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The method of brackets
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» The method of brackets evaluates integrals / f(z)dx.
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The method of brackets
Advertisement

oo
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0
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The method of brackets
Origin and more advertising

» Derives from the negative dimensional approach used in physics for
evaluating Feynman diagrams

» Halliday, Ricotta, Schmidt, Suzuki
» Gonzalez, Moll
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The method of brackets
Origin and more advertising

» Derives from the negative dimensional approach used in physics for
evaluating Feynman diagrams

» Halliday, Ricotta, Schmidt, Suzuki
» Gonzalez, Moll

> Alternative to the practice of introducing Mellin-Barnes
representations for everything
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The method of brackets
Origin and more advertising

» Derives from the negative dimensional approach used in physics for
evaluating Feynman diagrams
» Halliday, Ricotta, Schmidt, Suzuki
» Gonzalez, Moll
> Alternative to the practice of introducing Mellin-Barnes
representations for everything
» The method of brackets ...

> is distilled to a set of 3 simple rules
» is applicable to a wide class of definite integrals
» is comfortably applied by hand for many simpler integrals
» is (quite) automatable
Karen Kohl is working on an implementation in SAGE.
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The method of brackets

The method

(s):= /OOO 5 dz

» The formal symbol (s) is called a bracket.
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The method of brackets
The method

(s):= /OOO 5 dz

» The formal symbol (s) is called a bracket.
> It is economical to use the symbol

(=n"

n!

On 1=

which is called the indicator of n.
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The method of brackets
The method

(s):= /OOO 5 dz

» The formal symbol (s) is called a bracket.
> It is economical to use the symbol

(=n"

n!

bn 1=
which is called the indicator of n.

Example

The gamma function
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The method of brackets
The method

(s):= /OOO 5 dz

» The formal symbol (s) is called a bracket.
> It is economical to use the symbol

(=n"

n!

bn 1=
which is called the indicator of n.

Example

The gamma function

F(s):/ a:S1exda7:/ Zd)nac"*s*l dz
0 0o 5
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The method of brackets
The method

(s) := /000 ¥tz

» The formal symbol (s) is called a bracket.
> It is economical to use the symbol

(=n"

n!

bn 1=
which is called the indicator of n.

Example

The gamma function has the bracket expansion

I'(s) = /000 ¥ le % dr = /000 Z bz dr = Z On{n+s).
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The method of brackets
Evaluating bracket series

Rule

|al

where n* is the solution of the equation an + b = 0.

" 6uf(n) {an+b) = — F(n*)D(=n"),
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The method of brackets
Evaluating bracket series

Rule

3 60 () fan+b) = 100 (n") (=),

where n* is the solution of the equation an + b = 0.

Example

/00 ¥ le™%dz = Z On (N + 3)
0 n
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The method of brackets
Evaluating bracket series

Rule

3 60 () fan+b) = 100 (n") (=),

where n* is the solution of the equation an + b = 0.

Example

/0 ¥ le™%dz = Z On (n+s) =T(—n")
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The method of brackets
Evaluating bracket series

Rule

3 60 () fan+b) = 100 (n") (=),

where n* is the solution of the equation an + b = 0.

Example

/000 ¥ le™%dz = Z O (n+s) =0(—n") =T(s).
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The method of brackets
Evaluating bracket series

Rule

3 60 () fan+b) = 100 (n") (=),

where n* is the solution of the equation an + b = 0.

Example

/000 ¥ le™%dz = Z O (n+s) =0(—n") =T(s).

Example

€e 2
/ e Y dx
0
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The method of brackets
Evaluating bracket series

Rule

3 60 () fan+b) = 100 (n") (=),

where n* is the solution of the equation an + b = 0.

Example

/000 ¥ le™%dz = Z O (n+s) =0(—n") =T(s).

Example

[e.e] 2 (o)
/ e ¥ dx = / Z dpaz*" dx
0 o
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The method of brackets
Evaluating bracket series

Rule

3 60 () fan+b) = 100 (n") (=),

where n* is the solution of the equation an + b = 0.

Example

/000 ¥ le™%dz = Z O (n+s) =0(—n") =T(s).

Example

o0 o0
/ 0= gy — / Z ppa”z* dx = Z dna” 2n + 1)
0 0 - P
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The method of brackets
Evaluating bracket series

Rule

3 60 () fan+b) = 100 (n") (=),

where n* is the solution of the equation an + b = 0.

Example

/000 ¥ le™%dz = Z O (n+s) =0(—n") =T(s).

Example
[e.e] (o)
e_az2 dz = / ¢ a"z?" dx = dna” 2n + 1)
! o L= b )
n*=-1/2
1 .
= 5&" I'(—n™)
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The method of brackets
Evaluating bracket series

Rule

3 60 () fan+b) = 100 (n") (=),

where n* is the solution of the equation an + b = 0.

Example

/000 ¥ le™%dz = Z O (n+s) =0(—n") =T(s).

Example
[e.e] (o)

e_az2 dz :/ ¢ a"z?" dx = dna” 2n + 1)
! o L= b )
n*=-1/2

1 .+ 1/«

= — F —n* = — —

2@ T =2y/%
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The method of brackets
More interesting example

» Bessel function: J, ()
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The method of brackets
More interesting example

» Bessel function: J, ()

> /oo e Jo(Bz)dx
0
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The method of brackets
More interesting example

- B 00 (_1)k (x/2)2k+1/
» Bessel function: J,(x) —z_;) K T(h+v+l)

19 ﬁ 2k 1
> /O\ eiaxjo(ﬁt’l?) dzr = % ¢m7kam <2> E <m + 2k + ].>
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The method of brackets
More interesting example

- B 00 (_1)k (x/2)2k+1/
» Bessel function: J,(x) —z_(:) K T(h+v+l)

> /O e “Jy(Br)dr = z;¢m7ka <2 7l (m+2k+1)
» Choosing k as a free vari7ab|e: m* = -2k —1
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The method of brackets
More interesting example

