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ABSTRACT. We prove a series of “knapsack” type equalities for irreducible character degrees of
symmetric groups. That is, we find disjoint subsets of the partitions of n so that the two corresponding
character-degree sums are equal. Our main result refines our recent description of the Riordan
numbers as the sum of all character degrees f* where ) is a partition of n into three parts of the
same parity. In particular, the sum of the “fat-hook” degrees f(k’k’lnizk) Jrf(l“q”k*l’1717%72> equals
the sum of all f* where X has three parts, with the second equal to k and the second and third
of equal parity. We further prove an infinite family of additional “knapsack” identities between
character degrees.

1. INTRODUCTION

Let X, be the symmetric group on n letters and recall that the complex irreducible characters
of ¥, are labelled by partitions of n. The degree of the irreducible character corresponding to a
partition A - n is the number of standard Young tableaux of shape ), which we denote by f*.

The famous Catalan numbers C'(n) enumerate hundreds of different sets [Stal5], including Dyck
paths of semilength n (that is, paths from (0,0) to (2n,0) using steps U = (1,1) and D = (—1,1)
and not going below the z-axis). They also count standard Young tableaux of shape (n,n), that
is C'(n) = ™). Allowing also horizontal steps, one obtains Motzkin paths, which are paths from
(0,0) to (n,0) using only steps U = (1,1), F = (1,0), and D = (1, —1), and not going below the
x-axis. These are enumerated by the Motzkin numbers M (n), sequence A001006 in [OEI25]. M (n)
is also well known to count the number of standard Young tableaux of size n with three or fewer
rows; for an example of a bijection, see [MV22]. In our notation, this count can be expressed as

M(n) = > . (1.1)
A=(A1,A2,A3)Fn
Here, and elsewhere, we allow parts to be zero. As such, (1.1) sums over all partitions with up to
three nonzero parts.

A Riordan path is a Motzkin path with the additional requirement that there may not be a flat
step F' on the z-axis. We let R(n) be the number of Riordan paths of length n; this is the sequence
A005043 in [OEI25]. The Riordan numbers R(n) also have the following interpretation in terms of
degrees of irreducible symmetric group characters. This is a comment of Regev given on the OEIS
entry (for a proof see [HSW25]).

Proposition 1.1. [HSW25, Proposition 1.2] Let 0 < m < n. The number of Riordan paths of

length n with m flat steps and k up steps (and thus k down steps) is fkk1™),

In [HSW25], we gave an interpretation of R(n) as the sum of the f*, not over all three-part
partitions like M (n), but instead over those three-part partitions where the three parts have equal
parity (necessarily the parity of n).

Theorem 1.2. [HSW25, Theorem 4.5] Let X = {(A1, A2, A3) Fn | A1 = Ay = A3 (mod 2)} and let
Y = {(k,k,1"726) | 1 < k < |n/2]|}. Then:
.= 1 =R0). (1.2)

AeX neY
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We note that the bijection in [MV22] proving (1.1) does not send Riordan paths to tableaux with
shapes with parts of equal parity. Indeed, we do not know of a bijective proof of Theorem 1.2.

In this paper we prove that the equality in (1.2) may be refined to a series of equalities, one for
each choice of the second part \e. For example when n = 20 we prove:

F20) = (12
f(18,2) + f(16,2,2) _ f(2,2,116) + f(3,3,114)
f(16,4) + f(14’4’2) + f(12,4,4) _ f(4,4,112) + f(5,5,110)
f(14,6) + f(12,6,2) + f(10,6,4) + f(8,6,6) _ f(6,6,18) 4 f(7,7,16)
f(12,8) + f(10,8,2) + f(8,8,4) _ f(8,8,14) + f(9,9,12)
F(10.10) _ £(10,10),

We attempted to prove these identities by induction using the branching rule for symmetric
group irreducible characters. However, the branching rule does not preserve the parity conditions,
which required us to discover and prove three additional sets of identities all together using a single
induction proof. Yet, even these four identities together are not preserved under the branching
rules, so attempting a proof by induction leads to error terms which are not subject to the inductive
hypothesis. These error terms led to the discovery of two more sets of identities (see Section 2)
between character degrees which may be proved directly using the hook length formula, and thus
let us prove the four main identities by induction.

These four identities are recorded in the following theorem which is our first main result. Note
that the identity (1.3), which always holds when k = n (mod 2), is sufficient for the refinement of
Theorem 1.2 which we described above.

Theorem 1.3. Fizn and k. Let
Xi(n, k) ={(A\1,k,X3) Fn|k=X3 (mod2)}

and
Xg(n,k‘) = {()\1,]{},)\3) Fn ’ k 7_é )\3 (mod 2)}
If k <[%] orif k=n (mod 2) then

DN A A I (G (1.3)
)\EXl(n,k)
as well as
S A= pleLR), (1.4)
AEXa(n,k)

If k> [5] and k #n (mod 2) then the equalities above hold with the roles of X1 and X» switched.

Above, we already illustrated equation (1.3) when n = 20 and ¥ =n (mod 2). In the following,
we briefly illustrate both of the equalities (1.3) and (1.4) for some additional choices of n and k.
For instance, for n = 32, kK = 11, the two equalities become

f(20,11,1) Jrf(18,11,3) Jrf(16,11,5) Jrf(14,11,7) Jrf(12,11,9) _ f(11,11,110) +f(12,12,18)7
FRLILO) 4 p(19.112) 4 p(7114) 4 ¢(15,116) | p(I3118) | p(11,11,10) _ f(12,11,19)_
Similarly, for n = 32, k = 12, the equalities are
F2012,0) 4 p(18,122) | p(16,124) 4 (1412,6) | p(12128) _ f(12712718) + f(13,13,16)7
FA9121) 4 (17123) 4 p(15125) | p(13127) _ f(13’12’17).
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On the other hand, for n = 32, k = 13, we obtain
pUB131) | p(16,133) 4 p(1413,5) _ f(14’13’15),
F0913,0) 4 p(17132) | p(15,134) | £(1313,6) _ f(13,13,16) 1 f(14’14’14).

