

∫ eiτ

1

Li2,1(z)

z
dz

= Li3,1(e
iτ )− log(eiτ ) Li2,1(e

iτ ) +

∫ eiτ

1

log(z) Li1,1(z)

z
dz

1

2

∫ eiτ

1

log(z) log2(1− z)
z

dz

− 1

2

∫ τ

0
θ log2(1− eiθ) dθ

− 1

2

∫ τ

0
θ
[
log(2 sin θ

2) + i
2(θ − π)

]2
dθ

Taking the real part:

Li3,1(1) = Gl3,1 (τ) + τ Gl2,1 (τ) +
1

2
Ls

(1)
4 (τ) +

1

32
τ4 − 1

12
πτ3 +

1

16
π2τ2

d

dz
Lik,...(z) =

1

z
Lik−1,...(z)

Li{1}n(z) =
(− log(1− z))n

n!
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Special values of log-sine integrals

Log-sine integrals at general arguments

Theorem (Borwein-S)

ζ(k, {1}n)−
k−2∑
j=0

(−iτ)j

j!
Lik−j,{1}n(eiτ )

=
(−i)k−1

(k − 2)!

(−1)n

(n+ 1)!

∑
r,m

(
n+ 1

r

)(
r

m

)(
i

2

)r
(−π)r−m Ls

(k+m−2)
n+k−(r−m) (τ)

Example (n = 2, k = 3)

6ζ(3, 1, 1)− 6 Cl3,1,1 (τ)− 6τ Cl2,1,1 (τ)

= −Ls
(1)
5 (τ) +

3

4
Ls

(3)
5 (τ)− 3

2
π Ls

(2)
4 (τ) +

3

4
π2 Ls

(1)
3 (τ)
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Special values of log-sine integrals

Log-sine integrals at general arguments

Theorem (Borwein-S)

ζ(k, {1}n)−
k−2∑
j=0

(−iτ)j

j!
Lik−j,{1}n(eiτ )

=
(−i)k−1

(k − 2)!

(−1)n

(n+ 1)!

∑
r,m

(
n+ 1

r

)(
r

m

)(
i

2

)r
(−π)r−m Ls

(k+m−2)
n+k−(r−m) (τ)

Thus Ls(k)n (τ) evaluates in terms of Nielsen polylogs Liβ,{1}α(eiτ ).
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Special values of log-sine integrals

Implementation

In[1]:= << "~�docs�math�mathematica�logsine.m"

LsToLi: evaluating log-sine integrals in polylogarithmic terms
accompanying the paper "Special values of generalized log-sine integrals"

-- Jonathan M. Borwein, University of Newcastle

-- Armin Straub, Tulane University

-- Version 1.3 H2011�03�11L
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Implementation

In[1]:= << "~�docs�math�mathematica�logsine.m"

LsToLi: evaluating log-sine integrals in polylogarithmic terms
accompanying the paper "Special values of generalized log-sine integrals"

-- Jonathan M. Borwein, University of Newcastle

-- Armin Straub, Tulane University
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In[2]:= Ls@4, 1, Pi � 3D �� LsToLi

Out[2]= -

17 Π
4

6480

9 / 24
Applications and evaluations of log-sine integrals — Armin Straub

N



Special values of log-sine integrals

Implementation

In[1]:= << "~�docs�math�mathematica�logsine.m"

LsToLi: evaluating log-sine integrals in polylogarithmic terms
accompanying the paper "Special values of generalized log-sine integrals"

-- Jonathan M. Borwein, University of Newcastle

-- Armin Straub, Tulane University

-- Version 1.3 H2011�03�11L

In[2]:= Ls@4, 1, Pi � 3D �� LsToLi

Out[2]= -

17 Π
4

6480

In[3]:= $Assumptions = 0 < Τ < Pi;
Ls@4, 1, ΤD �� LsToLi

Out[4]=
Π
4

180
-

Π
2

Τ
2

8
+

Π Τ
3

6
-

Τ
4

16
- 2 Τ Gl@82, 1<, ΤD - 2 Gl@83, 1<, ΤD
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Special values of log-sine integrals

Automatic identity proving

Example (Zucker, 1985)

Ls
(3)
6

(π
3

)
− 2 Ls

(1)
6

(π
3

)
=

313

204120
π6

10 / 24
Applications and evaluations of log-sine integrals — Armin Straub

N



Special values of log-sine integrals

Numerical usage

ls52 = Ls@5, 2, 2 Pi � 3D �� LsToLi

-

8 Π
5

1215
-

8

9
Π
2 GlB82, 1<,

2 Π

3
F -

8

3
Π GlB83, 1<,

2 Π

3
F + 4 GlB84, 1<,

2 Π

3
F

N@ls52D

-0.518109

N@ls52, 200D

-0.5181087868296801173472656387316967550218796682431532140673894724824649305920679150681�

