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Abstract

Given a graph G, its chromatic polynomial P(G, k) counts proper k-colorings, while
the corresponding list color function P(G, k) counts the minimum number of proper
colorings across all assignments of k colors to each vertex. While it is clear that
Py(G,k) < P(G,k), Donner showed in 1992 that P;(G,k) = P(G,k) whenever k is
sufficiently large. In 1985, Hanlon defined and studied the chromatic polynomial for
an unlabeled graph. A list version of Hanlon’s notion was introduced in 2024 by
Kaul and Mudrock, who further raised the question of whether the analog of Donner’s
result holds in the unlabeled case. While they proved this for all connected point-
determining graphs, even the case of the edgeless graph on n vertices remained open
and was posed as a conjecture. We prove this conjecture and show that it implies that,
more generally, a disconnected graph satisfies the unlabeled analog of Donner’s result
if all of its connected components do.

Keywords. graph coloring, list coloring, chromatic polynomial, list color function,
unlabeled graphs
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1 Introduction

All graphs in what follows are nonempty, finite, simple graphs. Generally speaking,
we follow West [17] for terminology and notation. The set of natural numbers is N =
{1,2,3,...}. For m € N, we write [m] for the set {1,...,m}.

In the classical vertex coloring problem, we wish to color the vertices of a graph G with
up to k colors from [k] so that adjacent vertices receive different colors, a so-called proper
k-coloring. The chromatic number of a graph, denoted x(G), is the smallest k such that
G has a proper k-coloring. In 1912, Birkhoff [2] introduced the notion of the chromatic
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polynomial with the hope of using it to make progress on the Four Color Problem. For
k € N, the chromatic polynomial of a graph G, P(G, k), is the number of proper k-colorings
of G. It is well-known that P(G, k) is a monic polynomial in & of degree |V (G)| (e.g., see [1]).

We say that two proper k-colorings f,g of G are equivalent up to labeling if there
is an automorphism 7 of G such that f(v) = g(n(v)) for all vertices v € V(G). Let
P%(G, k) denote the number of resulting equivalence classes of proper k-colorings of G.
The w in the superscript indicates that P“(G, k) is the unlabeled analog of the chromatic
polynomial P(G, k). Indeed, if G is the unlabeled graph corresponding to G, that is G
is the isomorphism class of G, then P"(G, k) equals the chromatic polynomial P(G, k) as
introduced and studied by Hanlon [11] in 1985. To avoid possible confusion, we will operate
on labeled graphs G throughout what follows.

List coloring is a well-known variation on classical vertex coloring which was introduced
independently by Vizing [15] and Erd6s, Rubin, and Taylor [7] in the 1970s. For list
coloring, we associate a list assignment L with a graph G such that each vertex v € V(G)
is assigned a set of available colors L(v). We say G is L-colorable if there is a proper
coloring f of G such that f(v) € L(v) for each v € V(G). We refer to f as a proper
L-coloring of G. A list assignment L for G is called a k-assignment if |L(v)| = k for each
v € V(G). The list chromatic number of a graph G, denoted x,(G), is the smallest k such
that G is L-colorable whenever L is a k-assignment for G. It is immediately obvious that
X(G) < x¢(G) for any graph G.

The notion of chromatic polynomial was extended to list coloring in the early 1990s
by Kostochka and Sidorenko [13]. If L is a list assignment for G, P(G, L) denotes the
number of proper L-colorings of G. The list color function Py(G, k) is the minimum value
of P(G, L) where the minimum is taken over all possible k-assignments L for G. Since a
k-assignment could assign the same k colors to every vertex of G, Py(G, k) < P(G, k) for
each k € N. In general, the list color function can differ significantly from the chromatic
polynomial for small values of k. However, in 1992, answering a question of Kostochka and
Sidorenko [13], Donner [5] showed the following.

Theorem 1.1 (Donner [5]). For any graph G there is an N € N such that Py(G, k) =
P(G, k) whenever k> N.

The threshold N was improved to N < |E(G)|—1 in [4] (improving upon bounds in [14]
and [16]).

