
The method of brackets Examples A Feynman diagram Troubles RMT Distributional

On the method of brackets

Armin Straub

Tulane University, New Orleans

January 9, 2011

Joint work with: Ivan Gonzalez Victor Moll
Universidad Santa Maria, Chile Tulane University, U.S.

Armin Straub On the method of brackets



The method of brackets Examples A Feynman diagram Troubles RMT Distributional

Advertisement
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Origin and more advertising

I Derives from the negative dimensional approach used in physics for
evaluating Feynman diagrams

I Halliday, Ricotta, Schmidt, Suzuki
I Gonzalez, Moll

I Alternative to the practice of introducing Mellin-Barnes
representations for everything

I The method of brackets . . .
I is distilled to a set of 3 simple rules

I is applicable to a wide class of definite integrals
I is comfortably applied by hand for many simpler integrals
I is (quite) automatable

Karen Kohl is working on an implementation in SAGE.
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The method

〈s〉 :=

∫ ∞
0

xs−1 dx

I The formal symbol 〈s〉 is called a bracket.

I It is economical to use the symbol

φn :=
(−1)n

n!

which is called the indicator of n.

Example

The gamma function

has the bracket expansion

Γ(s) =

∫ ∞
0

xs−1e−x dx

=

∫ ∞
0

∑
n

φnx
n+s−1 dx =

∑
n

φn 〈n+ s〉 .
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Evaluating bracket series

Rule ∑
n

φnf(n) 〈an+ b〉 =
1

|a|
f(n∗)Γ(−n∗),

where n∗ is the solution of the equation an+ b = 0.

Example ∫ ∞
0

xs−1e−x dx =
∑
n

φn 〈n+ s〉

= Γ(−n∗) = Γ(s).

Example∫ ∞
0

e−ax
2

dx

=

∫ ∞
0

∑
n

φna
nx2n dx =

∑
n

φna
n 〈2n+ 1〉

=
1

2
an

∗
Γ(−n∗) =

1

2

√
π

a
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More interesting example

I Bessel function: Jν(x) =

∞∑
k=0

(−1)k

k!

(x/2)2k+ν

Γ(k + ν + 1)

I

∫ ∞
0

e−αxJ0(βx) dx

=
∑
m,k

φm,kα
m

(
β

2

)2k 1

k!
〈m+ 2k + 1〉

I Choosing k as a free variable: m∗ = −2k − 1

∑
k

φkα
m∗
(
β

2

)2k Γ(−m∗)
k!

=
∑
k

φkα
−2k−1

(
β

2

)2k Γ(2k + 1)

k!

=
1

α

∑
k

(−1)k
(

2k

k

)(
β

2α

)2k

=
1√

α2 + β2

with the series converging for β < α.

I Similarly, for m free:

1

2

∑
m

φmα
m

(
β

2

)−m−1 Γ(1/2 +m/2)

Γ(1/2−m/2)
= . . . =

1√
α2 + β2
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I Choosing k as a free variable: m∗ = −2k − 1∑
k

φkα
m∗
(
β

2

)2k Γ(−m∗)
k!

=
∑
k

φkα
−2k−1

(
β

2

)2k Γ(2k + 1)

k!

=
1

α

∑
k

(−1)k
(

2k

k

)(
β

2α

)2k

=
1√

α2 + β2

with the series converging for β < α.

I Similarly, for m free:

1

2

∑
m

φmα
m

(
β

2

)−m−1 Γ(1/2 +m/2)

Γ(1/2−m/2)
= . . . =

1√
α2 + β2

Armin Straub On the method of brackets



The method of brackets Examples A Feynman diagram Troubles RMT Distributional

More interesting example

I Bessel function: Jν(x) =

∞∑
k=0

(−1)k

k!

(x/2)2k+ν

Γ(k + ν + 1)

I

∫ ∞
0

e−αxJ0(βx) dx =
∑
m,k

φm,kα
m

(
β

2

)2k 1

k!
〈m+ 2k + 1〉

I Choosing k as a free variable: m∗ = −2k − 1∑
k

φkα
m∗
(
β

2

)2k Γ(−m∗)
k!