75917962342634092283168874070625727137897015228328288301238053344434601555482416349687�

14264260545695615234087680879

M. Kalmykov and A. Sheplyakov
lsjk - a C++ library for arbitrary-precision numeric evaluation of the generalized log-sine functions
Comput. Phys. Commun., 172(1):45–59, 2005
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Special values of log-sine integrals

Numerical usage

N@ls52 �. Gl ® GlN, 1500D

-0.5181087868296801173472656387316967550218796682431532140673894724824649305920679150681�

75917962342634092283168874070625727137897015228328288301238053344434601555482416349687�

14264260545695615234087680878833012527445245320056506539166335466076425659394333250236�

87049969640726184300771080194491206383897172438431144956520583480735061744200663991920�

93696654189591396805453280242324416887003772837420727727140290932114280662555033148393�

43461570179996800148516561538479800794462251034287692370208915162715787613074342208607�

95684272267851194316130415660025248168631930719059428050383953496320954089250909368650�

76348021184023670239583644806057248832860482325012577305626430596419547150044203276048�

00106634686808425894080311707295955974893312124168605505481096916643118747707399772699�

56851527643420047879099575957095643692734164764408749282973029973226232121625055566818�

30114729599994356746736194409733363832043702344721485710693124851381377842684298359762�

79026626925221417350916538992701340335735800344885042108277484523036275064946011190424�

59811005130115278072572035112490996023572267028136905616847286883594739156765000872274�

11717157325323243049093924812034089344031355046971473084736335425552043083581553311864�

66438095186801646124593643790174567328242096362671986654510449046395799515164344286422�

08635703504412805245703566003353668141588912801872021979516938979998839459254088590449�

58384445320484841831373113232874381682309502784718565825251131932607853970603343274531�

023502381511423660445880027683673379705

M. Kalmykov and A. Sheplyakov
lsjk - a C++ library for arbitrary-precision numeric evaluation of the generalized log-sine functions
Comput. Phys. Commun., 172(1):45–59, 2005
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Special values of log-sine integrals

Reductions of polylogarithms

The (Nielsen) polylogarithms satisfy various relations:

Example (Weight 4, 2σ = τ − π)

Cl3,1 (τ) = Cl4 (τ)− σCl3 (τ) + σζ(3)

Gl4 (τ) = −σ
4

3
+ ζ(2)σ2 − 7ζ(4)

8

Gl2,1,1 (τ) =
1

2
Gl3,1 (τ) + σGl2,1 (τ) +

σ4

6
− ζ(4)

16

For the special argument τ = π/3 there are additional relations:

Cl2,1,1

(π
3

)
= Cl4

(π
3

)
− π2

18
Cl2

(π
3

)
− π

9
ζ(3)
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Special values of log-sine integrals

Log-sine integrals at π/3

Ls(k)n
(
π
3

)
evaluates in terms of polylogarithms at ω = eiπ/3

— the sixth root of unity

Crucial: 1− ω = ω = ω2

Li2,1,1(x) =
π4

90
− 1

6
log(1− x)3 log x− 1

2
log(1− x)2 Li2(1− x)

+ log(1− x) Li3(1− x)− Li4(1− x)

Currently, our implementation has a table of extra reductions built in
— a systematic study is under way
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Application: Mahler measures

Mahler measure

Mahler measure of p(x1, . . . , xn):

µ(p) :=

∫ 1

0
· · ·
∫ 1

0
log
∣∣p (e2πit1 , . . . , e2πitn)∣∣ dt1dt2 . . . dtn

Jensen’s formula:∫ 1

0
log
∣∣α+ e2πi t

∣∣ dt = log (max{|α|, 1})

Typical conjecture (Deninger, 1997)—proven by Rogers-Zudilin, 2011

µ(1 + x+ y + 1/x+ 1/y) =
15

4π2
LE(2)

where LE is the L-series for an elliptic curve of conductor 15.
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Application: Mahler measures

Classical Mahler measures

Jensen’s formula:∫ 1

0
log
∣∣α+ e2πi t

∣∣ dt = log (max{|α|, 1})

Example (Smyth’s evaluations revisited)

µ(1 + x+ y) =

∫ 1

0

∫ 1

0
log
∣∣1 + e2πis + e2πit

∣∣ dtds

= 2

∫ 1/3

0
log
∣∣1 + e2πis

∣∣ds
= 2

∫ 1/2

1/6
log(2 sin(πy)) dy =

1

π
Ls2

(π
3

)
µ(1 + x+ y + z) = . . . = − 2

π2
Ls

(1)
3 (π) =

7

2

ζ(3)