In the next section, we prove the two auxiliary identities required in the inductive proof of
Theorem 1.3, and then in Section 3 we prove Theorem 1.3. In Section 4, we show that the auxiliary
identities of Section 2 can be considerably extended. As an application of these extensions, which are
our second main result, we give an alternative proof of identity (1.3) of Theorem 1.3. We conclude
by posing additional problems and conjecturing further identities.

2. AUXILIARY IDENTITIES

In this section we prove two identities between character degrees which appear of independent
interest and are a necessary ingredient to proving Theorem 1.3 by induction using the branching
rule. Unlike the identities in Theorem 1.3, the two auxiliary identities are of fixed length and so we
are able to prove them directly from the hook length formula.

Recall that, for a partition A = n with conjugate partition )\, the number of standard Young
tableaux of shape A is given by the famous hook length formula as

f)\

n!
 Ilhiy’
where the product is over the boxes in the Young diagram for A and h; ; = \; + )\;» —1i—7+1is the
hook length at position (3, 7).
For diagrams of shape (a,b,1%) or (r,s,t) it is easy to write down all the hook lengths. For
example the hook lengths in the first row of shape (r, s, t) are:

{r+2,r+1,r,...;,r —t+3,r—t+1,r—t,r—t—1,....r—s+2,r—s,r—s—1,...,1}

(r+2)!

[ n B Using the hook length formula one easily obtains the following

so their product is
explicit formulas.

Lemma 2.1. Fora>b> 1,1t >0,

(a+b+t)(a—b+1)
(a+t+1)(b+1t)al (b—1)t"

f(a,b,lt) _

Lemma 2.2. Forr>s>1t >0,

(r+s+t)(r—s+1)(r—t+2)(s—t+1)
(r+2)l(s+ 1) '

f(r,s,t) _

The identities in Theorem 1.3 are relationships between various f* for partitions A of these shapes.
The following auxiliary identity is a fixed-length relationship of that kind as well. Fix integers k > 2
and m > 4 and define

L(k,m) = f(k,k,lm) + f(k+1,k+1,lm*2) + f(k:+2,k+2,1m*4). (2.1)
Then we have:
Lemma 2.3. Fork >2, m >4,

f(k7k7m)7 m S k?
L(k,m) = f(k+2’k’1M72) +10, m=k+1orm=%k+2,
f(m—?,k—i—l,k—l—l)’ m>k+3.
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The following three examples, all for n = 35, illustrate each of the three cases from Lemma 2.3:
f(14,14,17) + f(15,15,15) + f(16,16,13) _ f(16,14,15) + f(14’14’7)
13 11 9 11
f(11,11,1 )+f(12,12,1 )+f(13’13’1 ) f(13,11,1 ),
f(7,7,121) + f(8,8,119) + f(9,9,117) _ f(9,7,119) + f(19,8,8).
Proof. Consider the difference

As(k,m) = f(k,k,lm) + f(k+1,k+1,1m*2) + f(k+2,k+2,1’"*4) _ f(k+2,k,1m*2)

and apply Lemma 2.1 to each term. We obtain, in particular,

(kkamy _ (k4 m)! 1
! El(k —1)!m! (k+m)(k+m+1) (2.2)
FlA2R1m) (2k +m)! 3

k+2)lk—Dim—2)! k+m+ 1)(k+m—2)

For each of the four terms f* of Ag(k,m), we find that f*/f*#51™) is a rational function in k& and
m. For instance,

fRF2k,1m72) 3(k +m)(m—1)m

fUek1m) (k+1)(k+2)(k+m—2)

Consequently, Ag(k,m)/f*#51™) is a rational function in k and m as well. Indeed, this rational
function factors as

As(k,m) (k—m+1)(k—m+2)(k+m)(k+m+1)

[k, 1m) k(k+1)2(k+2)

Multiplying both sides with f(#*1™) as evaluated in (2.2), we obtain
(2k +m)!
(k+ 1)k +2)!m!
This shows that As(k,m) =0if k =m — 1 or k =m — 2, as claimed. On the other hand, by the

hook length formula as in Lemma 2.2 we have
(m—2kt1kt1) _ (2k+m)l(m —k —2)(m —k—1)
m!(k + 2)!(k + 1)!
provided that m — 2 < k 4 1. Since the right-hand side equals (2.3) this proves the case m > k + 3.
Likewise applying Lemma 2.2, we find that f(#*™) evaluates to (2.3) as well provided that m < k. [

Ag(k, m) =

(k—m+1)(k —m+2). (2.3)

S

Theorem 1.3 splits into cases depending on how the size of k compares to n/3 and the respective
parities of k and n. When k is almost equal to n/3 we get a sort of boundary case in the induction,
which needs the following identity.

Proposition 2.4. Let k =m £ 1. Then:
f(k’k71m) _|_ f(k:+17k+171m_2) — f(kJrl»k‘vlm_l)‘
Proof. One readily verifies from Lemma 2.1 that

(kb d™) | (e Lkt 11m2)  p(eripam—t)y _ Ck+m)l(E—m—-1)(k—m+1) 5 4
/ +f / (k+m—1)(k+m+1)(k+1)klm!’ 24)

The claimed identity then follows because the right-hand side of (2.4) is zero when k =m +1. O
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3. PROOF OF THEOREM 1.3 VIA THE BRANCHING RULE

Recall that the branching rule describes how irreducible characters of the symmetric group X,
decompose upon restriction to ¥,_;. For X F n, the dimension f* is equal to the sum of all the f*
where p - n — 1 is obtained by removing a box from the Young diagram of A in a way that leaves a
valid partition of n — 1.