=
∑
k

φkα
−2k−1

(
β

2

)2k Γ(2k + 1)

k!

=
1

α

∑
k

(−1)k
(

2k

k

)(
β

2α

)2k

=
1√

α2 + β2

with the series converging for β < α.
I Similarly, for m free:

1

2

∑
m

φmα
m

(
β

2

)−m−1 Γ(1/2 +m/2)

Γ(1/2−m/2)
= . . . =

1√
α2 + β2

Armin Straub On the method of brackets



The method of brackets Examples A Feynman diagram Troubles RMT Distributional

Evaluating higher bracket series

Rule ∑
n

φnf(n) 〈an+ b〉 =
1

|a|
f(n∗)Γ(−n∗), where an∗ + b = 0.

Rule (Evaluation)∑
{n}

φ{n}f(n1, . . . , nr) 〈a11n1 + · · · a1rnr + b1〉 · · · 〈ar1n1 + · · · arrnr + br〉

=
1

|det(A)|
f(n∗1, . . . , n

∗
r)Γ(−n∗1) · · ·Γ(−n∗r),

where A = (aij) and (n∗i ) such that the brackets vanish.

Rule (Combining)

If there are more summation indices than brackets, free variables are
chosen. Each choice produces a series. Those converging in a common
region are added.
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Multinomial expansions

Rule (Multinomial)

1

(a1 + a2 + · · ·+ ar)s
=

∑
m1,...,mr

φ{m}a
m1
1 · · · a

mr
r

〈s+m1 + · · ·+mr〉
Γ(s)

where φ{m} := φm1 · · ·φmr .

I Follows from the integral representation of Γ(s):

Γ(s)

(a1 + . . .+ ar)
s =

∫ ∞
0

xs−1e−(a1+...+ar)x dx

=

∫ ∞
0

xs−1
r∏
i=1

∑
mi

φmi(aix)mi dx

=
∑
{m}

φ{m}a
m1
1 · · · a

mr
r 〈s+m1 + · · ·+mr〉 .
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A two-dimensional example

∫ ∞
0

∫ ∞
0

xs−1yt−1 exp (−(x+ y)α) dx dy

=
∑
j

φj

∫ ∞
0

∫ ∞
0

xs−1yt−1(x+ y)αj dxdy

=
∑
j

φj

∫ ∞
0

∫ ∞
0

xs−1yt−1
∑
n,m

φn,mx
nym
〈n+m− αj〉

Γ(−αj)
dxdy

=
∑
j,n,m

φj,n,m
1

Γ(−αj)
〈n+m− αj〉 〈n+ s〉 〈m+ t〉

n∗ = −s, m∗ = −t, j∗ = − s+t
α , |det | = α

=
1

α

1

Γ(−αj∗)
Γ(−n∗)Γ(−m∗)Γ(−j∗) =

1

α

Γ(s)Γ(t)

Γ(s+ t)
Γ

(
s+ t

α

)
I Mathematica 7 cannot evaluate this integral.
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More dimensions

I This generalizes to arbitrary dimensions:

Theorem ∫ ∞
0
· · ·
∫ ∞

0
exp (−(x1 + . . .+ xn)α)

n∏
i=1

xsi−1
i dxi

=
1

α

∏n
i=1 Γ(si)

Γ(s1 + . . .+ sn)
Γ

(
s1 + . . .+ sn

α

)

Armin Straub On the method of brackets



The method of brackets Examples A Feynman diagram Troubles RMT Distributional

A Bessel integral

∫ ∞
0

J0(αx)
xs−1

(1 + x2)λ
dx

=
∑
k

φk

∫ ∞
0

(α
2

)2k 1

Γ(k + 1)

x2k+s−1

(1 + x2)λ
dx

=
1

Γ(λ)

∑
k,n,m

φk,n,m

(α
2

)2k 1

Γ(k + 1)
〈n+m+ λ〉 〈2m+ 2k + s〉

I 3 indices, 2 brackets: 1 free variable
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A Bessel integral — k free

