: MATH 332 — Differential Equations II
Midterm #2 e

Please print your name:

No notes, calculators or tools of any kind are permitted. = There are 32 points in total. =~ You need to show work to receive full credit.

Good luck!

Problem 1. (5 points) Derive a recursive description of a power series solution y(z) of the DE y” = (322 — 2)y.

Solution. Let us spell out the power series for y, 2%y, y’":

oo o0 oo o0
= E anpz™ 2y(r)= E anxt2= E an_ox™ y"( E n(n—1)a
n=0 n=0 n=2 n=2

Hence, the DE becomes:

o0

Z (n+2)(n+1)an22™ —32 Ay — 2T —QZ anx"

n=0 = n=0
We compare coefficients of z™:

e n=0: 2a,=-—2ag, so that as=—ay.
e n=1:. 6az=—2aq, so that az= —%al.

e n=22 (n+2)(n+1)ant2=3an_2—2a,
3

. 2
Equivalently, for n >4, a, = BT e + Ty 4
In conclusion, the power series y(z Z anx™ is recursively determined by
n=0
as=—a az=— 1a ap=— 2 a + 3 a
2= 0, 3— 3 1, n — n(n—l) n—2 n(n—l) n

(The values ag and a; are the initial conditions.)

Problem 2. (3 points) Derive a recursive description of the power series for y(x)=

Solution. Write y(x Z anx™. Then

Z (n+2)(n+1)ap 22"

1=(1-3z+ 2x2)§: anx™ = i ™ — 3§: anxtl 4+ Qi anxt?
n=0 n=0 n=0

n=0

We compare coefficients of x™:
e n=0: 1=ay.
e n=1. 0=a;—3ag, so that a; =3ag=3.

e n>2 0=a,—3a,-1+2a,_2 or, equivalently, a,, =3a,—1 — 2a, 2.

In conclusion, the power series T

ap=1, a1=3, ap,=30,_1—2a,_o forn>2.
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o0 o0 oo
E anx™ —3 E Ap 1™+ 2 E Ap—ox™.
n=0 n=1 n=2

1 - . .
—a—h 3= E anx™ is recursively determined by
3z +2x o

_4 for n>4.
O
I S
1—-3x+ 222
1



Problem 3. (4 points) Consider the function f(t)=t, defined for ¢ € [0, 1].
(a) Sketch the Fourier series of f(t) for ¢t € [-3, 3].
(b) Sketch the Fourier cosine series of f(t) for t € [—3, 3].
(c) Sketch the Fourier sine series of f(t) for ¢t € [—3, 3].

In each sketch, carefully mark the values of the Fourier series at discontinuities.

Solution.

Problem 4. (5 points)

o)
(a) Suppose y(z Z (x —x0)™. How can we compute the a,, from y(z)? a,=

n=0

(b) Suppose f(t) 270 i (ancos( ) ~+ bpsin (n;rt ) ) How can we compute the a,, and b,, from f(¢)?

ap = and b, =
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(c) Determine the power series around z=0: e'* =

(d) Determine the power series around z = 0: L

1+ 22

Solution.

(b) The Fourier coefficients ay,, b, can be computed as

/f ””) t, bn—%/Zf(t)sin(nTm>dt.

oo oo
. " "
(c) Since e® = E —, we have e’ = E
n!

n!
n=0 n=0
oo

_Zx Wehave Z n:Z(_

n=0 n

(d) Since

I
=]
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. . . . . > 1 nt
Problem 5. (3 points) A mass-spring system is described by the equation y” + ky = Z nz—HCOS(T).

n=1

For which values of k£ does resonance occur?

Solution. The roots of p(D)= D?+ k are +i/k, so that that the natural frequency is v/k. Resonance therefore occurs
if /k =n/4 for some n € {1,2,3,...}. Equivalently, resonance occurs if k=n?/16 for some n € {1,2,3,...}. O

Problem 6. (3 points) Find a minimum value for the radius of convergence of a power series solution to

(22 + 1)y”:$—f_1 at x=2.

Solution. Rewriting the DE as y"' — Y= 0, we see that the singular points are z =43, —1.

1
(z+1)(z2+1

Note that =2 is an ordinary point of the DE and that the distance to the nearest singular point is |2 — (£i)| =

V22+12=/5 (the distance to —1is |2 — (—1)|=3=+/9 > /5).

Hence, the DE has power series solutions about x =2 with radius of convergence at least /5. O

T _ 2 __@oT 2z
Problem 7. (2 points) Suppose that the matrix A satisfies 4% = 3t —2e 6e* + be

ew_€2w _2ew+3e2w

(a) y'= Ay, y(0) —{ 1 } is solved by y(x) =

(b) A=
Solution.

_ JAxz[ 1] _| —3e®+4e?®
(o) ylay=e] | | =] e |
(b) Like any fundamental matrix, ® = e4® satisfies %e“” = AeA.
_ |4 Az _ || 3e*—4e?* —6e® +12¢%* _[-186
Hence, A= [Ee L:o_ H eF —2e28  _9e% 1 2T H :0_[ —1 4 ] -

Armin Straub 4

straub@southalabama.edu



Problem 8. (4 points) Find all eigenfunctions and eigenvalues of y” + Ay =0, y(0)=0, y(2) =0 in the case A > 0.

Solution. Write A= p?. Then y(z) = Acos(pz)+ Bsin(pzx). y(0)=A Zo0. Using this, y(2) = Bsin(2p) 0. Since B #0
for eigenfunctions, we need sin(2p) =0. This happens if 2p =nx for an integer n.

Consequently, we find the eigenvalues A = (%)2, where n=1,2,3, ... (we exclude n =0 because p > 0), with corre-

sponding eigenfunctions y(z) = sin%. O

Problem 9. (3 points) Let y(x) be the unique solution to the IVP y” =2z + 33?2, y(0) =2, y’(0) =1.

Determine the first several terms (up to z3) in the power series of y(z).

Solution. (successive differentiation) From the DE, y”(0) =0+ 3y(0)%=12.

Differentiating both sides of the DE, we obtain y”’ =1+ 6yy’. In particular, y"”’/(0)=1+6-2-1=13.

13

3
L+ O

Hence, y(z)=y(0)+y'(0)z + %y”(O)w2 + %y”’(O)wP’ +..=2+x+ 627+

Solution. (plug in power series) Taking into account the initial conditions, y =2+ x + a2+ azx® + ....
Therefore, y”" = 2as + 6asz + ...
On the other hand, y?=4+4x + ...

Equating coefficients of 3” and z + 3y2, we find 2a, =12, 6az3=1+3-4=13.

13
6

13

=34 O

and, hence, y(z) =2+ z + 622+ G

So as =06, ag=
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(extra scratch paper)
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