Sketch of Lecture 1 Tue, 8/16/2016

1 Introduction to systems of linear equations

Definition 1. A linear equation in the variables 1, ..., z,, is an equation that can be written as

a1r1+ asxo+ ... +a,x, =b

for some numbers b, ay,as, ..., an,.

Example 2. Which of the following equations are linear?

o dri—bro+2=ux linear: 31 — bao = —2

o 4dx1—06x0=1x122 not linear: x129

o x9=2 117 not linear: \/x;

o 2,=2(v6 —x1) + 3 linear: 2z, + o — 25 = 2/6

Definition 3. A system of linear equations (or a linear system) is a collection of one or
more linear equations involving the same set of variables, say, x1, 2o, ..., z,.

A solution of a linear system is a list (s1, s2, ..., S,) of numbers that makes each equation in the system true
when the values s1, s9, ..., s,, are substituted for x1, xo, ..., x,, respectively.

Example 4. (Two equations in two variables)
In each case, sketch the set of all solutions.

201 — 4dxy = —2 Ty — 220 = —3 201 + x9 =1
—x1 + 39 = 3 201 — 4x9 = 8 —4xy — 2x9 = —2
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Theorem 5. A linear system has either
e no solution, or
e one unique solution, or

e infinitely many solutions.

Definition 6. A system is consistent if a solution exists.
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2 How to solve systems of linear equations

Strategy: replace system with an equivalent system which is easier to solve

Example 7. Let us solve the systems from the previous example:

207 — 4dxy = —2 Rz+§£1:>Rz 2r; — 4dzp = —2
—x1 + 320 = 3 Ty = 2
Once in this triangular form, we find the solutions by back-substitution:
Tro = 2, xr1= 3
ry — 2x0 = -3 Re—2Ri=R: x1 — 200 = —3
2.7:1 - 4132 = 8 0 = 14

Since 0 # 14, this system is inconsistent. It has no solutions.

201 + a0 = 1 R2+2%¢R2 207 + 22 = 1

—4.7:1—2132:—2 0 =20
In this case, the second equation was redundant (it clearly is a multiple of the first one). To write
down solutions to the system, we set x2 = s, where s is a free parameter (i.e. it can take any value).
Then, we again proceed by back-substitution:

_1-s

o =S, X1 5

Example 8. The same approach works for more complicated systems.

x|, — 20 + x3 = 0
207 — 2x9 — 6x3 = 8 i Ry —2R1= R>
—4x1 + b5x9 + 93 = —9 Rs+4R;= R;3

r1 — 239 + z3 = 0

QZBQ — 8$3 == 8
— 3z + 1323 = -9 R3+%R2:>R3

1 — 290 + x3 = 0

QZBQ — 8$3 = 8

r3 — 3

By back-substitution:

{133:3, 372:16, 371:29

Note. It is always a good idea to check our answer. Let us check that (29, 16, 3) indeed solves the original
system:

Vv

o~ 2w 4w — 0 29 — 2.16 + 3 Z

2¢; — 2x9 — 6r3 = 8 220 — 2.16 — 6-3 2
—dr1 4 Sw2 4 93 = -9 —4.29 4+ 5-16 + 9-3 £ —9

Example 9. (Exercise!) Solve the following linear system:

r1 + 2290 — x3 = 1
—r1 — X9 + 223 = 1
201 + 4x9 + x3 = 5

(To stick to our strategy, your first step should be Ry + Ry = Ry, R3— 2R = R3.)
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