∫ ∞
0

J0(αx)
xs−1

(1 + x2)λ
dx

=
1

Γ(λ)

∑
k,n,m

φk,n,m

(α
2

)2k 1

Γ(k + 1)
〈n+m+ λ〉 〈2m+ 2k + s〉

I k free: m∗ = −k − s
2 and n∗ = −λ+ k + s

2 . | det | = 2

1

2Γ(λ)

∑
k

φk

(α
2

)2k 1

Γ(k + 1)
Γ(−n∗)Γ(−m∗)

=
1

2Γ(λ)

∑
k

(−1)k

(k!)2

(α
2

)2k
Γ(λ− k − s

2)Γ(k + s
2)

=
Γ( s2)Γ(λ− s

2)

2Γ(λ)
1F2

( s
2

1, 1− λ+ s
2

∣∣∣∣α2

4

)
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Γ(−n∗)Γ(−m∗)

=
1

2Γ(λ)

∑
k

(−1)k

(k!)2

(α
2

)2k
Γ(λ− k − s

2)Γ(k + s
2)

=
Γ( s2)Γ(λ− s

2)

2Γ(λ)
1F2

( s
2

1, 1− λ+ s
2

∣∣∣∣α2

4

)
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A Bessel integral — the contributions

∫ ∞
0

J0(αx)
xs−1

(1 + x2)λ
dx

=
1

Γ(λ)

∑
k,n,m

φk,n,m

(α
2

)2k 1

Γ(k + 1)
〈n+m+ λ〉 〈2m+ 2k + s〉

I k free:
Γ( s2)Γ(λ− s

2)

2Γ(λ)
1F2

( s
2

1, 1− λ+ s
2

∣∣∣∣α2

4

)

I n free:
(α

2

)2λ−s Γ(−λ+ s
2)

2Γ(λ+ 1− s
2)

1F2

(
λ

1 + λ− s
2 , 1 + λ− s

2

∣∣∣∣α2

4

)
I m free:

1

2Γ(λ)

∑
m

(−1)m

m!

(α
2

)−2m−s Γ(m+ λ)Γ(m+ s
2)

Γ(1−m− s
2)

This series diverges.
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A Bessel integral — harvesting

Theorem∫ ∞
0

J0(αx)
xs−1

(1 + x2)λ
dx =

Γ( s2)Γ(λ− s
2)

2Γ(λ)
1F2

( s
2

1, 1− λ+ s
2

∣∣∣∣α2

4

)
+
(α

2

)2λ−s Γ(−λ+ s
2)

2Γ(λ+ 1− s
2)

1F2

(
λ

1 + λ− s
2 , 1 + λ− s

2

∣∣∣∣α2

4

)

Corollary (s = 2)∫ ∞
0

J0(αx)
x

(1 + x2)λ+1
dx =

(α
2

)λ Kλ(α)

λ!

Corollary ∫ ∞
0

J0(αx)
x

(1 + x2)3/2
dx = e−α
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A Feynman diagram

P2

P1

P3

// a3

��

a1
yyyy

<<yyyy
//

a2

EEE
E

""EEE
E

//

I Propagator associated to the index a1 has mass m
I P 2

1 = P 2
3 = 0 and P 2

2 = (P1 + P3)2 = s

I D-dimensional representation in Minkowski space is given by

G =

∫
dDq

iπD/2
1

[(P1 + q)2 −m2]a1 [(P3 − q)2]a2 [q2]a3
.

E. E. Boos and A. I. Davydychev. “A method for evaluating massive
Feynman integrals.” Jour. Phys. A, 41, 1991.

Armin Straub On the method of brackets



The method of brackets Examples A Feynman diagram Troubles RMT Distributional

A Feynman diagram

P2

P1

P3

// a3

��

a1
yyyy

<<yyyy
//

a2

EEE
E

""EEE
E

//

I Propagator associated to the index a1 has mass m
I P 2

1 = P 2
3 = 0 and P 2

2 = (P1 + P3)2 = s
I D-dimensional representation in Minkowski space is given by

G =

∫
dDq

iπD/2
1

[(P1 + q)2 −m2]a1 [(P3 − q)2]a2 [q2]a3
.