- B 00 (_1)k (x/2)2k+1/
» Bessel function: J,(x) —z_(:) K T(h+v+l)

> /O e “Jy(Br)dr = z;¢m7ka <2 7l (m+2k+1)
» Choosing k as a free vari7ab|e: m* = -2k —1

me (BYF T(=m*) ort (BN T(2K 1 1)
Mo (3) S - See () T
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The method of brackets
More interesting example

- B 00 (_1)k (x/2)2k+1/
» Bessel function: J,(x) —z_(:) K T(h+v+l)

> /O e “Jy(Br)dr = z;¢m7ka <2 7l (m+2k+1)
» Choosing k as a free vari7ab|e: m* = -2k —1

me (BYF T(=m*) ort (BN T(2K 1 1)
Mo (3) S - See () T

per() &)
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The method of brackets
More interesting example

- B 00 (_1)k ($/2)2k+lj
» Bessel function: J,(x) —z_(:) K T(h+v+l)

> /O e “Jy(Br)dr = X;QSm,ka <2 7l (m+2k+1)
» Choosing k as a free vari7ab|e: m* = -2k —1

me (BYF T(=m*) ort (BN T(2K 1 1)
Mo (3) S - See () T

(D)@ -

with the series converging for 8 < a.
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The method of brackets
More interesting example

- B 00 (_1)k ($/2)2k+lj
» Bessel function: J,(x) —z_(:) K T(h+v+l)

> /O e “Jy(Br)dr = X;QSm,ka <2 7l (m+2k+1)
» Choosing k as a free vari7ab|e: m* = -2k —1

me (BYF T(=m*) ort (BN T(2K 1 1)
Mo (3) S - See () T

_ lZ(—l)’f <2k> (B>2k o
o - k) \2a N
with the series converging for 8 < a.
> Similarly, for m free:

1Z¢ (BT T(1/24 m/2) 1
247 2 [(1/2 —m/2) NN



The method of brackets
Evaluating higher bracket series

Rule

Zgénf(n) (an + b) = |%l]"(n*)f‘(—n*), where an™ + b = 0.
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The method of brackets
Evaluating higher bracket series

Rule

S buf (1) (an +b) = wlblf(n*)r(—n*), e it <~ =)

Rule (Evaluation)
Z¢{n}f(nla s 7”7") (allnl + - any + b1> T <ar1n1 + - apeny + br>

{n} 1

= mf(ni s n)l(=ng) - T(=ny),

where A = (a;;) and (nj) such that the brackets vanish.
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The method of brackets
Evaluating higher bracket series

Rule

S énf(n) (an +b) = élf(n*)r(—n*), e it <~ =)

Rule (Evaluation)

Z¢{n}f(nla s 7”7‘) (allnl + - any + b1> T <ar1n1 + - apeny + br>
{n} 1

= mf(n”{, s n)l(=ng) - T(=ny),

where A = (a;;) and (nj) such that the brackets vanish.

Rule (Combining)

If there are more summation indices than brackets, free variables are
chosen. Each choice produces a series. Those converging in a common
region are added.
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The method of brackets
Multinomial expansions

Rule (Multinomial)

1 m<3+m1+--‘+mr>
(a1 +az +- = 2 et T(s)

mi,...,Myr

where ¢{m} = Omy - Dm,-
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The method of brackets
Multinomial expansions

Rule (Multinomial)

1 mr<8+m1+--~+mr>
(a1 +ag 4+ - Z ¢{m}a1 o F(s)

mi,...,Myr
where ¢{m} = ¢m1 T ¢mr'

» Follows from the integral representation of I'(s):

F(S) _ /oo xs—le—(al—l—..l—l—ar)m dx
(ay +...+a.)’ 0
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The method of brackets
Multinomial expansions

Rule (Multinomial)

1 o (s+mi+---+my)
(a1+a2+ Z ¢{m}a1 o F(s)

mi,...,Myr
where ¢{m} = ¢m1 T ¢mr'

» Follows from the integral representation of I'(s):

F(S) _ /oo xs—le—(al—l—..l—l—ar)m dx
(ay +...+a.)’ 0

_/ 5 1H2¢ml (@i

=1 m;
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The method of brackets
Multinomial expansions

Rule (Multinomial)

1 m<3+m1+--~+mr>
(a1 +az +- = 2 et T(s)

mi,...,Myr
where ¢{m} = ¢m1 T ¢mr'

» Follows from the integral representation of I'(s):

F(S) _ /oo xs—le—(al—l—..l—l—ar)m dx
) Jo

(ay +...+a.)’
—/ LS b s

=1 m;

:Z¢{m}a1 ---arr<8+m1+...+m,r>‘
{m}
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Examples
A two-dimensional example

/ / ¥y exp (—(z+y)%) dedy
o Jo
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Examples
A two-dimensional example

/ / ¥y exp (—(z+y)%) dedy
o Jo

= Z gbj/ / 25 Yyt e 4+ ) dady
r o Jo
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Examples
A two-dimensional example

/000 /OOO 5yt exp (—(z + y)*) dzdy
= Z¢j /Ooo /OOO 2y e+ y)V dedy
5 (n+m— >
—Zcbg/ / ltlzdmmwy Moy o
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Examples
A two-dimensional example

/000 /OOO 5yt exp (—(z + y)*) dzdy
= Z¢j /Ooo /OOO 2y e+ y)V dedy
B 5 (n+m— >
—Zcbg/ / ltlzcbnmwy M) drdy

- Z%”m a)<n+m—aj)<n+s)<m—|—t)

jm,m
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Examples
A two-dimensional example

/000 /OOO 5yt exp (—(z + y)*) dzdy
= Z¢j /Ooo /OOO 2y e+ y)V dedy
B 5 (n+m— >
—Zcbg/ / ltlzcbnmwy M) drdy

- Z%”m a)<n+m—aj)<n+s)<m—|—t)

jm,m

n*=—-s, m"=—t, j*:—‘%t, |det | =
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Examples
A two-dimensional example