Following [12], we now introduce an unlabeled version of list coloring. For a list assign-
ment L for G, let P*(G, L) denote the number of equivalence classes of proper L-colorings
of G where we again consider two proper L-colorings f,g equivalent up to labeling if
f = g om for some automorphism 7 of G. Likewise, we define the unlabeled list color
function P/(G,k) as the minimum value of P*(G, L) where the minimum is taken over all
possible k-assignments L for G.

Remark 1.2. If G is the unlabeled graph corresponding to G, then P;'(G, k) equals the
list color function P;(G, k) introduced by the first two authors in [12].



Note that, if Ly is the k-assignment for G that assigns [k] to each vertex of G, then
P"(G, L) = P*(G, k). We thus clearly have P}*(G,k) < P*(G, k) for each k € N. In light
of Theorem 1.1, the following question, raised by the first two authors in [12], is natural.

Question 1.3 (Kaul, Mudrock [12]). For which graphs G does there exist an N € N such
that Pj(G,k) = P*(G, k) whenever k> N?

We suspect that the answer to Question 1.3 is all graphs. It was verified in [12] that
all point-determining graphs satisfy the statement of Question 1.3. It is known that al-
most all graphs are point-determining (see [6] and note that asymmetric graphs are point-
determining).

It was further observed in [12] that, if G; and Gy are connected and non-isomorphic
graphs, then

Pgu(Gl + Go, k) = P;(Gl, k)Pgu(GQ, k) (1)

Here, G1 4+ G2 denotes the disjoint union of G; and G3. We note that the relation (1) con-
tinues to hold when G1 and G5 are disconnected graphs such that no connected component
of G is isomorphic to a connected component of G2. On the other hand, disconnected
graphs that have two distinct, isomorphic, connected components (in which case (1) does
not hold in general) posed an interesting challenge in [12]. In particular, the following
provocatively simple case of Question 1.3 remained open.

Conjecture 1.4 (Kaul, Mudrock [12]). Let K, be an edgeless graph on n vertices. For
each n € N there is an N € N such that P{(K,, k) = P*(K,, k) whenever k > N.

The main result of this paper is to prove this conjecture by showing the slightly stronger
conclusion that

k+n—1

Pi(Ro, k) = PU(Ro k) = < !

> for all k,n € N. (2)
Let us fix K,, to be the edgeless graph with vertex set [n]. Note that a k-assignment L for
K, assigns to each j € [n] a k-element set of colors L(j). Since there are no edges, every
tuple (c1,ca,...,c,) with ¢; € L(j) represents a proper L-coloring of K,. Such colorings
are equivalent up to labeling if and only if the corresponding tuples are a permutation of
each other. The equivalence class of the coloring represented by the tuple (c1,ca, ..., cp)
is therefore uniquely represented by the multiset [c1,ca,...,¢,]. Here, and below, we use
square brackets [...] in place of {...} to denote multisets and to avoid confusion with
regular set notation. Note that in the case where the sets L(j) are all equal to [k], we
obtain multisets [c1,co,...,c,] of n elements drawn from k choices, the number of such
multisets is well known to be the binomial coefficient (k+2_1). The claim (2) is therefore
equivalent to the following result (where we write C; in place of L(j)).



Theorem 1.5. Suppose that C1,...,C),, are sets of size k. Then, the set of multisets

{lei, .. en] ¢ € Oy}
has size at least (kJrZ*l).

We prove Theorem 1.5 in Section 2. While working on extending this result, the first
two authors were contacted by W. T. Gowers [10] in May 2026. As part of an experiment,
Gowers had asked OpenATI’s ChatGPT 5.5 Pro to look for an open problem in combinatorics
that it considered approachable and attempt to solve it. The model selected Conjecture 1.4
and produced a possible affirmative proof which Gowers shared with the first two authors.
We have confirmed the correctness of the Al-produced proof and, since it differs from our
proof in Section 2, we have included a paraphrased version of the proof in Appendix A.

In addition to an alternative proof of Theorem 1.5, the Al-produced output revealed
the following applications of Theorem 1.5 to Question 1.3. At the time of Gowers’ com-
munication, the authors had only realized for themselves the special case of Corollary 1.6
when G is a complete graph. In the following, given a graph G and m € N, we write mG
for the disjoint union of m copies of G. Similarly, given vertex disjoint graphs Gy, ..., G,
we write >"_; G for their disjoint union.

