Notes for Lecture 8 Mon, 9/8/2025

Review. We can solve linear first-order DEs using integrating factors.

First, put the DE in standard form y’+ P(z)y = Q(x). Then f(x) —exp(/ P(a:)da:) is the integrating factor.

d

The key is that we get on the left-hand side f(z)y’+ f(a:)P(a:)y:E[f(x) y]. We can therefore integrate both

sides with respect to z (the right-hand side is f(z)Q(z) which is just a function depending on z—not !).

Example 37. Solve 22y’ =1—xy+ 2, y(1)=3.

Solution. This is a linear first-order DE. We can therefore solve it according to the recipe above.

(a) Rewrite the DE as % + P(z)y = Q(z) (standard form) with P(x) :% and Q(z)= % + %

(b) The integrating factor is f(x) = exp(/ P(ac)dac) =enr =g,

Here, we could write Inz instead of In|x| because the initial condition tells us that z > 0, at least locally.

Comment. We can also choose a different constant of integration but that would only complicate things.

(c) Multiply the DE (in standard form) by f(x) =2 to get

dy 1
—= =—+2.
xda:er er

= <lay]

(d) Integrate both sides to get (again, we use that x > 0 to avoid having to use |z|)
1
xy—/(x+2)dx—ln:u+2x+0.

Using y(1) =3 to find C, we get 1-3=1In(1)+2-1+ C which results in C =3 —-2=1.
In(z) +2x+1

Hence, the (unique) solution to the IVP is y = ~

Substitutions in DEs

Example 38. (review) Using substitution, compute /ﬁdx

Solution. We substitute uw =1 + 2. In that case, du = 2z dx.
x 1 /1 1 1
== [ —du==1 =ZIn(1 + 22
/1+$2dx 2/udu 2n|u|—|—C’ 2n( +z%)+C
Comment. Why were we allowed to drop the absolute value in the logarithm?

Review. On the other hand, recall that /1_:

dz = arctan(z) + C.

2

d
Example 39. Solve % = (z +y)*.
First things first. Is this DE separable? Is it linear? (No to both but make sure that this is clear to you.)
This means that our previous techniques are not sufficient to solve this DE.

Solution. Looking at the right-hand side, we have a feeling that the substitution u = + y might simplify things.

S dy _du
Then y=wu — x and, therefore, = s 1.

Using these, the DE translates into fTZ —1=u?. This is a separable DE: ﬁdu =dx

After integration, we find arctan(u) =x + C and, thus, v =tan(z 4+ C).
The solution of the original DE is y =u — z =tan(z 4+ C) — x.
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| Useful substitutions

The previous example illustrates that different substitutions can help to solve a given DE.

Choosing the right substitution is difficult in general. The following is a compilation of important
cases that are easy to spot and for which the listed substitutions are guaranteed to succeed:
Y
o y=F(3)
oy o dy _ du du o . .
Set U= Then y=wuz and =T T We get T +u= F(u). This DE is always separable.
Caution. The DE ¢y’ = F(%) is sometimes called a “homogeneous equation”. However, we will soon

discuss homogeneous linear differential equations, where the label homogeneous means something dif-
ferent (though in both cases, there is a common underlying reason).

e y' =F(ax+by)

Set u=ax +by. Then y:%(u—aaz) and %:l(d—u—a)

b\ dz
The new DE is %(;LZ - a) = F(u) or, simplified, 4% =+ bF(u). This DE is always separable.
o y' =F(x)y+G(x)y" (This is called a Bernoulli equation.)
Set u=y' ~™. The resulting DE is always linear.
; — gl —qt/(1=n) dy__1 ,n/(1-n)du L q—_m
Details. If u=y" "™ then y=u and, thus, e p e [17n 1—17n]

: 1 n/(l—n)du _ 1/(1—mn) n/(l—n)
The new DE is -——u o = Fx)u +G(z)u .

% = F(x)u+ G(x) which is a linear DE.

Dividing both sides by u"/(1~™) the DE simplifies to T i —~
Comment. The original DE has the trivial solution y =0. Do you see where we lost that solution?

1
3
Solution. This is of the form y’ = F'(2x — 3y) with F'(t) =12+ %

Example 40. Solve % = (22 — 3y)*+ % y(1)=

Therefore, as suggested by our list of useful substitutions, we substitute u = 2x — 3y.

Then y:é(Qm—u) and %:%(2—%)

.1 du)_ 9o, 2 . e du 5 2
The new DE is g(2 — H) =u +§ or, simplified, W 3u”.
This DE is separable: ©~?du = —3dx. After integration, —%: —3x+C.

and, hence, y(m):é(Qm — ) 2, 1 1

We conclude that v = = 35—

1
3z —C

Solving y(1) =2_11 :é for C' leads to C'=2.

3 33-C

Hence, the unique solution of the IVP is y(x) = ;:u — m
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Example 41. (homework) Consider the DE x%: v+ y2f(z).

(a) Substitute u:% Is the resulting DE separable or linear?

(b) Substitute v :%. Is the resulting DE separable or linear?

(c) Solve each of the new DEs.

Solution.

dy

(a) Set u:% Then y =ux and, thus, —

_ _du
—anru.
Using these, the DE translates into x(m i—z + u) =uz+ (ux)?f(z).

This DE simplifies to % =u?f(x). This is a separable DE.

1 1 d 1d
(b) Setw =~ Then y =" and, thus, = g
Using these, the DE translates into m(—%j—i) = % + %f(:r)

This DE simplifies to xj—;: —v — f(«). This is a linear DE.
(c) Let us write F'(x) for an antiderivative of f(x).
e The DE j—Z:UQf(x) from the first part is separable: u?du = f(x)dz.
After integration, we find —% =F(x)+C.
Since u =<, this becomes —% =F(z)+C.

The general solution of the initial DE therefore is y = ————

F(z)+C

e The DE xj—z: —v — f(z) from the second part is linear. We apply our recipe:
(a) Rewrite the DE as % + P(x)v=Q(z) with P(z)=1/z and Q(z) =—f(x) /.

(b) The integrating factor is exp(/P(:r)d:c) —=elnz — o

Comment. We should make a mental note that we assumed that x > 0. In the next step,
however, we see that the integrating factor works for all x.

(c) Multiply the (rewritten) DE by the integrating factor = to get x% +v=—f(x).

_a[mv]

(d) Integrate both sides to get zv=—F(xz)+ C.

Since v :é, we find %: —F(x)+C.
) xT

The general solution of the initial DE therefore is y = “F@ —cC

Comment. Note that our two approaches led to the same general solution (from the existence and
uniqueness theorem, we can see that this must be the case). One of the formulas features +C' while the
other features —C'. However, that makes no difference because C' is a free parameter (we could have
given them different names if we preferred).
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