Notes for Lecture 2 Fri, 8/22/2025

Example 5. Express 1.3 in base 2.

Solution. Suppose we want to determine 6 binary digits after the “decimal’” point. Note that multiplication by
26 = 64 moves these 6 digits before the “decimal” point.

26.1.3=83.2 and 83.2= (1010011.-)5 (fill in the details!).
Hence, shifting the “decimal” point, we find 1.3=(1.010011--)a.

Solution. Alternatively, we can compute one digit at a time by multiplying with 2 each time:

° .3 [Hence, the most significant digit is with 0.3 still to be accounted for.]
o 2. 0.3:@.6 [Hence, the next digit is @ with 0.6 still to be accounted for.]
o 2. 0.6:.2 [Hence, the next digit is with 0.2 still to be accounted for.]
o 2. 0.2:@.4 [Hence, the next digit is @ with 0.4 still to be accounted for.]
o 2. 0.4:@.8 [Hence, the next digit is @ with 0.8 still to be accounted for.]
o 2. 0.8:.6 [Hence, the next digit is with 0.6 still to be accounted for.]

e And now things repeat because we started with 0.6 before...

Hence, 1.3=(1.01001---)2 and the final digits 1001 will be repeated forever: 1.3 =(1.0100110011001::)

Comment. As we saw here, fractions with a finite decimal expansion (like 13/10=1.3) do not need to have a
finite binary expansion (and typically don't).

Example 6. Express 0.1 in base 2.

Solution.
e 2:.[0]1=[0]2
e 2.0.2=[0]4
e 2.04=[0]8
2-08=[1]6

2. 0.6:.2 and now things repeat...

Hence, 0.1 =(0.00011---)2 and the final digits 0011 repeat: 0.1 = (0.0001100110011---)2

Example 7. Express 35/6 in base 2.
Solution. Note that 35/6=5+5/6 so that 35/6 = (101.---)2 with 5/6 to be accounted for.

e 2.5/6=[1]+4/6
e 2.4/6=[1]+2/6
. 2-2/6:@—1—4/6 and now things repeat. ..

Hence, 35/6 = (101.110---)2 and the final two digits 10 repeat: 35/6 = (101.110101010---)4
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Floating-point numbers (and IEEE 754)

Possibilities for binary representations of real numbers:

e fixed-point number: 4.y with x and y of a certain number of bits

+x is called the integer part, and y the fractional part.

e floating-point number: £1.x - 2Y with x and y of a certain number of bits

+1.z is called the significand (or mantissa), and y the exponent.

In other words, the floating-point representation is “scientific notation in base 2".

Important comment. In order to represent as many numbers as possible using a fixed number of bits, it is
crucial that we avoid unnecessarily having different representations for the same number. That is why the
exponent y above is chosen so that the significand starts with 1 followed by the “decimal” point. This has the
added benefit of not needing to actually store that 1 (rather it is “implied” or “hidden”).

IEEE 754 is the most widely used standard for floating-point arithmetic and specifies, most impor-
tantly, how many bits to use for significand and exponent.

1985: first version of the standard

IEEE: Institute of Electrical and Electronics Engineers

Used by many hardware FPUs (floating point units) which are part of modern CPUs.

For more details: https://en.wikipedia.org/wiki/IEEE_754
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