π2

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

2.0 |1 + e2πis|
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Application: Mahler measures

A multiple Mahler measure

µ(p1, . . . , pk) :=

∫ 1

0
· · ·
∫ 1

0

k∏
i=1

log
∣∣pi (e2πit1 , . . . , e2πitn)∣∣ dt1dt2 . . . dtn

An example considered by Sasaki put in log-sine form

µk(1 + x+ y∗) := µ(1 + x+ y1, 1 + x+ y2, . . . , 1 + x+ yk)

=

∫ 5/6

1/6
logk

∣∣1− e2πi t∣∣ dt

=
1

π
Lsk+1

(π
3

)
− 1

π
Lsk+1 (π)

Example (Kurokawa-Laĺın-Ochiai)

µ2(1 + x+ y∗) =
π2

54
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Application: Binomial sums

Inverse binomial sums

A very classical example ∑
j=1

1

j4
1(
2j
j

) =
17

36
ζ(4)

This is “explained” by a general relation:

Theorem (Borwein-Broadhurst-Kamnitzer)

∞∑
j=1

1

jn+2

1(
2j
j

) = −(−2)n

n!
Ls

(1)
n+2

(π
3

)
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2j
j
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17

36
ζ(4)

This is “explained” by a general relation:

Theorem (Borwein-Broadhurst-Kamnitzer)

∞∑
j=1

1

jn+2

1(
2j
j

) = −(−2)n

n!
Ls

(1)
n+2

(π
3

)

J. M. Borwein, D. J. Broadhurst, and J. Kamnitzer.
Central binomial sums, multiple Clausen values, and zeta values.
Experimental Mathematics, 10(1):25–34, 2001.
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Application: Binomial sums

Inverse binomial sums—next level

The connection is deeper:

Example (Davydychev-Kalmykov)

∞∑
j=1

uj

jn+2

1(
2j
j

) = −
n∑

m=0

(−2)m(2lθ)
n−m

m!(n−m)!
Ls

(1)
m+2 (θ)

∞∑
j=1

uj

jn+2

1(
2j
j

)S2(j − 1) = −1

6

n∑
m=0

(−2)m(2lθ)
n−m

m!(n−m)!
Ls

(3)
m+4 (θ)

Here: Sa(j) =

j∑
i=1

1

ja

u = 4 sin2 θ
2 (so u = 1 if θ = π

3 )

lθ = log
(
2 sin θ

2

)
, Lθ = log

(
2 cos θ2

)

A. Davydychev and M. Kalmykov.
Massive Feynman diagrams and inverse binomial sums.
Nuclear Physics B, 699(1-2):3–64, 2004.
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The connection is deeper:

Example (Davydychev-Kalmykov)

∞∑
j=1

uj

j

1(
2j
j

)S1(j − 1)S1(2j − 1) = tan
θ

2

{
5 Ls3 (π − θ)− 5 Ls3 (π)

− Ls3 (θ) +
1

2
Ls3 (2θ)− 2 Ls2 (θ)Lθ + 2 Ls2 (π − θ) lθ

− 8 Ls2 (π − θ)Lθ − 2θlθLθ + 4θL2
θ +

1

12
θ3
}

Here: Sa(j) =

j∑
i=1

1

ja

u = 4 sin2 θ
2 (so u = 1 if θ = π
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lθ = log
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2
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Application: Binomial sums

ε-expansion of a hypergeometric function

[εn] 3F2

(
ε+2
2 , ε+2

2 , ε+2
2

1, ε+3
2

∣∣∣∣14
)

= (−1)n
∞∑
j=1

2

j

1(
2j
j

)∑ n∏
k=1

Amkk,j
mk!kmk

where the inner sum is over all m1, . . . ,mn > 0 such that
m1 + 2m2 + . . .+ nmn = n, and Ak,j = Sk(2j − 1)− 22−kSk(j − 1)− 1

Example

[ε] 3F2

(
ε+2
2 , ε+2

2 , ε+2
2

1, ε+3
2

∣∣∣∣14
)

= −
∞∑
j=1

2

j

1(
2j
j

) [S1(2j − 1)− 2S1(j − 1)− 1]

=
2

3
√

3

[
π − π log 3 + Ls2

(π
3

)]
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Application: Binomial sums

Feynman diagrams

P2

P1

P3

// a3

��

a1
yyyy

<<yyyy
//

a2
EEE

E

""EEE
E

//

This Feynman diagram evaluates as:∫
dDq

iπD/2
1

[(P1 + q)2 −m2]a1 [(P3 − q)2]a2 [q2]a3

In the special case a1 = a2 = a3 = 1 and D = 4− 2ε this becomes:

−(m2)−1−εΓ(ε− 1)2F1

(
1 + ε, 1

2− ε

∣∣∣∣ sm2

)

Propagator associated to the index a1
has mass m

P 2
1 = P 2

3 = 0 and
P 2
2 = (P1 + P3)2 = s
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Application: Binomial sums

Moments of random walks

Consider a random walk in the plane with n steps
of length 1 chosen in uniformly random directions.