The proof of Theorem 1.3 is by induction on n. Since small values of n are easily checked, we
assume that all possible equalities from the theorem hold for all values smaller than n. We write
down each of the desired equalities and apply the branching rule on both sides. On the right-hand
side we will get four terms from (1.3) or three terms from (1.4). On the left-hand side we look at
the partitions in X7 (n, k) or Xs(n, k), apply the branching theorem, and divide the result into three
summands based on whether boxes were removed from the first, second or third rows.

About half the time all three rows give sets of the form X;(n—1, k) (rows 1 and 3) or X;(n—1,k—1)
(row 2) for ¢ = 0 or 1, so the inductive hypotheses apply to all three terms and give the result
immediately. The other half of the time there is a term of the form f(®®b) or f(@bb) that is missing
from one of the resulting sums, and we need to apply Lemma 2.3. In one boundary case when 3 | n
and k = 5 + 1 we also need Proposition 2.4.

Let’s begin by looking at some illustrative examples. Suppose n = 20 and k& = 5. To prove (1.3)
we need to show that

f(14,5,1) + f(12,5,3) + f(10’5’5) _ f(5,5,110) + f(6,6,18)_ (3.1)
Applying the branching rule on the right-hand side we get
f(5,4,110) +f(5’5’19) +f(6,5,18) +f(6,6,17)'

To likewise apply the branching rule on the left-hand side of (3.1), we remove boxes from one row at a
time from the involved partitions. Removing from the first row, we obtain f(13:51) 4 f(11.5:3) 4 £(9,5,5)
which equals f (5:5.19) 4 f (6,6,17) by the induction hypothesis. Removing instead from the second row,
we get fU44D 4 £(12.43) which equals f (5,4,11%) by induction. Finally, removing from the third row
yvields fO45) 4 £(1252) 4 £(1054) which is 651 by induction. The total from the left-hand side
also is f(5’47110) + f(5’5’19) + f(6’5’18) + f(6’6’17), thus proving the identity (3.1).

To likewise prove (1.4) for the same n and k, we need to show that

f(15,5) + f(13,5,2) + f(11,5,4) _ f(6,5,19). (3.2)
Applying the branching rule on the right-hand side we get
f(5,5,19) _|_f(6,4,19) _|_f(6,5,18)'

To apply the branching rule on the left-hand side, we again remove boxes from one row at a time.
Removing from the first row results in f045 4 f(1252) 4 £(10.54) which equals f(6’5’18) by the
induction hypothesis. Removing instead from the second row, we obtain f(1%4 4 f(13:4.2) 4 (114,49
which equals f(4’4’111) —I—f(5’5’19) by induction. Removing from the third row, we get f(13:5:1) 4 f(11,5.3)
The inductive hypothesis for X1(19,5) gives a formula for f(13:51) 4 f(115:3) 4 £(9.55)  The partition
(9,5,5) lies in X7(19,5) but does not show up in the branching (it would have to come from (9, 5, 6)
which is not a partition.) By the induction hypothesis, the terms resulting from removing from the

third row therefore are
f(5’5’19) + f(6,6,17) _ f(9’5’5).

We are left to confirm that
f(5,5,19) + f(6,4,19) + f(6,5,18) _ f(6,5,18) + f(4,4,111) + f(5,5,19) + f(5,5,19) + f(6,6,17) _ f(9’5’5).

Cancelling the terms that appear on both sides and applying Lemma 2.3 for &k = 4,m = 11, we
readily confirm this equality, thus completing the proof of (1.4) in the present example.
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Suppose we want to instead prove (1.4) for n = 14 and k = 5 (so that k = [n/3]). This is a
“boundary case” and find that the expected “missing term” does not appear. In this case, we need
to show that

f(9,5) + f(7,5,2) + f(5,5,4) _ f(6,5,13)'

When we remove from the third rows on the left-hand side, we get f (751 4 £(5:53)  This matches
X1(13,5) = {(7,5,1),(5,5,3)} so that there is not a missing term of the form f(®5%) (for contrast,
note that for n = 16 the set X;(15,5) contains (5,5,5) and this partition is missing in the branching).
Continuing to branch as in the previous examples, we end up needing to prove that

f(575’13) + f(674,13) + f(675,12) _ f(6,5,12) + f(4,4,15) + f(5,5,13) + f(5,5,13) + f(6,6,1)'

This reduces to
f(6,4,13) _ f(4,4,15) + f(5,5,13) + f(676,1)’

which is exactly the case k = 4, m = 5 where the second term in Lemma 2.3 vanishes. This happens
precisely when that term is not needed to cancel anything out. This illustrates how the three cases
in Lemma 2.3 are precisely calibrated to the needs of our inductive proof.

Finally, there is a boundary case where n = 3z and k = x + 1 (so that k > [%] = ). This is
the “large k” regime of Theorem 1.3 where k # n (mod 2). On the other hand, when we branch by
removing from the second row, the value of k£ drops to x and [”Tfl} = z which is a switch to the
“small k” regime. In this case, we need Proposition 2.4. For example, suppose n = 24 and k = 9 and
we try to prove (1.3), which is

f(14,9,1) + f(12,9,3) + f(10,9,5) _ f(10’9’15).

Applying the branching rule to both sides as before and cancelling equal terms, we end up having
to prove that
f(10,1o,13) + f(9,8,16) _ f(10,8,15) + f(8,8,7)‘

By Lemma 2.3 the right-hand side is just f(8’8’17) + f(9’9’15) + f(10’10’13) so we end up needing to
show that ,
f(9»8716) — f(878717) + f(979715)7

which is an instance of Proposition 2.4.

At this point, we could safely leave the general details to the reader. Theorem 1.3 contains two
equalities which are flipped when k > [%] and k£ # n (mod 2). So one has to consider the cases
where k is quite large or quite small compared to n/3, where it is the same or opposite parity as
n, and for both equalities. These are eight cases already. Then, as we indicated above, there are
boundary cases when k is close to n/3 where the middle case of Lemma 2.3 or Proposition 2.4 are
used.