/000 /OOO 5yt exp (—(z + y)*) dzdy
= Z¢j /Ooo /OOO 2y e+ y)V dedy
B 5 (n+m— >
—Zcbg/ / ltlzcbnmwy M) drdy

- Z%”m a)<n+m—aj)<n+s)<m—|—t)

jm,m

n*=—-s, m"=—t, j*:—‘%t, |det | =
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Examples
A two-dimensional example

/000 /OOO 5yt exp (—(z + y)*) dzdy
= Z¢j /Ooo /OOO 2y e+ y)V dedy
B 5 (n+m— >
—Zcbg/ / ltlzcbnmwy M) drdy

- Z%”m a)<n+m—aj)<n+s)<m—|—t)

jn,m
nf=-s, m*=-—t "= —‘%‘t, |det | =
1 1 . N " 1T(s)T(t) . [(s+t
- L D(=n"D(—mH)T(—j*) = = r
al'(—aj*) (=) (=m")0(=7") al(s+1) o'
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Examples
A two-dimensional example

/000 /Ooo 5yt exp (—(z + y)*) dzdy
= Zcbj /Ooo /OOO 2y e+ y)V dedy
B 5 (n+m— >
—Zcbg/ / ltlzcbnmwy M) drdy

- Z%”m a)<n+m—aj)<n+s)<m—|—t)

jn,m
nf=-s, m*=-—t "= —%‘t, |det | =
1 1 . N " 1T(s)T(t) . [(s+t
- L D(=n"D(—mH)T(—j*) = = r
al'(—aj*) (=) (=m")0(=7") al(s+1) o'

» Mathematica 7 cannot evaluate this integral.
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Examples
More dimensions

> This generalizes to arbitrary dimensions:

Theorem

i=1
1 JLiZi D(si) F(51+...+sn)
al(sy+...4+sp) a

/ . / exp(—(z1+ ...+ x,)%) Hmfi_l @lsg
0 0
1 n
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Examples
A Bessel integral
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Examples
A Bessel integral

o) 51
—d
/0 Jo(ax) 1227 x

x2k+871

=2 % /000 <%>2k F(k1+ D

k

Armin Straub On the method of brackets



Examples
A Bessel integral

o) s—1
Jo(ozx)(xi dz

0 1 + .172))\

o 2k 1 p2kt+s—1
= 2 d
Ek:m/o (2) Tk+1) 1+a2> "
1

2k

=Ty 2 Ornm (5 wlm<n+m+A><2m+2k+s>

)1

kn,m
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Examples
A Bessel integral

o) ."Es_l

————d
; Jo(ax) 1227 x
1 p2kts—1

- %:Qﬁk /000 (%)% Tk + 1) (L+ 22
1

2k

=Ty 2 Ornm (5 (kl+1)<n+m+A><2m+2k+s>

)1

kn,m

» 3 indices, 2 brackets: 1 free variable
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Examples
A Bessel integral — k free

o] xs—l
J ——d

1 a\ 2k 1
- Mk;nqs’“”’m <§) m<n+m+h> (2m + 2k + s)

» kfree m"=—k—Jandn" = -A+k+ 3. |det|=2

Nl»

Armin Straub On the method of brackets



Examples
A Bessel integral — k free

o] xs—l
J ——d

1 a\ 2k 1
- Mk;nqs’“”’m <§) m<n+m+h> (2m + 2k + s)

» kfree m"=—k—Jandn" = -A+k+ 3. |det|=2

1 o\ 2k 1 N N
MZ};% (5) mr(—" )L(=m")
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Examples
A Bessel integral — k free

o] xs—l
J ——d

1 a\ 2k 1
- Mk;nqs’“”’m <§) m<n+m+h> (2m + 2k + s)

» kfree m"=—k—Jandn" = -A+k+ 3. |det|=2
1

e ) e

L'(k+1)

S
~ 5y & G (5) T k- g
k

DO
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Examples
A Bessel integral — k free

o] xs—l
J ——d

1 a\ 2k 1
- Mk;nqs’“”’m <§) m<n+m+h> (2m + 2k + s)

» kfree m"=—k—Jandn" = -A+k+ 3. |det|=2
1 o\ 2k 1 N N
oT(\) 29 (5) Tl )
_ 1 (_1)k o2k s s
~ 2T\ 2. (k12 (5) TA=k=3)T(k+3)
o2
L1-A+3 4)
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Examples
A Bessel integral — the contributions

o0 CL.sfl

— F(lA) Z ¢k,n,m (g)zkm <n+m—|—)\> <2m+2]€+3>
0[2
i)

kn,m

> k free:

T($0(A— 2 s
—( 2)1F2 2o
2T (V) L1—A+3

Armin Straub On the method of brackets



Examples
A Bessel integral — the contributions

o0 CL.sfl

= L Z Pknm (g)%F(th—m—i-M (2m + 2k + s)

ro =~ k+1)
INE) IO 2 a?
k free: —2/2- 2/ @ 2 «
T RS Ty ! 2(1,1—)\+§ 4>
a\P=s T(=A+3) A o2
free: | — T 2 R hall
st (5) P (s T)
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Examples
A Bessel integral — the contributions

o0 CL.sfl

1 ) 2k 1
:m Z Pknm (5) m<n+m+)\>(2m+2k+s>

kn,m

PEIO -3 . 5 o?
or(n) P\ 1-A+3
a)?)\—s L(=A+3%) A

free: (5) oo B
moriresy 2r(>\+1;)12(1+/\;,1+>\;

> k free:

a2
4

1 (=)™ ra\—2m=s T'(m + A\)I'(m + 3)
m e SR ; ml (5) T(I—m-—3)
This series diverges.
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Examples
A Bessel integral — harvesting

Theorem
> z® ! L3I - 3) 5 o?
/0 foled) oy 4= =gy 2 (1, 1—A+3 Z)
(2 T=A+g) A o
2 MX+1-3)" “\1+r—51+21-3|4
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Examples
A Bessel integral — harvesting