We were interested in closed forms for densities
and moments of the distance after n = 3, 4, 5 steps.

The s-th moment of the distance after n steps is:

Wn(s) :=

∫
[0,1]n

∣∣∣∣ n∑
k=1

e2πxki
∣∣∣∣sdx

In particular, Wn(1) is the average distance after n steps.

W ′n(0) = µ(x1 + . . .+ xn) = µ(1 + x1 + . . .+ xn−1)
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Wn(s) :=

∫
[0,1]n

∣∣∣∣ n∑
k=1

e2πxki
∣∣∣∣sdx

In particular, Wn(1) is the average distance after n steps.

W ′n(0) = µ(x1 + . . .+ xn) = µ(1 + x1 + . . .+ xn−1)
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Application: Binomial sums

Moments of a 3-step random walk

Theorem (Borwein-S-Wan-Zudilin, 2010)

W3(s) =

√
3

2π
3s+1 Γ(1 + s

2)2

Γ(s+ 2)
3F2

(
s+2
2 , s+2

2 , s+2
2

1, s+3
2

∣∣∣∣14
)

W
(k)
3 (0) = µk(1 + x+ y) is the higher Mahler measure:

µk(1 + x+ y) = µ(1 + x+ y, 1 + x+ y, . . .︸ ︷︷ ︸
k many

)

Essentially given by [εk] 3F2

(
ε+2
2 , ε+2

2 , ε+2
2

1, ε+3
2

∣∣∣∣14
)
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Application: Binomial sums

Moments of a 3-step random walk

Example (Borwein-Borwein-S-Wan)

µ1(1 + x+ y) =
3

2π
Ls2

(
2π

3

)
µ2(1 + x+ y) =

3

π
Ls3

(
2π

3

)
+
π2

4

µ3(1 + x+ y)
?
=

6

π
Ls4

(
2π

3

)
− 9

π
Cl4

(π
3

)
− π

4
Cl2

(π
3

)
− 13

2
ζ(3)

µ4(1 + x+ y)
?
=

12

π
Ls5

(
2π

3

)
− 49

3π
Ls5

(π
3

)
+

81

π
Gl4,1

(
2π

3

)
+ 3πGl2,1

(
2π

3

)
+

2

π
ζ(3) Cl2

(π
3

)
+ Cl2

(π
3

)2
− 29

90
π4
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THANK YOU!

Slides for this talk will be available from my website:
http://arminstraub.com/talks

J. M. Borwein and A. Straub.
Special values of generalized log-sine integrals.
Proceedings of ISSAC 2011 (International Symposium on Symbolic and Algebraic Computation), 2011.
arXiv:1103.4298.

J. M. Borwein and A. Straub.
Log-sine evaluations of Mahler measures.
J. Aust Math. Soc., 2011.
arXiv:1103.3893.

D. Borwein, J. M. Borwein, A. Straub, and J. Wan.
Log-sine evaluations of Mahler measures, II.
Preprint, 2011.
arXiv:1103.3035.
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A comment on notation

First, we didn’t like the extra sign in Lsn (σ) = −
∫ σ

0

logn−1
∣∣∣∣2 sin

θ

2

∣∣∣∣ dθ . . .

“All physicists read (and follow) the bible,
namely reference
L. Lewin, Polylogarithms and Associated Functions,

North-Holland, 1981

David Broadhurst — private email ”

26 / 27
Applications and evaluations of log-sine integrals — Armin Straub

N



A comment on notation

First, we didn’t like the extra sign in Lsn (σ) = −
∫ σ

0

logn−1
∣∣∣∣2 sin

θ

2

∣∣∣∣ dθ . . .

“All physicists read (and follow) the bible,
namely reference
L. Lewin, Polylogarithms and Associated Functions,

North-Holland, 1981

David Broadhurst — private email ”

26 / 27
Applications and evaluations of log-sine integrals — Armin Straub

N



A comment on notation

First, we didn’t like the extra sign in Lsn (σ) = −
∫ σ

0

logn−1
∣∣∣∣2 sin

θ

2

∣∣∣∣ dθ . . .

“All physicists read (and follow) the bible,
namely reference
L. Lewin, Polylogarithms and Associated Functions,

North-Holland, 1981

David Broadhurst — private email ”

26 / 27
Applications and evaluations of log-sine integrals — Armin Straub

N



Happy birthday, Jon!
and thank you for 25 months (and counting)

of very enjoyable math together
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