We provide details for three of these cases of Theorem 1.3 in Appendix A and leave the remaining
cases for the reader. On the other hand, we provide in the next section an alternative analytical
proof of the part of Theorem 1.3 that refines Theorem 1.2.

4. AN EXTENSION AND AN ALTERNATIVE PROOF

Let us consider the sums

d—1 ]
Ld(k,m) — Z f(k"f'j,k"r]',lm*%).

j=0
In terms of this notation, Lemma 2.3 shows that
fleokom) if m <k,
m—2
Ls(k,m) = foF21775 L g, ifm=k+1lorm=k+2,

Fmm2hALEED i > 4 3.
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In this section, we show that this can be extended to the sums Lg(k, m) for all odd d. We then
demonstrate that this extension provides an alternative approach to the refinement of Theorem 1.2
proved in Theorem 1.3.

Before turning to the general case, we highlight the case d = 5.

Example 4.1. Let £k > 2 and m > 4. If m < k then

L5(k‘,m) — f(k+4,k,1m_4) + f(k,k,m) + f(k+2,k:,m—2) + f(k+2,k+2,m—4). (41)
On the other hand, if m > k 4 9 then
Ls(k,m) = f(k+4,k,1m*4) +f(m—2,k+1,k+1) +f(m—47k+3,k+l) +f(m—6,k+3,k+3). (4.2)
For each of the intermediate cases m = k + 0 with 6 € {1,2,...,8} a suitable variation of the
identities (4.1) and (4.2) holds. Specifically:
Ls(k,k+1) = f(k+4,k,1k—3) +f(k+2,k,k71) +f(k+2,k+2,k73)

f(k+47k,1’“*2) + f(k:—l-Q,k:,k) +f(k+27k+2,k—2)
f(k+4,k,1’“*1) +f(k+1,k+1,k+1) +f(k+2,k+2,k—1)

_ f(k+4,k,1k)+f(k+2,k+2,k)

( )
( )
( )
Ls(k,k+5) = f(k+4,k,1k+1)+f(k+3,k+1,k+1)
( ) f(k+4,k,1k+2) g fUAARLEHD) | (et 2b42k42)
( )

_ f(k+4,k,1’“+3)_|_f(k+5,k+1,k+1)+f(k:+3,k+3,k+1)
Ls(k,k+8) = f(k+4,k,1k+4)_I_f(k+6,k;+1,k+1)+f(k+4,k+3,k+1)

Note that the cases 6 = 3,6 are combining terms from both of the identities (4.1) and (4.2) in the
theorem (whereas the other cases result from one of the identities by removing those terms f* for
which A is not a partition).

The following generalizes the case m < k of Lemma 2.3. The corresponding case of large m is
obtained in Corollary 4.5.

Theorem 4.2. Let d > 0 be an integer. Let k,m > 2 be integers such that m > 4(d —1). Then, for
m <k,
d—1 r
Loy (k,m) = fE+2EI | ™ § k2 2im=20+9)) (4.3)

r=0 j=0

Proof. The conditions on k and m are only needed to guarantee that each term in (4.3) is of the
form f* for some partition A. In the argument below, we actually need to assume the slightly
stronger condition m > 4(d + 1) in order that all of the appearing terms f* (such as in equation
(4.5)) are such that X is a partition. We refer to Remark 4.4 for how to remove this additional
restriction.

The case d = 0 of (4.3) is true because both sides equal f (k:E1™) 1y definition. If we subtract the
identity for Logi1(k, m) from the corresponding identity for Logy3(k, m), we obtain

f(k+2d+1,k+2d+1,1m—4d—2) +f(k+2d+2,k+2d+2,1m—4d—4)

d
_ f(k+2d+2,k,1m*2d*2) _ f(k+2d,k,1m*2d) " Zf(k+2d,k+2j,m—2(d+j))_ (4.4)
§=0
By induction, the identity (4.3) is true for all d > 0 if we can show that (4.4) holds for all d > 0.
In the remainder, we prove (4.4) by induction on d. The base case d = 0 of (4.4) reads
m—2 m—4 m—2 m
f(k+1,k+1,1 )+ f(k+2,k+2,1 ) — f(k+2,k,1 ) f(k,k,l )_|_ f(k:,k,m)
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which is equivalent to Lemma 2.3. Observe that replacing d by d — 1 as well as k by k4 2 and m by
m — 4 in (4.4) results in:

f(k+2d+1,k+2d+1,1m—4d—2) +f(k+2d+2,k+2d+2,1m—4d—4)

d—1
f(k+2d+2,k+2,1m*2d*4) _ f(k+2d,k+2,1m*2d*2) + Z f(k+2d7k+2j+2,m—2(d+j+1)) (4'5)

j=0
Let us fix a value d > 0 with the aim of proving (4.4). Since (4.5) was obtained from (4.4) by
replacing d with d — 1, we may assume as the induction hypothesis that (4.5) holds for our fixed
value of d. Note that the left-hand sides of (4.4) and (4.5) agree. Further note that the terms of

the sum over j in (4.5) also appear in the corresponding sum in (4.4), except that the index j is
shifted and that (4.4) has an additional term. Accordingly, subtracting (4.5) from (4.4) results in

0 — f(k+2d+2,k,1m—24—2) _ f(k+2d,k,1m—24) + f(k+2d,lc,m—2d)
_f(k+2d+2,k+2,1'”*2d*4) + f(k+2d,k+2,1'”*2d*2),
and this fixed-length identity is equivalent to (4.4). If we replace m by m + 2d and then replace 2d
by ¢ — k the identity takes the form

0 = f(£+27k71M72) — f(‘€7k71m) + f(£7k7m) — f(€+27k+271M74) + f(‘€7k+271m72)_
This identity is proven in Lemma 4.3 below. ([

The following identity completes the proof of Theorem 4.2. We record it separately here since it
appears to have independent value (for instance, in light of Remark 4.4, the special case £ = k can
be seen to be equivalent to Lemma 2.3).