Corollary 1.6. Let G be a connected graph such that there exists N € N so that Pj'(G, k) =
P"“(G,k) whenever k > N. Then, for any m € N, P}(mG,k) = P“(mG, k) whenever
k> N.

Proof. Let k > N. Let C be the set of equivalence classes of proper k-colorings of G. It
readily follows from unraveling the definitions that

PYmG, k) = [{[c1,- - cm] = ¢; €CY = <|C‘ j}’j_l). (3)

On the other hand, let LU for j € [m], be arbitrary k-assignments for G. Let L be the
corresponding k-assignment for mG. Further, let C; be the set of equivalence classes of
proper L@-colorings of G. Since k > N, we have P} (G, k) = P*(G, k) by assumption.
Accordingly, |C;| > |C|. Therefore, by Theorem 1.5 (whose statement obviously remains

true if the sets C1,...,C), are allowed to have size k or bigger),
Cl+m-—1
PY(mG,L) = lec1,...,cm] 1 ¢ €C5} > <| | . >
In combination with (3) this proves that P/*(mG, k) = P*(mG, k). O
Corollary 1.7. Let Gy,...,G, be pairwise non-isomorphic connected graphs such that

there exists N € N so that P}'(Gj,k) = P“(Gj, k) for each j € [r] whenever k > N.
Then, for any my,...,m, € N, the graph G = Z;Zl m;G; satisfies P}'(G,k) = P*(G, k)
whenever k > N.



Proof. This follows from Corollary 1.6 combined with the relation (1) which, suitably
iterated, in the present situation implies that

PG, k) = [ ] Pi(m;Gy. k).
j=1

O

Notice that Corollary 1.7 implies that the answer to Question 1.3 is yes if for every
connected graph G there exists an N € N such that P}(G, k) = P*(G, k) whenever k > N.

2 Proof of Conjecture 1.4

We prove Theorem 1.5 which implies Conjecture 1.4 raised in [12]. Without loss of
generality, we assume that C1, ..., C, are k-element subsets of C' = [kn]. As a first step, we
express the problem in terms of a suitable generating polynomial. Given C = (CY,...,C})
as in Theorem 1.5, we define

Ne = [{ler, ... e + ¢ € Ci}.

We further introduce .

Poz) =[]

i=1ceC;
where x is the collection of variables (z.)ccc. We assume that our variables commute so
that the following useful observation follows by construction.

Proposition 2.1. N¢ equals the number of monomials in Po(x).

Example 2.2. Let n = k = 3. In the case C1 = Cy = C5 = {1, 2,3}, we have

Po(x) = (x1+4 a2+ 23)°
m‘;’ + x% + x% + 6z1x973
+3x%xg + 31-1:[;3 + 3:5%3:3 + 33;137;2,, + 31’%953 + 3x2x§.

3+3—-1
3

The number of monomials is Ng = 10 = ( ) Observe that each monomial represents

a multiset.

Given ¢,d € C, we now introduce an operator R4 on tuples C = (Cy,...,C,) that
replaces the color ¢ by d “where possible”. More precisely, R.q(C) = D with D =
(D1,...,D,) where

C; otherwise.

D, — { {d}UCi\{c}, ifceC;and d ¢ C;,

We note that this kind of operation, often referred to as shifting, is a common ingredient
in proofs in combinatorics and, in particular, extremal set theory [9].



Lemma 2.3. If R.4(C) = D then Nc¢ > Np.

Proof. For each i € [n] write

Z LTe = pz + 0; iTe + €4
ceCy

where d;,¢; € {0,1} and where p;(x) does not involve the variables z. and 4. Write 1(J,¢)
for the set of indices ¢ such that §; = § and ¢; = €. By construction, we have

Il 7 I] it [I itaa) [] i+ e +aa)

i€I(0,0)  i€I(1,0) i€1(0,1) iceI(1,1)

where any empty products are taken to be 1. Upon partial expansion (leaving the terms
Zc + x4 from the last product combined), this can be expressed as

:ZM(:B) Z )‘rstm xd ﬂ?c—l-.’l/‘d)
M

(r,s,t)ednmr

where the M (x) are distinct monomials that do not involve the variables z. and =4 and
the )‘95/[1)5 are positive integers. Crucially, since D = R, 4(C) and since R4 only changes
those C; for which i € I(1,0), we also have the corresponding expansion