Theorem
_THre-3) s e
/ Jolew) Ty ) AR R T vy
)\ 2A L(=A+3) A a?
P RS P N TN
2)  WO+1-3)" 2\ +A-51+1-5]4

Corollary (s = 2)

/Ooo Jo(mc)ﬁdx: (%))\ K}}\(!a)
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Examples
A Bessel integral — harvesting

Theorem
o0 571 F(%)F()\—%) g a?
_N2m M 270 2 -
/0 Jolaz) G d or(n) 2(1,1)\+§ 4)
aN2i=s T(=A+3) A a2
*) —31F2 s |1
2)  WO+1-5"\1+r-21+2-1

Corollary (s = 2)

/Ooo JO(OM)W de — (%)/\ K);\('Oz)

Corollary

(e’ T Cu
/() JO(O[JU)W dx =e¢
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A Feynman diagram
A Feynman diagram

A h
ai
Py —>< as
a2
\ P3

» Propagator associated to the index a; has mass m
» PP=P}=0and Py = (P + )’ =5

Armin Straub On the method of brackets



A Feynman diagram
A Feynman diagram

A h
ai
Py —>< as
a2
\ P3

» Propagator associated to the index a; has mass m

» PP=P}=0and Py = (P + )’ =5

» D-dimensional representation in Minkowski space is given by
1

“= / inP2[(PL+q)* = m?)" [(Ps — )] [¢°]™

[4 E.E. Boos and A. |. Davydychev. “A method for evaluating massive
Feynman integrals.” Jour. Phys. A, 41, 1991.
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A Feynman diagram
The associated Feynman integral

O
H?:1 I'(a;)

r1x2

(o olNe oo o] s
el‘lm e x1+:1:2+9:3
H —///xal 1 x5 1 x5 1 572 dx1dzadzs.
0 ($1+$2+13)

» Schwinger parametrization leads to G = H with
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A Feynman diagram
The associated Feynman integral

(~1)~""

» Schwinger parametrization leads to G = —5———— H with
Hj:l I'(a;)
00 00 00 zim? .~ T1T2 g
H —///x lgaelga-1© 7 € “”WD?’/Q dzydeadas.
0 ($1+$2+13)
> First
eT1m? o~ xlfizira = Z ¢{n} ”1m2n15n2 x?1+n2x32

(1 + 22 + 23)™

ni,n2
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A Feynman diagram
The associated Feynman integral

O
H?:1 I'(a;)

r1x2

(o olNe oo o] s
e$1m e x1+:1:2+9:3
H —///xal 1 x5 1 x5 1 572 dx1dzadzs.
0 ($1+$2+13)

» Schwinger parametrization leads to G = H with

> First
1T :L,nl“l’nZ:L,nQ
e e T Zitaatas’ — ¢{n} nl m2n1 g2 1 2 o
"z (ot o+ o)
» Then expand
1 3 g }$15x§4x§5<2 + g 4 ng +nq +n5)
D/2+n2 n D
(@1 + 22+ 73) n3,n4,n5 I( 7t n2)
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A Feynman diagram
Evaluation

> The resulting bracket series is

H =Y py(-m?)"s"™ <
{n}

%+n2+n3+n4+n5>
F(%-}-ng)

x (a1 +ny + ng + ns) (a2 +n2 + n4) (az + ns) .
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A Feynman diagram
Evaluation

> The resulting bracket series is

H =Y py(-m?)"s"™ <
{n}

%+n2+n3+n4+n5>
F(%-}-ng)

x (a1 +ny + ng + ns) (a2 +n2 + n4) (az + ns) .

» Possible choices for free variables are ny, ng, and ng.
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A Feynman diagram
Evaluation

> The resulting bracket series is

D
<f+n2+n3+n4+n5>
2
H= Z¢{n} )" s" T'(2 +ny)
{n} 2 T2
x (a1 +ny + ng + ns) (a2 +n2 + n4) (az + ns) .

» Possible choices for free variables are ny, ng, and ng.
> The series associated to ng converges for |- < 1:

s
m2>
with 12 defined by
D gy —ay—az L (@2)l(az) (2 —az — as) (a1 +az +a3 — D)
(—m ) 5 1—az—asg —
r(%)
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Theorem

D
ay +ag +az — 5,02
H=772'2F1< e

2

2 =



A Feynman diagram
Evaluation |l

.. . . 2
> Similarly, the series associated to n1,n4 converges for |™-| < 1:

Theorem

m2

S

a1+a2+a3—%,1+a1+a2—|—a3—D

H=n oF
L l+a+a;—2

1+a2—2,a2 m2
4y o 2 =
N4 - 2L1 1—a1—a3+§ p

with ny, n4 defined by

F(ag)r(al +a2+a37%)F(%*O&*Gg)F(%fazfag)
I'(D—ai —az2 —a3)

=572 (— 2)%—(11_(13 I'(a2)T(a3)T (a1 +a3 — %) r (% —ay— as)
N4 =S m - (% - a2> .
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= s%—al—ag—a;;
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A Feynman diagram

Evaluation IlI

» Specialize to a1 = a3 = ag = 1 so that

o0 00 00 _ T1®2

i / / / e AT s
= Tr1dxrodxs.
5 (.’L‘1 + 9 + xg)D/2
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A Feynman diagram
Evaluation I

» Specialize to a1 = a3 = ag = 1 so that

o0 00 00 _ mjmg
l‘lm e a:1+a:2+a:3
H = /// D/2 dxldxgdl'g.
50D :L'1+$2+£C3)
» Then with D = 4 — 2¢:
Corollary
For | 25| <1,
14+¢1| s
H = (—m?)"'"T'(e — 1)oF Tl=.
-ty ere - (15555
Corollary

For | %] >1,

b 1 LT+ ( m\T LT L (6l |m?
=S — = = -m " — — .
I'(1 —2e¢) s es 2 ' \1—¢| s
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A Feynman diagram
Thoughts

v

The method of brackets produces evaluations for the different
regions of the kinematic variables.