Lemma 4.3. For integers k> m >4 and £ > k + 2,

f(z,k,m) — f(&kgm) . f(e,k+2,1m72) . f(é+2,k,1m72) +f(z+2,k+2,1m74). (4.6)
Proof. We proceed similarly to the proof of Lemma 2.3 and apply the hook length formula as in
Lemma 2.1 to each term on the right-hand side of (4.6). That is, we write

plekrm (L + k4 m)! (—k+1)
Ak —=DIm! (k+m)(l+m+1)’

(4.7)

with corresponding shifted expressions for the other three terms on the right-hand side of (4.6).
Similarly applying Lemma 2.2, we find
(k) _ _CHREMY 0 m 2k —m 41
/ T 210k it C R DE=m A2k —m A1),
For each of the four terms f* on the right-hand side of (4.6), we find that f*/f5™) is a rational
function in ¢, k and m. For instance, for the first term

fEk1™) (C+1D)(+2)k(k+1)

fEEm T (k+m)(l+m+ 1)l —m+2)(k—m+1)

We then observe that the combination of the four rational functions as in (4.6) simplifies to 1. More
precisely, we find

Flh1™) f(e,k+2,1m*2) f(£+2,k,1m*2) f(e+2,k+2,1m*4)
f(Lkm) o f(Lkm) o f(Lkm) + f(Lkm)
which proves (4.6). O

:1,



EQUAL KNAPSACK IDENTITIES BETWEEN SYMMETRIC GROUP CHARACTER DEGREES 9

Remark 4.4. Define the functions

h(z,y, 2) @ f;;!g(jyizi!)!z! (z—y+1)(z—24+2)(y—2z+1),
b,y 2) = (x4 y+ 2)! (x—y+1)

oly— D! (e +z2+1)(y+2)

Apart from singularities, these are defined for any complex value of z,y, z (here, as usual, the
factorial x! is defined as I'(x 4+ 1) where T is the gamma function). On the other hand, note that,
up to labelling of the variables, these match the expressions obtained in Lemmas 2.1 and 2.2 using
the hook length formula. In other words, if A = (A1, A2, A3) is a partition then we have

f()\1,>\2,)\3) = h()\l, A2, >\3)
and similarly
f()\l,)\%l'r) = h1(>\1, )\27 T).

Instead of working with f* for partitions A, we can replace f* with the appropriate quantities
h(A1, A2, A3) and hq (A1, A2;7) in the proof of Theorem 4.2 as well as Lemma 4.3. Doing so, we find
that the proof of Theorem 4.2 extends to establishing the identity

2d
> ha(k+ 4.k + j;m — 2j)
7=0
d—1 r
= hi(k+2d, k;m—2d)+ > > h(k+2r,k +2j,m —2(r + j)) (4.8)
r=0j=0

where d > 0 is an integer and where k£ and m are complex variables. The conditions on k£ and m in
Theorem 4.2 are such that each of the terms involving h or h; can be interpreted as f* for some
partition A.

Theorem 4.2 provides an evaluation of Logy1(k,m) when m < k. The analytic perspective of
Remark 4.4 allows us to obtain a corresponding evaluation when m is large.

Corollary 4.5. Let d > 0 as well as k,m > 2 be integers. If m > k + 6d — 3 then

d—1 r
m—2d _ . .
L2d+1(k,m) _ f(k+2d7k,1 ) + E :2 :f(m 2(T+]+1),]€+27”+1,k‘+2j+1). (4'9)
r=0 j=0

Proof. From the definition of h(z,y, z) in Remark 4.4 it is readily observed that
hz,y,z) =h(z—2,z+ 1, y+1). (4.10)
In particular,
h(k +2r k+2j,m —2(r +34)) = h(m — 2(r + 7) — 2,k + 2r + 1,k + 2j + 1).

Applying this relation to the identity (4.8) results in identity (4.9) provided that each term involving
h is of the form h(\) where A is a partition (and likewise for h;). This is ensured by the condition
m > k + 6d — 3 which implies that the part m — 2(r + j + 1) is no less than the part k& + 2r + 1 for
all relevant choices of r and j. O

In the case d = 1, Corollary 4.5 reduces to the second case of Lemma 2.3 while the case d = 2
results in the identity (4.2). The intermediate identities discussed in Example 4.1 can be obtained
by inspecting each term of the corresponding analytic identity (4.8).

As an application, we use the results of this section to give an alternative proof of the part of
Theorem 1.3 that refines Theorem 1.2.
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Theorem 4.6. If k < [n/3] or if n =k (mod 2), then
Z f)\ _ f(k,k,l"*%) + f(k+1,k+1,1"*2’“*2) (4.11)
AEX1 (n,k)
where X1 (n, k) = {(A1,k,A3) F n|k = A3 (mod 2)} as in Theorem 1.3.

