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Problem 1. (2 XP) Let p € Zxo. We have already seen that the sums of powers
SP —1ppor 4 4pp

can be expressed in terms of Bernoulli polynomials. Let us consider an alternative approach here.

(a) Show that

= (P) n__ 1 p 1
;Sﬂ x —1_w(xD) T

(b) Use this identity to find (again) explicit formulas for Sflp ) in the cases p=1,2, 3.

(¢) (bonus challenge, 2 XP extra) Can you generalize these to provide a general formula that holds for all p?

Solution.

(a) Observe that (zD)?P 1iw is the generating function of (n?),>o. The claim now follows from the fact that, if
F(z) is the ogf of a,, then F(x)/(1—z) is the ogf of the partial sums ag+ai+ ... + an.

(b) The basic ingredient for the computations will be the identity
1 . n+k\ ,
(1—x)k+1_z ( k )”” ’
n>=0

which we derived earlier.

e In the case p=1, we have

and hence, extracting the coefficient of z™,

Z (n—i—l) (n2—|-1)'

k=1
e In the case p=2, we have
1 1

2 _ 272
(z D) - 1_w(xD +xD)

1 227 L
-z (1-2)* (1-2)¥

and hence, extracting the coefficient of z™,

zi: (n+1)+(n;l):n(n+l)6(2n+1)'

e In the case p=3, we have

63 62 T

1 1 1
Tz (-2 -2 d-27

(z D)3 T :ﬁ (x3D3+ 322D? + 2 D)

1—z
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and hence, extracting the coefficient of z™,
— n+1) (n—l—l) (n+1)_ n(n+1)72
; k _6( L)+e("y )+ (") =

Challenge. Can you identify the coeflicients in front of the binomial coefficients?

By the way, by putting the rational function on a common denominator before extracting coefficients, we obtain
different combinations of binomial coefficients. For instance,

1 s 1 2*+4a’+2 23 42 T
1—x (zD) -z (1—-2)5 (1—x)5+ (1—x)5+ (1—2)%
so that we get
N n—l—l) (n+2) (n—|—3)_ n(n+1)1?

o= (") (") ()=

k=1
Challenge. Again, can you identify these coefficients and produce a general formula? O

Problem 2. (3 XP) The Dirichlet series generating function of a sequence (an)n>1 is the function Z %.

n>1

(a) What is the Dirichlet series generating function of the sequence (n?),,>1?
(b) Which sequence is generated by the Dirichlet series generating function ((s)2?
(c) For given A, which sequence is generated by ((s)((s—A)?
(d) Suppose that a(n) is fully multiplicative, that is, a(nm)=a(n)a(m) for all n,m € Z>,. Show that
3 a(n) 11 (1_ af ))_1
ns ps ’
n>1 p

where the infinite product is over all primes p.
Solution.

3
(a) The generating function is E n_s =((s—3).
n
n>1

(b) We observe that Dirichlet series generating functions multiply according to
an by, Cn
Se)(Th)-ra a-S
n>1 n>1 n>1 dn

In our case, we have a, = b, =1, so that the sequence generated by ((s)? is the number of divisors of n.

(c) Note that, as in the first part of this problem,

generates the sequence n*. Hence, by the second part, the sequence c,, generated by ((s)((s — ) is the sum of
powers of divisors
Cn= Z d*,

dln
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which is usually denoted by ox(n).
(d) Let us write Because n can be factored uniquely into prime powers n = pj'py*--p.*, and because, in that case,

a(n) =a(pi')a(py’)--a(ps’),

we have

7; an :1;[ <1+ “](?f) + a]gf;? +)

So far, we have only used that a(n) is multiplicative in the sense that a(nm)=a(n)a(m) if n and m are coprime.
If a(n) is fully multiplicative, we further have

Z%:H(H%JF%JF...):H(l—%)l. O

n>=1 p
Problem 3. (2 XP) Let N>1, and let h=(b—a)/N. In numerical analysis, the (composite) trapezoidal rule

/ f(a)dzah [ ) 4 fla+h)+ f(a+2h) + .+ Fb—h) + @]
is used to approximate definite integrals.

(a) Show that the error of this approximation is O(h?) if f € C?a,].

(b) Spell out the first, say, two terms of the asymptotic for the error under the assumption that f is sufficiently
differentiable.

(¢) (1 XP extra) The trapezoidal rule works amazingly well when the integrand f(z) is smooth and periodic
with period b — a. Can you explain why?

Solution.

(a) Let us write g(z) = f(a+ xh), so that

TR:= f(2a) +f(a+h)+f(a+2h)—|—...—|—f(b—h)—l—@:@—l-g(l)—l-g@)—l-...—|—g(N—1)+¥.

Euler—-Maclaurin tells us that we have

— (2n)!
with
-1 N
Rag= o [MButa - L)y s

Observe that g"(N)=h" f™(b) and g™ (0)=h" f™)(a). Moreover,

[)N dx—/fa—i—xh /f
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Hence, the error is

b M n
[ fape TR h==Y" B@Tf;, (SR D) — £ (a)) = h Ry 1)

If f€C?a,b], then we can choose M =1 and find that the error is

b 2 2
[ F@)da = TR-h=~{5(7'0) = £'(@) = hRa=={5(£(0) = (@) + O(12),

since

N N b
Ro=—5 [ Bale - o) @)e =1 [“Bate - o) v aida= -5 ["Bat) s )dy=0m),

where we used g”(x)=h? f"(a+xzh) as well as the fact that Bs(z) is bounded on [0, 1].
(b) The first two terms of (1) are

h2 1 1 h4 " " 6
—15(f'(0) = f(@)) + =55 (f"(6) = F"(a)) + O(R").

That the error term is indeed of the form O(hS) is using the assumption that f € C%a,b].

(¢) If f(x) is smooth and periodic with period b — a, then we have £ (b)= f(™)(a), and all the terms in (1), with
the exception of the remainder term, are zero. Since f is smooth, we can choose M as large as we want to see that

/bf(x)dx “TR-h=0(h™)

for any m > 0. O
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