Problems #12

Special Functions & WZ Theory
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Problem 1. (3 XP extra) Consider an identity of the form
X

f (n; k) = A(n);

(1)

k

where f(n; k) and A(n) are hypergeometric terms in n and k.
It is a striking empirical observation that F (n; k) = f(n; k) / A(n) frequently1 has a WZ mate G(n; k). This is often
referred to as the WZ miracle. Find an identity of the form (1) for which this miracle does not occur.

Problem 2. (2 XP) Using Zeilberger's algorithm, discover and prove the following identities (that is, proceed without
knowledge of the right-hand sides).
(a) The Gauss summation formula


2F1


¡(c)¡(c ¡ a ¡ b)
a; b
1 =
c
¡(c ¡ a)¡(c ¡ b)

in the special case a = ¡n, with n 2 Z>0 (also known as the Chu-Vandermonde identity).
(b) For n 2 Z>0, Saalschütz's theorem
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Problem 3. (3 XP) Show in many dierent ways that
n
 
X
n
k
= n2n¡1:
k

k=1

(a) Combinatorially.

(d) Using Sister Celine's approach.

(b) Using exponential generating functions.

(e) Using a WZ pair.

(c) Using ordinary generating functions.

(f) Using Zeilberger's algorithm.
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