Proof. Set m = n — 2k. Start with Logy3(k,m) — Lagi1(k, m) and apply identity (4.9) to obtain
f(lc+2d+1,k+2d+1,1%4d*2) + f(k+2d+2,k+2d+2,1m*4d*4)

d
f(k+2d+2,k,1m—2d—2) _ f(k+2d,k,1m—2d) + Z f(me(d+j+1),k+2d+1,k+2j+1)‘
§=0

As explained in Remark 4.4 this identity holds without restriction on k and m if we replace f by the
complex functions h and hq. If we further replace k by &k — 2d — 1 and m by m + 4d + 2, we obtain

f(kvkvlm) _|_ f(k+17k+111m72) (412)

d
= hk+1,k—2d—1;m+2d) —hi(k—1,k—2d— 1;m—|—2d+2)+Zh(m—|—2j,k‘,k—2j)
§=0

where we replaced j by d — j in the final sum. By definition,

(m + 2k)! 2d +3
(E+Dl(k—2d—=2)!(m+2d)!(m+Ek+2d+2)(m+k—1)
and, because of the factor (kK —2d —2)! in the denominator, this expression vanishes for both d = k/2
and d = (k — 1)/2. Likewise, the term hy(k — 1,k — 2d — 1;m + 2d 4 2) vanishes for both d = k/2
and d = (k — 1)/2. Hence, specializing (4.12) to d = |k/2] results in

N . Lk
FURLT) o LRI = N h(m + 24,k k — 27). (4.13)
§=0

hi(k+1,k—2d—1;m+2d) =

If m > k or, equivalently, 3k < n then the summands on the right-hand side are f("+2:k:k=27) and
the sum equals the sum over f* for A € Xi(n, k). This proves (4.11) in the case k < n/3. To show
that (4.11) continues to hold for k < [n/3] or, equivalently, 3k < n + 2, we need to also consider
the cases m = k — 1 and m = k — 2. In those cases, the right-hand side of (4.13) equals h(m, k, k)
plus the sum over f* for A € X;(n, k). In other words, if m =k — 1 or m = k — 2 then

f(k,k,lm) + f(k+1,k+171m*2) = h(m, k, k) + Z J2
AEX (n,k)
By the definition of h, we see that
(m + 2k)!
(m+2)!(k+1)k!
vanishes for m = k — 1 as well as m = k — 2. This completes the proof of (4.11) in the case
k <[n/3].
In the remainder, we therefore assume that 3k > n and n = k (mod 2). Equivalently, in terms of
m, we assume k > m and m = k (mod 2). Note that the summand s(j) = h(m + 2j, k, k — 27) of

(4.13) satisfies the symmetry
k—m . .
S\75  ~ 1—j)=-s(j)

which follows immediately from the representation
s(j) = (m+2k)!(m+2j—k+1)(m—k+45+2)(25+1)
J (m+2j + 2)!(k + DI(k — 2j)!

h(m,k, k) = (m—k+1)(m—-k+2)
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Consequently,
(k—m)/2—1 (k—m)/2—1 (k—m)/2—1
, k—m , ,

o= Y s(fre1ed)=- X s0)

7=0 =0 j=0
so that these sums all vanish. Combined with (4.13), we therefore have

N oy Lk/2]
f(k,k,l ) + f(k-‘rl,k-i-l,l ) — Z h(m + 24,k k— 2]) _ Z f)\
j=(k—m)/2 AeX i (n,k)

as claimed. O

The following examples illustrate the two different cases where (4.13) has additional terms
compared to (4.11).

Example 4.7. Let n =13 and k = 5 so that £ > n/3 but k£ < [n/3]. Then (4.13) takes the form
FOR 4 p 661D — (3,5, 5) + h(5,5,3) + h(7,5, 1),
Since h(3,5,5) = 0, this reduces to fG:51") 4 f(6.6.11) — £(553) 4 ¢(7.51) which is (4.11).

Example 4.8. To illustrate the case k > n/3 and n = k (mod 2), let n = 20 and k = 8. In that
case the identity (4.13) becomes

4

= > h(4+2§,8,8—2j)
j=0

= h(4,8,8) 4 1(6,8,6) + fESU) 4 f1082) 4 p(128),
The terms h(4,8,8) = 1385670 and h(6,8,6) = —1385670 cancel and we arrive at
f(8,8,14) + f(9,9,12) _ f(8,8,4) + f(10,8,2) + f(12,8)

f(8,8,14) + f(9,9,12)

as predicted by (4.11).

It is natural to wonder if the results in this section extend to the sums Lg(k,m) when d is even.
For general values of £ and m, our numerical data suggests that no analogous identities exist.
However, more specialized formulas appear to hold when k£ and m have opposite parity. We do not
pursue this question here.

5. CONCLUDING REMARKS

Our main results, Theorem 1.3 and Theorem 4.2, as well as auxiliary results such as Lemma 2.3,
are all instances of identities between character degrees of the form

Y= (5.1)

AeXy REY,

where X,, and Y;, are certain sets of partitions of size n. One can think of (5.1) as packing two
“knapsacks” with the various A as books and the f* as the corresponding weights so that both
knapsacks are filled to equal weight. It is natural to wonder if one can find further interesting results
of the form (5.1) for natural sets X, and Y,, of partitions.

There is only one place we have seen results of the form (5.1), namely in the context of modular
representation theory. Starting with a partition p and an integer k, if we add a single rim k-hook to
1 in every possible way, we get an alternating sum of characters that vanishes on any permutation
not containing a k-cycle. In particular, it vanishes on the identity permutation, so that we obtain
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an identity on the character degrees. For details, we refer to [Jam84, 21.7]. For an example, if
w=(3,1) and k = 6 then we obtain

f(9,1) _ f(6,4) + f(4’4’2) _ f(3,3,2,12) + f(3’2’2’13) _ f(3’17) —0.

Can our identities be related to those arising from this hook-wrapping procedure?