E. E. Boos and A. I. Davydychev. “A method for evaluating massive
Feynman integrals.” Jour. Phys. A, 41, 1991.

Armin Straub On the method of brackets



The method of brackets Examples A Feynman diagram Troubles RMT Distributional

The associated Feynman integral

I Schwinger parametrization leads to G =
(−1)−D/2∏3
j=1 Γ(aj)

H with

H :=

∞∫
0

∞∫
0

∞∫
0

xa1−1
1 xa2−1

2 xa3−1
3

ex1m
2
e
− x1x2
x1+x2+x3

s

(x1 + x2 + x3)D/2
dx1dx2dx3.

I First

ex1m
2
e
− x1x2
x1+x2+x3

s
=
∑
n1,n2

φ{n}(−1)n1m2n1sn2
xn1+n2

1 xn2
2

(x1 + x2 + x3)n2

I Then expand

1

(x1 + x2 + x3)D/2+n2
=

∑
n3,n4,n5

φ{n}x
n3
1 xn4

2 xn5
3

〈
D
2 + n2 + n3 + n4 + n5

〉
Γ(D2 + n2)
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Evaluation

I The resulting bracket series is

H =
∑
{n}

φ{n}(−m2)n1sn2

〈
D
2 + n2 + n3 + n4 + n5

〉
Γ(D2 + n2)

× 〈a1 + n1 + n2 + n3〉 〈a2 + n2 + n4〉 〈a3 + n5〉 .

I Possible choices for free variables are n1, n2, and n4.
I The series associated to n2 converges for | s

m2 | < 1:

Theorem

H = η2 · 2F1

(
a1 + a2 + a3 − D

2 , a2

D
2

∣∣∣∣ sm2

)
with η2 defined by

η2 =
(
−m2

)D
2
−a1−a2−a3

Γ(a2)Γ(a3)Γ
(
D
2
− a2 − a3

)
Γ
(
a1 + a2 + a3 − D

2

)
Γ
(
D
2

) .
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Evaluation II

I Similarly, the series associated to n1, n4 converges for |m2

s | < 1:

Theorem

H = η1 · 2F1

(
a1 + a2 + a3 − D

2 , 1 + a1 + a2 + a3 −D
1 + a1 + a3 − D

2

∣∣∣∣m2

s

)

+ η4 · 2F1

(
1 + a2 − D

2 , a2

1− a1 − a3 + D
2

∣∣∣∣m2

s

)

with η1, η4 defined by

η1 = s
D
2
−a1−a2−a3

Γ(a3)Γ
(
a1 + a2 + a3 − D

2

)
Γ
(
D
2
− a1 − a3

)
Γ
(
D
2
− a2 − a3

)
Γ (D − a1 − a2 − a3)

,

η4 = s−a2
(
−m2

)D
2
−a1−a3

Γ(a2)Γ(a3)Γ
(
a1 + a3 − D

2

)
Γ
(
D
2
− a2 − a3

)
Γ
(
D
2
− a2

) .
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Evaluation III

I Specialize to a1 = a2 = a3 = 1 so that

H =

∞∫
0

∞∫
0

∞∫
0

ex1m
2
e
− x1x2
x1+x2+x3

s

(x1 + x2 + x3)D/2
dx1dx2dx3.

I Then with D = 4− 2ε:

Corollary

For | s
m2 | < 1,

H = (−m2)−1−εΓ(ε− 1)2F1

(
1 + ε, 1

2− ε

∣∣∣∣ sm2

)
.

Corollary

For | s
m2 | > 1,

H = s−1−εΓ(−ε)2Γ(1 + ε)

Γ(1− 2ε)

(
1− m2

s

)−2ε

−m−2εΓ(ε)

εs
2F1

(
ε, 1

1− ε

∣∣∣∣m2

s

)
.
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Thoughts

I The method of brackets produces evaluations for the different
regions of the kinematic variables.