v

Alternative to introducing Mellin-Barnes representations

» Most aspects of this process are automatable.

v

Karen Kohl is working on an implementation in SAGE.
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Troubles
Ising Integrals

» Studied by Bailey, Borwein, Crandall:

/ / 1 du1 du,
”k_* 1y, Tn
)

1 (uj 4+ 1/uy
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Troubles
Ising Integrals

» Studied by Bailey, Borwein, Crandall:

1 duq du,
=i ), - / o
)

1 (uj 4+ 1/uy

on— k+1

— k gn

[§ D. H. Bailey, J. M. Borwein and R. E. Crandall. “Integrals of the
Ising class.” Jour. Phys. A, 39, 2006.
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Troubles
Ising Integrals

» Studied by Bailey, Borwein, Crandall:

/ / du1 du,
Cnk =11 1w,
)

1(u; +1/uy
on—k+1

— k gn

7
» C11=2,C1 =1, C31=L_3(2), C4p =

5¢0)

[§ D. H. Bailey, J. M. Borwein and R. E. Crandall. “Integrals of the
Ising class.” Jour. Phys. A, 39, 2006.
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Troubles
Ising Integrals

» Studied by Bailey, Borwein, Crandall:

/ / du1 du,
Cnk =11 1w,
)

1(u; +1/uy
on—k+1

= k gon
n'k:'/o t" Ky (t)dt
7
> Cl1=2, O3 =1, G301 = L3(2), Caa = 5¢03), C51 =77

[§ D. H. Bailey, J. M. Borwein and R. E. Crandall. “Integrals of the
Ising class.” Jour. Phys. A, 39, 2006.
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Troubles
Ising Integrals — n = 2

o foe dx dy
Cop =2 h+1
o Jo zy(x+1/z+y+1/y)
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Troubles
Ising Integrals — n = 2

o foe dx dy
Cop =2 h+1
o Jo zy(x+1/z+y+1/y)

2
:EZ¢{n}<n1+n2+n3+n4+k+1>(n1—n3)<n2—n4>
" {n}
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Troubles
Ising Integrals — n = 2

o foe dx dy
Cop =2 h+1
o Jo zy(x+1/z+y+1/y)

2
:EZ¢{n}<n1+n2+n3+n4+k+1>(n1—n3)<n2—n4>
" {n}

» 4 indices, 3 brackets: 1 free variable
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Troubles
Ising Integrals — n = 2

o foe dx dy
Cop =2 h+1
o Jo zy(x+1/z+y+1/y)

2
:EZ¢{n}<n1+n2+n3+n4+k+1>(n1—n3)<n2—n4>
" {n}

» 4 indices, 3 brackets: 1 free variable

» np free: n3 =n; and nj =nj = —nj — k—;l

S G (=ng) T (~np)T ()
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Troubles
Ising Integrals — n = 2

o foe dx dy
Cop =2 h+1
o Jo zy(x+1/z+y+1/y)

2
:EZ¢{n}<n1+n2+n3+n4+k+1>(n1—n3)<n2—n4>
" {n}

» 4 indices, 3 brackets: 1 free variable
> ny free: nj =mny and n} = nj = —ny — &t

S G (=ng) T (~np)T ()
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Troubles
Ising Integrals — n = 2

o foe dx dy
Cop =2 k+1
o Jo ay(z+1l/z+y+1/y)

2
:EZ¢{n}<n1+n2+n3+n4+k+1>(n1—n3)<n2—n4>
" {n}

» 4 indices, 3 brackets: 1 free variable

> ny free: nj =mny and n} = nj = —ny — &t

2 b T (i)l (—n3)

» No luck for all choices of free variables.
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Troubles
Ising Integrals — perturbing

> Oy is the case e — 0 of

2/00/00 da dy
o Jo @ ey(z+jzty+1/y)tH

2
:EZczﬁ{n}(m +n2+n3+n4+k+1><nl_n3+€><n2—n4>
“{n}
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Troubles

Ising Integrals — perturbing

> Oy is the case e — 0 of

2/ / dx dy
1—¢ k+1
o Jo zlfy(x+1l/x+y+1/y)

2
Ezé{n}<n1 +n2+n3+n4+k+1>(n1—n3+6>(n2—n4)
“{n}

> ny free: n§:n1+5andn§:n2:—nl—%

% z¢n1 (=n3)I'(—n3)

1)711 k+1+52 _
B Rt SR =
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Troubles

Ising Integrals — perturbing

» (o isthe casee — 0, A — 1 of

2/00/00 dx dy
o Jo al-ty(Az+1/z+y+1/y)"

2
- EZé{n}Am (ny 4 ng +n3 +ng+k+1) (ng —ng + ) (ng — ny)
" {n}

> ny free: n§:n1+5andn§:n2:—nl—%

2
o Y S AT (=n3)0(—n3)L(—nj)

n1
2 (=™ k

_ = Anll—‘ +1+€ 21’\ _ _
k!nzlf(n1+1) (1 4+ 5575 T(=m =)
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Troubles

Ising Integrals — perturbing

» (o isthe casee — 0, A — 1 of

2/00/00 dx dy
o Jo al-ty(Az+1/z+y+1/y)"

2
- EZé{n}Am (ny 4 ng +n3 +ng+k+1) (ng —ng + ) (ng — ny)
" {n}

> ny free: n§:n1+5andn§:n2:—nl—%

2
o Y S AT (=n3)0(—n3)L(—nj)

ni
2 —1)m
- S A T+ B )
ni
» Combined with ng:
2 o (TH5145] ), 2 e o (1-51-3
HI“(—E)I‘(l +5)%2F ( It A+ HA D(e)(1—5)%F . A
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Troubles
Ising Integrals — minding form

R e dz dy
Cop =2 k1
o Jo zylz+1l/z+y+1/y)
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Troubles
Ising Integrals — minding form

R e dz dy
C2,k:2/ / o)
zy(z+1/z+y+1/y)

_ / / :z:y kda:dy
a (zy [z +y] + [z + y)HH!
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Troubles
Ising Integrals — minding form

R e dz dy
C2,k:2/ / o)
zy(z+1/z+y+1/y)

_ / / :z:y kda:dy
a (zy [z +y] + [z + y)HH!