= Z M (x) Z )\%[zxys(xc + z4)".
M

(T,S,t) eJn

Observe that the claim No > Np follows if we can show that the number of monomials in
qc exceeds the number of monomials in gp where

M
qc = Z )‘rs tx xd Te+ xd) y 4D = Z >‘£‘s I)5x2+s(xc + xd)t'
(rys,t)EJps (rys,t)EJ

Note that gc and gp are polynomials in x., x4 that are homogeneous of degree n—deg(M).
When counting the monomials in go and ¢p we can therefore focus on only the possible
powers of x. that occur. For qc and gp, these are those with exponent in

U {rr+1. o+, U {o1,....¢,

(T’7S7t)€JM (T,S7t)€JM

respectively (so that the number of monomials equals the size of these sets). Let tpax be
the maximal value of ¢ among the triples (r,s,t) € Jas. It follows that gp has exactly
tmax + 1 monomials. On the other hand, we readily see that gc has at least fpax + 1
monomials coming just from a single triple of the form (7, s, tmax) € Jas- O



We are now in a convenient position to prove Theorem 1.5 which we restate in equivalent
form below.

Theorem 2.4. If Cy,...,C, are sets of size k, then
H{let, - senl = ¢j €G3} > Hler, .- sen] = ¢y € [KI}. (4)

Proof. Set C = (C4,...,C,) and assume, without loss of generality, that C; C [kn]. We
claim that repeated application of the operator R.4 for suitable choices of ¢ and d will
eventually result in E = (E,...,F) with E = [k]. By Lemma 2.3, this implies that
N¢ > Ng which is (4).

To see that it is always possible to reach E in this fashion from any initial C', consider

the quantity
w(C) = Z Z c

7=1 CECJ'

which we use to measure the “weight” of C (recall that we are assuming C; C [kn]).
Clearly, E has the minimal possible weight. For any C besides E there exists an index j
such that C; contains an element ¢ > k. In that case, there must also be an element d € [k]
such that d & C;. The operator R 4 applied to C therefore alters Cj. Write D = R, 4(C).
By construction, since d < ¢, it is clear that w(D) < w(C). If this process is repeated,
the weights strictly decrease until we reach the minimal-weight assignment E in a finite
number of steps. O

Example 2.5. In the case n = 3,k = 4, take Cy = (C1, Cy, C3) with
Cy ={1,2,3,4}, Cy={4,5,6,7}, C3={1,2,4,5}.

We apply R7,1, followed by Reg.2, Rs3 to obtain Cy,Co, C3 which together with N¢, are

recorded in the following table (note that N¢, = (3+§_1) = 20):

C | (C1,Cy,C3) N¢
Cy {1,2,3,4},{4,5,6,7},{1,2,4,5} 48
C, {1,2,3,4},{1,4,5,6},{1,2,4,5} 40
Cy {1,2,3,4},{1,2,4,5},{1,2,4, 5} 29
Cs|{1,2,3,4},{1,2,3,4},{1,2,3,4} | 20

Example 2.6. In the case n =4,k = 3, take Cy = (C1, Cy, Cs,Cy) with

Cy={1,2,3}, C;=1{2,3,4}, C3={3,4,5}, Cu={1,2,5}.



We apply Ra4,1, Rs2, Rs3 to obtain C1,Cs, C3 which together with N¢, are recorded in
the following table (note that N¢, = (4+271) = 15):

C [(Cy,Cs,Cs,Ch) Nc
Co [ {1,2,3}.{2,3,4},{3,4,5},{1,2,5} | 47
Ci [ {1,2,3},{1,2,3},{1,3,5},{1,2,5} | 29
Cs [ {1,2,3},{1,2,3},{1,2,3},{1,2,5} | 24
Cs | {1,2,3},{1,2,3},{1,2,3},{1,2,3} | 15

3 Discussion

We have proved Conjecture 1.4 posed in [12], thus showing that Question 1.3 has an
affirmative answer for edgeless graphs. Despite its deceptively simple appearance, this
result implies, as observed in Corollary 1.7, that if every connected component H of a
graph G has the property that Pj'(H,k) = P"“(H, k) whenever kK > N, then the graph G
itself also satisfies P;'(G, k) = P*(G, k) whenever k > N. In particular, a graph G satisfies
the statement in Question 1.3 if each of its connected components does so.