I Alternative to introducing Mellin-Barnes representations

I Most aspects of this process are automatable.

I Karen Kohl is working on an implementation in SAGE.
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Ising Integrals

I Studied by Bailey, Borwein, Crandall:

Cn,k =
4

n!

∫ ∞
0
· · ·
∫ ∞

0

1(∑n
j=1(uj + 1/uj)

)k+1

du1

u1
· · · dun

un

=
2n−k+1

n! k!

∫ ∞
0

tkKn
0 (t) dt

I C1,1 = 2, C2,1 = 1, C3,1 = L−3(2), C4,1 =
7

12
ζ(3)

, C5,1 =??

D. H. Bailey, J. M. Borwein and R. E. Crandall. “Integrals of the
Ising class.” Jour. Phys. A, 39, 2006.
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Ising Integrals — n = 2

C2,k = 2

∫ ∞
0

∫ ∞
0

dx dy

xy (x+ 1/x+ y + 1/y)k+1

=
2

k!

∑
{n}

φ{n} 〈n1 + n2 + n3 + n4 + k + 1〉 〈n1 − n3〉 〈n2 − n4〉

I 4 indices, 3 brackets: 1 free variable

I n1 free: n∗3 = n1 and n∗2 = n∗4 = −n1 − k+1
2

2

k!

∑
n1

φn1Γ(−n∗2)Γ(−n∗3)Γ(−n∗4)

=
2

k!

∑
n1

(−1)n1

Γ(n1 + 1)
Γ(n1 + k+1

2 )2Γ(−n1)

I No luck for all choices of free variables.
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Ising Integrals — perturbing

I C2,k is the case ε→ 0 of

2

∫ ∞
0

∫ ∞
0

dx dy

x1−εy (x+ 1/x+ y + 1/y)k+1

=
2

k!

∑
{n}

φ{n} 〈n1 + n2 + n3 + n4 + k + 1〉 〈n1 − n3 + ε〉 〈n2 − n4〉

I n1 free: n∗3 = n1 + ε and n∗2 = n∗4 = −n1 − k+1+ε
2

2

k!

∑
n1

φn1Γ(−n∗2)Γ(−n∗3)Γ(−n∗4)

=
2

k!

∑
n1

(−1)n1

Γ(n1 + 1)
Γ(n1 + k+1+ε

2 )2Γ(−n1 − ε)

I Combined with n3:

2

k!
Γ(−ε)Γ(1 + ε

2)2
2F1

(
1 + ε

2 , 1 + ε
2

1 + ε

∣∣∣∣A)+
2

k!
A−εΓ(ε)Γ(1− ε

2)2
2F1

(
1− ε

2 , 1−
ε
2

1− ε

∣∣∣∣A)
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Ising Integrals — minding form

C2,k = 2

∫ ∞
0

∫ ∞
0

dx dy

xy (x+ 1/x+ y + 1/y)k+1

= 2

∫ ∞
0

∫ ∞
0

(xy)k dxdy

(xy [x+ y] + [x+ y])k+1

=
2

k!

∫ ∫ ∑
n1,n2

φ{n} (xy)n1+k(x+ y)n1+n2 〈n1 + n2 + k + 1〉 dx dy

=
2

k!

∑
{n}

φ{n} 〈n1 + n2 + k + 1〉 〈n3 + n4 − n1 − n2〉
Γ(−n1 − n2)

× 〈n1 + n3 + k + 1〉 〈n1 + n4 + k + 1〉

=
Γ (−n∗1) Γ (−n∗2) Γ (−n∗3) Γ (−n∗4)

Γ(k + 1)Γ (−n∗1 − n∗2)
=

Γ
(
k+1

2

)4
Γ(k + 1)2

.

I n∗1 = n∗2 = n∗3 = n∗4 = −k+1
2
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Challenges

I The form of the integrand makes a huge difference.
How can it be automatically optimized?

