Notes for Lecture 15 Wed, 2/26/2025

| Review: Linearizations of nonlinear functions (cont’d)

Review.

Recall from Calculus | that a function f(x) around a point xq has the linearization

f(@) = f(zo) + f'(wo)(x — z0).
Recall from Calculus Il that a function f(z, y) around a point (z¢, yo) has the linearization

f(z,y)= f(zo,y0) + fe(T0, yo) (T — 20) + fy(T0, Y0)(¥ — Yo)-

It follows that a vector function f(x,y) :[ ggigg } around a point (xg, yo) has the linearization

flx,y) | o | f(zo,v0) - fz(zo, o) v fy(0, yo)
l g(z,y) ] -~ l 9(zo, yo) }-I_ L 92(0, Yo) 1( O>+[ gy(xo, Yo)

](y—yo)

[ S]] Seoi ) 2]

=J(x0,Y0)

The matrix J(z, y) :[ 5" ;‘y ] is called the Jacobian matrix of f(x,y).
z Jy

. . . . . 2
Example 85. Determine the linearization of the vector function { ;Z;Q_’”gx) } at (2,1).

Solution. If [ f@,y) } = 3";2”“42 , then the Jacobian matrix is
g(z,y) z(y® —2x)

J(m,y)—[fz fy]—[ 2y Aoy ]

Jz Gy y3f4ac 33:y2

In particular, J(2, 1):[ _27 2 } The linearization is [ gg:B }+J(2,1)[ g:f }:{ _76 }—I—[ _27 2 }[ Zj:f }

Important comment. If we multiply out the matrix-vector product, then we get [ j6+_2§5(ﬂz__2%)++8é?y__1i) }
In the first component we get exactly what we got for the linearization of f(z, y) in the previous example.
Likewise, the second component is the linearization of g(z,y) by itself.
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\ Stability of nonlinear autonomous systems

We now observe that we can (typically) determine the stability of an equilibrium point of a
nonlinear system by simply linearizing at that point.

(stability of autonomous nonlinear 2-dimensional systems)
h ' ilibri int of th i[m}:[f(m,y)]_
Suppose that (acg, yg) is an equilibrium point of the system 3| oz v)
If the Jacobian matrix J(zo, yo) is invertible, then its eigenvalues determine the stability and
behaviour of the equlibrium point as for a linear system except in the following cases:

e If the eigenvalues are pure imaginary, we cannot predict stability (the equilibrium point could be either
a center or a spiral source/sink; whereas the equilibrium point of the linearization is a center).

e If the eigenvalues are real and equal, then the equilibrium point could be either nodal or spiral (whereas
the linearization has a nodal equilibrium point). The stability, however, is the same.

Comment. We need the Jacobian matrix J(zo, yo) to be invertible, so that the linearized system has a unique
equilibrium point.

Plot, for instance, the phase portrait of %{ f/ } = [ ((9;__223’)); }

Purely imaginary eigenvalues? The issue with pure imaginary eigenvalues here comes from the fact that the
linearization is only an approximation, with the true (nonlinear) behaviour slightly deviating. Slightly perturbing
purely imaginary roots can also lead to (small but) positive real part (unstable; spiral source) or negative real
part (asymptotically stable; spiral sink).

Real repeated eigenvalue? The issue with a real repeated eigenvalue is similar. Slightly perturbing such a root
can lead to real eigenvalues (nodal) or a pair of complex conjugate eigenvalues (spiral). However, the real part
of these perturbations still has the same sign so that we can still predict the stability itself.

The following is a continuation of Example 77:

Example 86. (cont’d) Consider again the system i—f =z (y—1), % =y (x —1). Without

consulting a plot, determine the equilibrium points and classify their stability.
Solution. See Example 77 for the phase portrait. However, we will not use it in the following.
To find the equilibrium points, we solve z(y — 1) =0 (that is, z=0 or y=1) and y(z —1) =0 (that is, z =1
or y =0). We conclude that the equilibrium points are (0,0) and (1,1).

T o=l Ly [with [ S v = e (v .

Our system is —
Y dt| y g(z,y) g(z,y) y-(z—1)

The Jacobian matrix is J(:r,y):{ Z;“ gJ } :{ y;l Tfl }

0
Since they are both negative, (0,0) is asymptotically stable.

e At (0,0), the Jacobian matrix is J(0,0) :{ —1 31 } We can read off that the eigenvalues are —1, —1.

Since this is a real repeated eigenvalue, we cannot immediately tell whether (0, 0) is a nodal sink (it is a
nodal sink for the linearization!) or a nodal spiral. (Since our system is nonlinear, the linearization is just
an approximation. Similarly, you can think of the eigenvalues —1, —1 as being somewhat approximate.
Slight jiggling could change them to something like —1 4+ 0.001¢ which would correspond to a nodal spiral.)

e At (1,1), the Jacobian matrix is J(1,1) :{ (1) é }

71>‘ 71/\ D = A2 — 1, which has roots +1. These are the eigen-

values. Since one is positive and the other is negative, (1,1) is a saddle. In particular, (1, 1) is unstable.

The characteristic polynomial is det([
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Example 87. Consider again the system %[ f; } = [ » _2@:/3)—(52_ ) } Without consulting a plot,

determine the equilibrium points and classify their stability.

Solution. To find the equilibrium points, we solve 2y — 22 =0 and (z — 3)(z — v).
It follows from the second equation that x =3 or x = y:

e If x =3, then the first equation implies y:%.
e If x =1y, then the first equation becomes 2y — y2 =0, which has solutions y =0 and y = 2.

Hence, the equilibrium points are (0,0), (2,2) and (3,%).

. . fl— 2y7932 . _| fa fy — —2z 2
The Jacobian matrlxof{g}—[(zfs)(mfy)}ISJ_{QT gy} {21_9_3 —z+3 ]

e At (0,0), the Jacobian matrix is J:{ _03 ?), } The eigenvalues are %(3 +1i/15).

Since these are complex with positive real part, (0,0) is a spiral source and, in particular, unstable.

1

e At (2,2), the Jacobian matrix is J:{ :élL f } The eigenvalues are - (—3++/17) &~ —3.562, 0.562.

Since these are real with opposite signs, (2,2) is a saddle and, in particular, unstable.

9
2

o At (3 ), the Jacobian matrix is J:{ :2 3

2

]. The eigenvalues are —3 4+ /6 ~ —5.449, —0.551.

Since these are real and both negative, (3,%) is a nodal sink and, in particular, asymptotically stable.

Comment. Can you confirm our analysis in the above plot? Note that it is becoming hard to see the details.
One solution would be to make separate phase portraits focusing on the vicinity of each equilibrium plot. Do it!
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