/ / > b ( xy)”l““(ww)“l*"? (i +n2 +k+1) dedy

ni,n2

Armin Straub On the method of brackets



Troubles
Ising Integrals — minding form

R e dz dy
C2,k:2/ / o)
zy(z+1/z+y+1/y)

_ / / :z:y kda:dy
a (zy [z +y] + [z + y)HH!

/ / > b ( xy)”l““(ww)“l*"? (i +n2 +k+1) dedy

ni,n2

(n3 + ng —ny —na)
I‘(—nl—ng)
Xx(ni+ng+k+1)(n+ns+k+1)

2
:gz¢{n}<n1+n2+k+l)
" {n}
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Troubles
Ising Integrals — minding form

R e dz dy
C2,k:2/ / o)
zy(z+1/z+y+1/y)

_ / / :z:y kda:dy
a (zy [z +y] + [z + y)HH!

/ / > b ( xy)”l““(ww)“l*"? (i +n2 +k+1) dedy

ni,n2

(n3 + ng —ny —na)
I‘(—nl—ng)
Xx(ni+ng+k+1)(n+ns+k+1)

_ D) T (=ny) T (=n3) ' (=nj)
I'(k+ 1) (—nf —nd)

2
:gz¢{n}<n1+n2+k+l)
" {n}

k+1
2
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Troubles
Ising Integrals — minding form

R e dz dy
C2,k:2/ / o)
zy(z+1/z+y+1/y)

_ / / :z:y kda:dy
a (zy [z +y] + [z + y)HH!

/ / > b ( xy)”l““(ww)“l*"? (i +n2 +k+1) dedy

ni,n2

(n3 + ng —ny —na)
I‘(—nl—ng)
Xx(ni+ng+k+1)(n+ns+k+1)

_ T D ems) D)) T (5

I'(k+ 1) (—nt —n3) Ik +1)2

2
:gz¢{n}<n1+n2+k+l)
" {n}

k+1
2
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Troubles
Challenges

» The form of the integrand makes a huge difference.
How can it be automatically optimized?
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Troubles
Challenges

» The form of the integrand makes a huge difference.
How can it be automatically optimized?

» More complicated integrals/bracket series need to be perturbed.
How to automatize the insertion of the necessary parameters?

Armin Straub On the method of brackets



Troubles

The method of brackets =
(s) :z/ s~ldg
0

Rule (Multinomial)

1 mr<s+m1—i— -+ my)
(a1 +as+ - mlz;mr ¢{m}a F(S)

Rule (Evaluation)

> by f(na, . one) (aang + - arene + b1) - (Grana + - ey + br)
{n} 1 «

= @f(nlv oy n)L(=ny) -+ - T(=ny),
Rule (Combining)

If there are more summation indices than brackets, free variables are
chosen. Each choice produces a series. Those converging in a common
region are added.
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Ramanujan’s Master Theorem

Rule

S éuA(n) (an + b) = —A(*)T(=n"),

|al

where n* is the solution of the equation an + b = 0.
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Ramanujan’s Master Theorem

Rule

S AI(=n),

|al

> ¢nA(n) (an +b) =
where n* is the solution of the equation an + b = 0.

» Therefore:

/ooxs L) dx—ZgZ)n )(n+s)
0
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Ramanujan’s Master Theorem

Rule

3 6uA(m) (an+1) = oA )D(=n").

where n* is the solution of the equation an + b = 0.

» Therefore:

/ 2L f(z)dz = Z PuA(n) (n+5) = X\(—s)['(s)
/

f) =3 L A

|
0 n:

» This is Ramanujan’s Master Theorem.
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A joke in the sense of Littlewood

Theorem (Ramanujan’s Master Theorem)
o T $2
/ ! {)\(0) ) } dz = [(s)A(—s)
O . .

> Nearly discovered as early as 1847 by Glaisher and O'Kinealy.
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A joke in the sense of Littlewood

Theorem (Ramanujan’s Master Theorem)
o T $2
/ ! {)\(0) ) } dz = [(s)A(—s)
O . .

> Nearly discovered as early as 1847 by Glaisher and O'Kinealy.
> “Proof":

> s—1 = (_1)71 n
/0 x ;} - A(n)z" dzx
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A joke in the sense of Littlewood

Theorem (Ramanujan’s Master Theorem)
o T $2
/ ! {A(O) ) } dz = [(s)A(—s)
O . .

> Nearly discovered as early as 1847 by Glaisher and O'Kinealy.

> “Proof”:

:/ " 12 EV pnan g A(0)

n)z" dx
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A joke in the sense of Littlewood

Theorem (Ramanujan’s Master Theorem)
o T $2
/ ! {A(O) ) } dz = [(s)A(—s)
O . .

> Nearly discovered as early as 1847 by Glaisher and O'Kinealy.
> “Proof":
= / 2! Z EV pnan g A(0)

_ ooxsflefE:r - ’ -
= /0 dz-M0)  gn . 5(0) = Am)

n)z" dx
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A joke in the sense of Littlewood

Theorem (Ramanujan’s Master Theorem)
o T $2
/ ! {A(O) ) } dz = [(s)A(—s)
O . .

> Nearly discovered as early as 1847 by Glaisher and O'Kinealy.
> “Proof":
= / 2! Z EV pnan g A(0)

_ ooxsflefE:r - ’ -
= /0 dz-M0)  gn . 5(0) = A(n)

n)z" dx
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A joke in the sense of Littlewood

Theorem (Ramanujan’s Master Theorem)
o T $2
/ ! {A(O) ) } dz = [(s)A(—s)
O . .