I More complicated integrals/bracket series need to be perturbed.
How to automatize the insertion of the necessary parameters?
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The method of brackets

Rule (Multinomial)

1

(a1 + a2 + · · ·+ ar)s
=

∑
m1,...,mr

φ{m}a
m1
1 · · · a

mr
r

〈s+m1 + · · ·+mr〉
Γ(s)

Rule (Evaluation)∑
{n}

φ{n}f(n1, . . . , nr) 〈a11n1 + · · · a1rnr + b1〉 · · · 〈ar1n1 + · · · arrnr + br〉

=
1

|det |
f(n∗1, . . . , n

∗
r)Γ(−n∗1) · · ·Γ(−n∗r),

Rule (Combining)

If there are more summation indices than brackets, free variables are
chosen. Each choice produces a series. Those converging in a common
region are added.

〈s〉 :=

∫ ∞
0

xs−1 dx
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Ramanujan’s Master Theorem

Rule ∑
n

φnλ(n) 〈an+ b〉 =
1

|a|
λ(n∗)Γ(−n∗),

where n∗ is the solution of the equation an+ b = 0.

I Therefore:∫ ∞
0

xs−1f(x) dx =
∑
n

φnλ(n) 〈n+ s〉

= λ(−s)Γ(s)

f(x) =
∞∑
n=0

(−1)n

n!
λ(n)xn

I This is Ramanujan’s Master Theorem.
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A joke in the sense of Littlewood

Theorem (Ramanujan’s Master Theorem)∫ ∞
0

xs−1

{
λ(0)− x

1!
λ(1) +

x2

2!
λ(2)− · · ·

}
dx = Γ(s)λ(−s)

I Nearly discovered as early as 1847 by Glaisher and O’Kinealy.

I “Proof”: ∫ ∞
0

xs−1
∞∑
n=0

(−1)n

n!
λ(n)xn dx

=

∫ ∞
0

xs−1
∞∑
n=0

(−1)n

n!
Enxn dx · λ(0)

=

∫ ∞
0

xs−1e−Ex dx · λ(0)

=
Γ(s)

Es
· λ(0) = Γ(s)λ(−s)
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Rigorous Ramanujan’s Master Theorem

Theorem (Ramanujan’s Master Theorem)∫ ∞
0

xs−1
{
ϕ(0)− xϕ(1) + x2ϕ(2)− · · ·

}
dx =

π

sin sπ
ϕ(−s)

for 0 < Re s < δ, provided that

I ϕ is analytic (single-valued) on the half-plane

H(δ) = {z ∈ C : Re u ≥ −δ},

I ϕ satisfies the growth condition

|ϕ(v + iw)| < CePv+A|w|

for some A < π and for all v + iw ∈ H(δ).

I Previous form: ϕ(u) = λ(u)/Γ(u+ 1)
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Multidimensional generalization

Theorem∑
{n}

φ{n}f(n1, . . . , nr) 〈a11n1 + · · · a1rnr + b1〉 · · · 〈ar1n1 + · · · arrnr + br〉

=
1

|det(A)|
f(n∗1, . . . , n

∗
r)Γ(−n∗1) · · ·Γ(−n∗r),

Converting brackets back:∫ ∞
0

∫ ∞
0

∑
n1,n2

φn1,n2f(n1, n2)xa11n1+a12n2+b1−1ya21n1+a22n2+b2−1 dxdy

Substitute (u, v) = (xa11ya21 , xa12ya22) with dxdy
xy = 1

|a11a22−a12a21|
du dv
uv :

1
|a11a22−a12a21|

∫ ∞
0

∫ ∞
0

∑
n1,n2

φn1,n2f(n1, n2)un1−n∗
1−1vn2−n∗

2−1 dudv

= 1
| det |f(n∗1, n

∗
2)Γ(−n∗1)Γ(−n∗2)
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The Mellin transform

I The Mellin transform of f(x) is F (s) =

∫ ∞
0

xs−1f(x) dx.