Despite its simplicity, we have not been able to locate Theorem 1.5 in the literature.
Given that our proof in Section 2, like many results in extremal set theory [9], uses shifting
as a crucial ingredient, it is natural to wonder whether one can conclude Theorem 1.5 from
a known more general result.

Next, in the appendix, we give a cleaned-up version of the Al-produced proof of The-
orem 1.5. The key idea is in Lemma A.1 which proves a shadow inequality for a family
of multisets in the style of the probabilistic proof of the local LYM inequality (see [3])
by Frankl [8]. In some sense, our approach (shifting arguments) and the AI’s approach
(shadow inequalities) are the two natural classic approaches to problems in set systems like
Theorem 1.5.

Note that the main question from [12] remains open. Gowers [10] asked ChatGPT 5.5
Pro to prove/disprove Question 1.3 for all graphs but it was unable to do so. Currently,
we do not know of any approach for tackling this question in full generality.

A An alternative Al-produced proof

In Section 2, we proved Theorem 1.5 using a generating function argument. In this
appendix, we offer an alternative proof that is extracted from the Al-generated output
that was obtained by Gowers [10] using ChatGPT 5.5 Pro and shared with the first two
authors.

We use the standard notation that, for a set B, ((f )) is the set of all multisets of size

s with elements from B.



Lemma A.1l. Suppose B is a g-element set and A C ((f)) Let AL ={AU{b}: A€
A,b € B}. Then, for any s > 0,

+
AR 1Al

(&) ()

Proof. We may suppose B = [q]. We may also view each element, M, of ((183)) as a

g-tuple, (z1,...,24), of nonnegative integers satisfying «1 +... 4z, = s where z; indicates
the number of copies of ¢ in M.

We now describe a procedure for choosing an element, Y, of <( sfl >) First, choose a
Z = (z1,...,24) from ((f )) uniformly at random. Then, to obtain Y, choose a coordinate

of Z to increase by 1 so that the probability that the i**-coordinate of Z increases by 1 is
i B
%. Note that for any (y1,...,yq) € ((S+1>),

PO = (o) = 3 Y st !
= (Y1,---, = — = — = .
T st (T N (s+q) (1)

Consequently, the procedure for choosing Y is the same as choosing Y uniformly at random.
So, if Z is chosen from ((lj)) uniformly at random, and Y is chosen via the coupling

procedure above, the probability Y € Af is at least the probability Z € A. The result
immediately follows. ]

Lemma A.2. Suppose A is a set of multisets each of size v where each element of A has
its elements in some universal set U. Let B be a set of size q with B C U. If

A+B={AU{b}: Aec Abe B},

then .
(1)
(q+r71)

A+ B| > AL

Proof. Let C = U — B. For each multiset T with elements in C' and |T'| < r, let

any={se((,2,)):sorea).

Since each element of A can be uniquely written as the disjoint union of a multiset with
elements from B and a multiset with elements from C, |A| = >, |A(T)|. Moreover,

A+ B = [AT)}].
T

9



When s = r — |T|, Lemma A.1 gives

AT = ) ey = TES a5 LT gy = )y,
P12 ey P A= e PO e A
Summing over all T gives the result. O

We are now ready to prove Theorem 1.5, restated below for convenience.

Theorem A.3. Suppose that Cq,...,C, are sets of size k. Then, the set of multisets

{lei, .. en] = ¢j € Cj}

has size at least (kJrZ*l).

Proof. Suppose k € N is fixed. The proof is by induction on n. First note that the result
is clear when n = 1. So, we may suppose n > 2 and the desired result holds for all positive
integers less than n. Let A = {[c1,...,cn—1] : ¢; € C;}. By the induction hypothesis,
|A| > ("1772). Notice that A+ Cy, = {[c1,...,¢n] : ¢; € C;}. By Lemma A.2,

(FHn=t k+n-—1

O

Acknowledgements. We are grateful to W. T. Gowers for sharing with the first
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paraphrased version of one of the resulting proofs as an appendix.
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