> Nearly discovered as early as 1847 by Glaisher and O'Kinealy.
> “Proof":
= / 2! Z EV pnan g A(0)

_ ooxsflefE:r - ’ -
= /0 dz-M0)  gn . 5(0) = A(n)

n)z" dx
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Rigorous Ramanujan’s Master Theorem

Theorem (Ramanujan’s Master Theorem)

/ooo 27 {p(0) — 2p(1) +2°(2) — -+ } do = (=)

» Previous form: ¢(u) = A(u)/I'(u+ 1)



Rigorous Ramanujan’s Master Theorem

Theorem (Ramanujan’s Master Theorem)

/ooo 27 {p(0) — 2p(1) +2°(2) — -+ } do = (=)

for 0 < Re s < §, provided that

» ¢ is analytic (single-valued) on the half-plane

H(6) ={z € C:Reu> -6},

» Previous form: ¢(u) = A(u)/T'(u+ 1)



Rigorous Ramanujan’s Master Theorem

Theorem (Ramanujan’s Master Theorem)

/ooo 27 {p(0) — 2p(1) +2°(2) — -+ } do = (=)

for 0 < Re s < §, provided that

» ¢ is analytic (single-valued) on the half-plane
H(6) ={z € C:Reu> -6},
> o satisfies the growth condition
lp(v + iw)| < CePvHAl
for some A < 7 and for all v + iw € H(J).
» Previous form: ¢(u) = A(u)/T'(u+ 1)



Multidimensional generalization

Theorem

Z¢{n}f(nla ooy ) {@11ng + - a1y +b1) - {arina + - Qe + by)
{n} 1

= mf(nia ooy n)T(=n7) - - - T(=ny),

Armin Straub On the method of brackets



Multidimensional generalization

Theorem

Z¢{n}f(nla ooy ) {@11ng + - a1y +b1) - {arina + - Qe + by)
{n} 1

= mf(nia ooy n)T(=n7) - - - T(=ny),

Converting brackets back:

00 oo
/ / § ¢n17n2f(n17n2)xannl+a12n2+b1flya21n1+a22n2+b271 dx dy
0 0

ni,n2
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Multidimensional generalization

Theorem

Z¢{n}f(nla ooy ) {@11ng + - a1y +b1) - {arina + - Qe + by)
{n} 1

= mf(nia ooy n)T(=n7) - - - T(=ny),

Converting brackets back:
§ : aiini+aianz+bi—1, as1ni+agena+ba—1
/ / ¢n1,n2f(n17 nQ)CC 11n1 1212 1 y 2171 2212 2 dx dy
0 0 ning

; — (011,421 012,022 ap dedy 1 dudv.
Substitute (u,v) = (*'y"**", 2*12y*?) with <% = ariam—arsan] w0
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Multidimensional generalization

Theorem

Z¢{n}f(nla ooy ) {@11ng + - a1y +b1) - {arina + - Qe + by)
{n} 1

= mf(nia ooy n)T(=n7) - - - T(=ny),

Converting brackets back:

00 oo
/ / § ¢n17n2f(n17nQ)xa11n1+a12n2+b1flya21n1+a22n2+b271 dx dy
0 0

ni,n2
; — (011,,021 ,.012,,022 ap dzdy 1 dudv.
Substitute (u,v) = (*'y"**", 2*12y*?) with <% = ariam—arsan] w0
oo o
1 § ni—n*—1_ no—ni—1
a11a22—a12a21|/ / ¢n1’"2f(n1’n2)u b > dudv
0 0

ni,n2
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Multidimensional generalization

Theorem

Z¢{n}f(nla ooy ) {@11ng + - a1y +b1) - {arina + - Qe + by)
{n} 1

= mf(nia ooy n)T(=n7) - - - T(=ny),

Converting brackets back:

00 oo
/ / § ¢n17n2f(n17nQ)xa11n1+a12n2+b1flya21n1+a22n2+b271 dx dy
0 0

ni,n2
; — (011,,021 ,.012,,022 ap dzdy 1 dudv.
Substitute (u,v) = (*'y"**", 2*12y*?) with <% = ariam—arsan] w0
oo o
1 § ni—n*—1_ no—ni—1
a11a22—a12a21|/ / ¢n1’"2f(n1’n2)u b > dudv
0 0

ni,n2

raery/ (01, n3)0(=ni)0(—n3)
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Distributional

The Mellin transform

» The Mellin transform of f(z) is F(s) = / 2 f(x) da.

0
. . 1 fetee s
» Mellin inversion: f(z) = v /Cioo F(s)x™%ds
00 1 c+ioo
» Parseval's identity: /0 f(z)g(z)dz = i) F(s)G(1 —s)ds
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Distributional

The Mellin transform

» The Mellin transform of f(x) is F(s) = / 57 f(z) da.
0

1 c+oo
» Mellin inversion: f(z) = / F(s)x™%ds

27 S o
] 1 c+100
» Parseval's identity: / f(z)g(z)dz = 5 F(s)G(1 —s)ds
0 T Je—ico
Example
i C+iooF( ))\( ) =54 _i (_l)nA( ) n
o ). s s)z”*ds = 2 n)x
and so

o0
/ 57 f(z) dz = A(—s)[(s).
0



Distributional

The method of brackets the Mellin way

» The bracket (s) is the Mellin transform of 1:

(s) = /Ooo <
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Distributional

The method of brackets the Mellin way

» The bracket (s) is the Mellin transform of 1:

(s) = /Ooo <

= D bmimea @y (s +m +ma)

» The multinomial rule

(ml + :BQ mi,m2
has its counterpart as
F(S) B 1 c+i00

(w1 +a2)° iz T(=2)T dz.
Tty 2 ), ST T2l +s)d
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Distributional

Distributional Mellin transform

» Test functions ¢ € T (a,b) with ¢ € C*°(0,00) and
xkqﬁ(k)(x) = 0(x“+5“_1), xkqﬁ(k)(:v) = o0 (:Ub_a"_l) .