We remark that a variation of (5.1) appears in the work of Regev [Regl0] on the number of
standard Young tableaux contained in the (k, ¢)-hook, which are tableaux whose shape is contained
in

H(k,t;n) ={\= (A1, A\2,...) s AFnand A\pq < ¢}
Specifically, it is shown in [Regl0, Proposition 3.2] that

o= > P (5.2)

AEH*(2,2;2m) AEH (4,0;2m—2)
where the partitions on the left-hand side are
H*(2,2;2m) = {(k,k,2™" ") F2m ke {2,...,m}}

while the right-hand sum is over partitions of size 2m — 2 with up to four parts. This differs from
(5.1) in that the sums in (5.2) are over partitions of differing size. We note that both sides of
(5.2) are counted by the product C,,_1C), of Catalan numbers. This follows from the result of
Gouyou-Beauchamps [GB89] that the number of standard Young tableaux of size n with at most
four rows is C|(,11)/2)Cl(n+1)/2]-

Finally, we wonder if our results, especially Theorem 1.3 and Theorem 4.2, have a natural
representation-theoretic interpretation. In a similar direction, can one find combinatorial proofs of
our identities via bijections on the corresponding sets of standard Young tableaux? We note that
even for the unrefined version of Theorem 1.3, namely Theorem 1.2, we do not know of a bijective
proof. One would need a bijection between, on one side, all standard Young tableaux of shape A
where X is a partition of n into three parts of equal parity and, on the other side, standard Young
tableaux of shape (k, k, 1"~ 2#) where k varies. A bijection between the latter and Riordan paths is
known (see, for instance, [HSW25]), and bijections are known between Young tableaux with up to
three rows and Motzkin paths (see, for instance, [GMTW20] or [MV22]). It is therefore natural to
look for a bijection between Motzkin paths and Young tableaux with up to three rows that sends
Riordan paths to Young tableaux of shape A where A has parts of equal parity.

APPENDIX A. PROOFS OF SOME GENERAL CASES OF THEOREM 1.3

In this section, we provide details in several illustrative general cases for the inductive proof of
Theorem 1.3 outlined in Section 3. These cases depend on whether n and k£ have the same parity
or not. In the examples below, we specify the individual parities (such as n even and k odd) but
this is only to simplify the exposition. For example, whether (n — k — 1,k,1) is in X;(n,k) or
Xa(n, k) depends on the parity of k. On the other hand, reversing the parities introduces no further
complications.

The first case detailed below is for k large, n even and k odd. The remaining “non boundary”
cases where k is not almost equal to n/3 are all essentially identical: either the identity involving X3
or Xg, but not both, require Lemma 2.3. In the remaining two cases detailed below, we therefore
instead illustrate the two behaviors that occur at the boundary.

A.l. k large, n even, k odd. In this case, we have

Xi(n,k)={(n—k—-1,k,1),(n—k—3,k3),...,(k+1,k,n—2k—1)}
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and, since k > [%] and k # n (mod 2), the corresponding identity to be proved is
ST = e, (A1)
AEX: (n,k)
Applying the branching rule to the right-hand side of (A.1) we obtain
pplying g g
f(k’kjlnfmcfl) + f(k+17k_171n72k71) + f(k+17k71n72k72)‘

To apply the branching rule to the left-hand side of (A.1), we proceed as in Section 3 by removing
a box from one row at a time. Removing a box from the first row of each diagram in X (n, k) we get

{((n—k—2k1),(n—k—4,k3),. .. (kkn—2k—1)}

Since both k and n — 1 are odd, this set equals Xj(n — 1,k) and we obtain f(k’k’ln72k71) +
f (k+1k+1,1m720 ) by the induction hypothesis. Likewise removing from the second row of each
diagram in X (n, k), we get
{(n—k—1,k=1,1),(n—k—=3k—1,3),...,(k+1,k—1,n—2k—1)}.
This is the set X;(n — 1,k — 1) but missing the term (k — 1,k — 1,n — 2k + 1). By the induction
hypothesis, the resulting terms equal
f(k—l,k—l,I”*Zk“) + f(k,k,ln*%*l) _ f(k—l,k—l,n—%—i—l)‘

Removing from the third row results in
{(n—k—-1,k),(n—k—-3,k,2),...,(k+1,k,n—2k—2)}.

This is Xo(n — 1, k) and we get fEHLEI""7) 1y the induction hypothesis.
Equating the results of applying the branching rule to both sides of (A.1), we find that (A.1) is
equivalent to

f(k,k,ln—%‘l) +f(k+1,k71,1”—2k—1) +f(k+1,k,1n—2k—2)
_ f(k7k71n—2k71) + f(k+l,k:+l,1"72k73) + f(k‘—l,k’—l,l"72k+1)
+ f(k,k,lnf%fl) o f(k—l,k—l,n—Qk—H) + f(k+17k71n72k72)‘

Cancelling identical terms simplifies this to
k+1,k—1,1n—2k—1 k—1,k—1,1n—2k+1 k,k, 12k 1 k4+1,k+1,1m—2k=3 k—1,k—1,n—2k+1
f(+7 ) ):f( ) ’ )+f(77 )+f(+7+7 )_f( ) )TV +)7

which is a special case of Lemma 2.3. This completes the proof of (A.1).
On the other hand, the identity corresponding to

Xo(n, k) ={(n—k,k),(n—k—2,k,2),...,(kk,n—2k)}

takes the form
Z = f(k:,k:,l”*z’“) _‘_f(k—f—l,k—f—l,l"*?k*?)‘ (A.2)
AEX2(n,k)
Proceeding as before, removing terms from each row of the left-hand side results in equations that
are known by the induction hypothesis—there are no missing terms and no need to use Lemma 2.3.
To wit, removing a box from the first row of each diagram in Xs(n, k) we get

{(n—k—-1,k),(n—k—-3,k,2),...,(k+1,k,n—2k—2)}.

Since both k and n— 1 are odd this set is Xo(n— 1, k) and we obtain f*+1k1"7#7%)
hypothesis. Likewise removing a box from the second row, we get

{(n—kk—-1),(n—k—-2k—1,2),...,(k;k—1,n—2k)}.

by the induction
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This equals the set X;(n—1,k—1) and, since n—1 is odd and k — 1 is even, the inductive hypothesis

kk—1,1"72E) Removing a box from the third row results in

((n—k—2,k1),(n—k—4,k3),...,(kkn—2k—1),

gives f(

which is Xj(n — 1,k). Hence, the inductive hypothesis applies to evaluate the contribution as
flRRIMTETL e (R LEHL1"T2E7%) Thege four terms obtained from branching the left-hand side of

(A.2) are the same as the four we obtain from the right-hand side, which proves the identity (A.2).