I Mellin inversion: f(x) =
1

2πi

∫ c+∞

c−i∞
F (s)x−s ds

I Parseval’s identity:

∫ ∞
0

f(x)g(x) dx =
1

2πi

∫ c+i∞

c−i∞
F (s)G(1− s) ds

Example

1

2πi

∫ c+i∞

c−i∞
Γ(s)λ(−s)x−s ds =

∞∑
n=0

(−1)n

n!
λ(n)xn

and so ∫ ∞
0

xs−1f(x) dx = λ(−s)Γ(s).
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The method of brackets the Mellin way

I The bracket 〈s〉 is the Mellin transform of 1:

〈s〉 =

∫ ∞
0

xs−1 dx

I The multinomial rule

Γ(s)

(x1 + x2)s
=
∑
m1,m2

φm1,m2x
m1
1 xm2

2 〈s+m1 +m2〉

has its counterpart as

Γ(s)

(x1 + x2)s
=

1

2πi

∫ c+i∞

c−i∞
xz1x

−z−s
2 Γ(−z)Γ(z + s) dz.
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Distributional Mellin transform

I Test functions φ ∈ T (a, b) with φ ∈ C∞(0,∞) and

xkφ(k)(x) =
x→0

o
(
xa+εa−1

)
, xkφ(k)(x) =

x→∞
o
(
xb−εb−1

)
.

I Then xs−1 ∈ T (a, b) iff a < Re s < b.
I T ′(a, b) continuous dual of T (a, b).

Definition

Let f ∈ T ′(a, b). Its Mellin transform is M [f ; s] := 〈f, xs−1〉.

I If f : (0,∞)→ C is locally integrable it defines a distribution

ϕ 7→
∫ ∞

0
f(x)ϕ(x) dx,

and—assuming convergence in the appropriate strip—we recover the
classical Mellin transform.

I M [f ; s] is a holomorphic function for a < Re s < b.
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The distributional bracket

I Likewise, the constant function 1 defines a distribution

ϕ 7→
∫ ∞

0
ϕ(x) dx,

but it does not belong to any T ′(a, b).

I Still, we can define its Mellin transform from Parseval’s identity:

〈f, g〉 =

∫ ∞
0

f(x)g(x) dx =
1

2πi

∫ c+i∞

c−i∞
F (s)G̃(s) ds =:

〈
F, G̃

〉
M

where G̃(s) := G(1− s).

〈M[f ], G〉M =
〈
f,M−1[G̃]

〉
〈M[1], G〉M :=

∫ ∞
0

g̃(x) dx = G̃(1) = G(0)

I Thus 〈s〉 =M [1; s] = δ(s) is the Dirac distribution.
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Distributional bracket in action

Theorem

Under appropriate conditions on λ, we have the rule∑
n

φnλ(n) 〈n+ s〉 = Γ(s)λ(−s).

I Distributionally, the LHS is defined by〈∑
n

φnλ(n) 〈n+ s〉, χ(s)

〉
M

=
∑
n

φnλ(n)χ(−n).

I The RHS is

〈Γ(s)λ(−s), χ(s)〉M =
1

2πi

∫ c+i∞

c−i∞
Γ(s)λ(−s)χ(s) ds

=
∑
n

φnλ(n)χ(−n).
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The end

THANK YOU!
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The method of brackets

Rule (Multinomial)

1

(a1 + a2 + · · ·+ ar)s
=

∑
m1,...,mr

φ{m}a
m1
1 · · · a

mr
r

〈s+m1 + · · ·+mr〉
Γ(s)

Rule (Evaluation)∑
{n}

φ{n}f(n1, . . . , nr) 〈a11n1 + · · · a1rnr + b1〉 · · · 〈ar1n1 + · · · arrnr + br〉

=
1

|det |
f(n∗1, . . . , n

∗
r)Γ(−n∗1) · · ·Γ(−n∗r),

Rule (Combining)

If there are more summation indices than brackets, free variables are
chosen. Each choice produces a series. Those converging in a common
region are added.

〈s〉 :=

∫ ∞
0

xs−1 dx

Armin Straub On the method of brackets
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