z—0 T—00
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Distributional

Distributional Mellin transform

» Test functions ¢ € T (a,b) with ¢ € C*°(0,00) and
k (k) _ ateq—1 k (k) _ b—ep—1
o (x)x_mo(x ), "¢ (:U)x_moo<x b )

» Then 2°71 € T(a,b) iff a < Re s < b.
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Distributional

Distributional Mellin transform

» Test functions ¢ € T (a,b) with ¢ € C*°(0,00) and
a:kqﬁ(k)(x) = 0(xa+5“_1), xkqﬁ(k)(:v) = o0 (:Ub_a"_l) .

z—0 T—00

» Then 2°71 € T(a,b) iff a < Re s < b.
» T'(a,b) continuous dual of T (a,b).
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Distributional

Distributional Mellin transform

» Test functions ¢ € T (a,b) with ¢ € C*°(0,00) and
xkqﬁ(k)(x) = 0(xa+5“_1), xkqﬁ(k)(:v) = o0 (:Ub_‘s"_l) .

z—0 T—00

» Then 2°71 € T(a,b) iff a < Re s < b.
» T'(a,b) continuous dual of T (a,b).

Definition
Let f € T'(a,b). Its Mellin transform is M [f; s] := (f, z°71).
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Distributional

Distributional Mellin transform

» Test functions ¢ € T (a,b) with ¢ € C*°(0,00) and
zF k) (x) = o ($a+aa—1) , xkqﬁ(k)(:v) S0 (:Ub_‘s"_l) .

» Then 2°71 € T(a,b) iff a < Re s < b.
» T'(a,b) continuous dual of T (a,b).

Definition
Let f € T'(a,b). Its Mellin transform is M [f; s] := (f, z°71).

> If f:(0,00) — C is locally integrable it defines a distribution

o /0 " fe)ele) de,

and—assuming convergence in the appropriate strip—we recover the
classical Mellin transform.
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Distributional

Distributional Mellin transform

» Test functions ¢ € T (a,b) with ¢ € C*°(0,00) and
xkqﬁ(k)(x) = 0(xa+5“_1), xkqﬁ(k)(:v) = o0 (:Ub_‘s"_l) .

T—00

» Then 2°71 € T(a,b) iff a < Re s < b.
» T'(a,b) continuous dual of T (a,b).

Definition

Let f € T'(a,b). Its Mellin transform is M [f; s] := (f, z°71).

> If f:(0,00) — C is locally integrable it defines a distribution

o /0 " fe)ele) de,

and—assuming convergence in the appropriate strip—we recover the
classical Mellin transform.
» M|f;s] is a holomorphic function for a < Re s < b.

Armin Straub On the method of brackets



Distributional

The distributional bracket

» Likewise, the constant function 1 defines a distribution
o0
o [ ola)da,
0

but it does not belong to any T”(a,b).
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The distributional bracket

» Likewise, the constant function 1 defines a distribution

gor—>/ooogp(x)da:

but it does not belong to any T”(a,b).
» Still, we can define its Mellin transform from Parseval’s identity:

/ o L[ () Gs) ds = (F.é)

27” c—100

where G(s) := G(1 — s).
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The distributional bracket

» Likewise, the constant function 1 defines a distribution

gor—>/ooogp(x)da:

but it does not belong to any T”(a,b).
» Still, we can define its Mellin transform from Parseval’s identity:

/ o L[ () Gs) ds = (F.é)

27” c—100

where G(s) := G(1 — s).
MIfLGYy = (f M)
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Distributional
The distributional bracket

» Likewise, the constant function 1 defines a distribution

gor—>/ooogp(x)da:

but it does not belong to any T”(a,b).

» Still, we can define its Mellin transform from Parseval's identity

/ o Qjm _+: F(s)G(s)ds = (F.G)
where G(s) := G(1 — s).
MIfLGYy = (f M)

<M[1]7 G>M
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Distributional
The distributional bracket

» Likewise, the constant function 1 defines a distribution

gor—>/ooogp(x)da:

but it does not belong to any T”(a,b).

» Still, we can define its Mellin transform from Parseval's identity

/ o Qjm _+: F(s)G(s)ds = (F.G)
where G(s) := G(1 — s).
MIfLGYy = (f M)

<M[1]7 G>M =

/wa@dxzéu>
0

» Thus (s) = M[1;s] = d(s) is the Dirac distribution.
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Distributional

Distributional bracket in action

Theorem
Under appropriate conditions on X\, we have the rule

Y dnA(n) (n+s) = T(s)A(—s).
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Distributional bracket in action

Theorem
Under appropriate conditions on X\, we have the rule

Y dnA(n) (n+s) = T(s)A(—s).

» Distributionally, the LHS is defined by

<Zn:¢n)\(n n+s), > Z%
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Distributional

Distributional bracket in action

Theorem
Under appropriate conditions on X\, we have the rule

Y dnA(n) (n+s) = T(s)A(—s).

» Distributionally, the LHS is defined by

<Zn:¢n)\(n n+s), > Z%

» The RHS is
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Distributional

Distributional bracket in action

Theorem
Under appropriate conditions on X\, we have the rule

Zczsn (n + s) = D(s)A(=s).

» Distributionally, the LHS is defined by

<Zn:¢n)\(n n+s), > Z%

» The RHS is
1 c+ioo
(C(s)A(=s), x(8))py = / L(s)A(—s)x(s)ds

21 Jo—ioo

= duA(n)x(—n
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Distributional

The end

THANK YQOU!
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Distributional

The method of brackets =
(s) :z/ s~ldg
0

Rule (Multinomial)

1 mr<s+m1—i— -+ my)
(a1 +as+ - mlz;mr ¢{m}a F(S)

Rule (Evaluation)

> by f(na, . one) (aang + - arene + b1) - (Grana + - ey + br)
{n} 1 «

= @f(nlv oy n)L(=ny) -+ - T(=ny),
Rule (Combining)

If there are more summation indices than brackets, free variables are
chosen. Each choice produces a series. Those converging in a common
region are added.
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