A.2. n=3k—1, k odd. Here, we illustrate where the middle case of Lemma 2.3 arises, reflecting
that there is no “missing” term to deal with. In the present case, we have

Xi(n,k)={(n—k—-1,k,1),(n—k—3,k,3),....(k+ 1,k k—2)}
and, since k = [n/3], we need to show the corresponding identity

Z A = f(k,k,1"*2k) +f(k+1,k+1,1"*2k*2). (A.3)
AEX1 (n,k)

Branching on the right-hand side results in

f(k,kq,l"*%) _'_f(k,lc,l’l*Qk*l) +f(k+1,k,1"*2k*2) _’_f(k+1,k+1,1”*2k*3)_

As before, we apply the branching rule to the left-hand side of (A.3) by removing a box from
one row at a time. Removing boxes from the first row of the partitions in Xi(n,k, we get
{(n—k—-2,k,1),(n —k—4,k,3),...,(k,k,k — 2)} which is X1(n — 1,k). Hence, the inductive
hypothesis gives f*R1" 771 | f(HLA+L1"27%) 1 jkawise removing from the second row, we obtain
{n—k-1,k-1,1),(n—k—-3,k—1,3),...,(k+1,k—1,k —2)} which is just Xo(n —1,k—1), so

that induction gives f*#=11""*)  Finally, removing from the third row, we get {(n—k—-1,k),(n—

k—3,k,2),...,(k+1,k,k—3)} which is Xa(n —1, k), so that induction gives fRALRITT2ET) Ty,
applying the branching rule to the left-hand side of (A.3) results in exactly the same four terms as
when applied to the right-hand side. This proves (A.3).

On the other hand, the identity corresponding to

Xg(n,k:):{(n—k,k),(n—k—2,k,2),,(k+2,k:,k—3),(k:,k,k—1)}
is

Z f)\ _ f(k+1,k,1k_2)' (A4)

AEXa(n,k)
Branching on the right-hand side results in

f(k,k,lk*Q) +f(k+1,k—1,1’“*2) +f(k+1,k,1’“*3).

For the left-hand side, we proceed as before: removing boxes from the first row results in {(n — k —
1,k),(n—k—3,k,2),...(k+1,k, k — 3)} which is Xo(n — 1, k) and, so, the induction hypothesis
gives f (k+1k157%) f61 the corresponding contribution. Removing from the second row, we get
{(n—kk-1),(n—k—-2,k—-1,2),...,(k,k—1,k—1)} which is X;(n— 1,k — 1) so that induction
gives f(k_17k_1’1k) + f(k”“lkﬁ). Finally, removing from the third row, we get {(n — k —2,k, 1), (n —
k—4,k,3),...,(k k,k—2) which is X;(n— 1, k). Hence, induction gives f(*#1°7%) 4 plrtLh+1,157%)
Equating the right and left-hand sides and cancelling common terms, we find that we need to show
that

f(k+1,k71,1’“—2) f(kfl,lcfl,lk)+f(k,k,1k—2)_’_f(k+1,k+1,1’“—4).

But this is precisely the equation for L(k — 1,k) in Lemma 2.3, thus proving (A.4).
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A.3. n=3x, x even, k = x + 1. In the present case, we have k > [%] = x which means that k is

“large”. However, during the application of the branching rule, one of the cases requires us to use

the induction hypothesis for small k. We detail the identity corresponding to
Xi(n,k)y={(n—k—-1,k,1),(n—k—3,k,3),...,(k+1,k,n—2k—1)

since it requires using Proposition 2.4. Because k is large and of parity opposite to n, the identity

to be proved is
Z f)\ — f(k-‘rl,k,l”*mc*l)' (A5)
AeX (n,k)
Applying the branching rule to the right-hand side results in
f(k,k,1"*2’“*1) + f(k+1,k—1,1"*2’€*1) n f(k+1,k,1"*2k*2).

We apply the branching rule to the left-hand side of (A.5) as in previous cases. Removing a box
from the first row of each diagram in Xi(n, k), we get

{(n—k—2,k1),(n—k—4,k3),...,(k+1,kn—2k—1)},

which is X;(n — 1, k). Since n — 1 and k are both odd, the inductive hypothesis gives f(k’k’lnf%fl) +

f(k+17k+1’1n72k73). Removing a box from the second row of each diagram in Xi(n, k), we get

{(n—k—1,k=1,1),(n—k—=3k—1,3),...,(k+1,k—1,n—2k— 1)}

This is Xo(n — 1,k — 1) missing the term (kK — 1,k — 1,n — 2k + 1). Note that, here, kK — 1 is small
compared to n — 1 so, even though k£ — 1 and have opposite parity, we are in the first regime of
Theorem 1.3. Hence, the inductive hypothesis gives f(k’k_lvlni%) — flb=Lk—1n—2k+1)
box from the third row of each diagram in X;(n, k), we get

{(n—k-1k),(n—k—-3,k,2),....(k+1,k,n—2k—2)}.

This is Xo(n — 1, k) which by the induction hypothesis results in f(kﬂ’k’ln_zk_Q). Equating the left
and right-hand sides and cancelling like terms, we find that we need to prove

f(k+17k+171n—2k—3) + f(k’,k’—l,ln72k)' (A6)

. Removing a

f(k:-i-l,k:—l,l”*%*l) +f(k—1,k—1,n—2k+1)

By Lemma 2.3, the left-hand side of (A.6) is just f(k_l’k_l’ln_%ﬂ)+f(k’k’1n_2k_1)+f(k+1’k+1’1n_2k_3)'
Cancelling out the fTLAFLI" ™ ™) "o are left to show that

f(kfl,kfl,ln—%“'l) +f(k,k,1"_2k_1)

f(k,kfl,ln—%)
In the present case, we have n — 2k + 1 = k — 2 so that Proposition 2.4 gives the result.
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